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MIXED POISSON DISTRIBUTIONS
ASSOCIATED WITH HAZARD FUNCTIONS OF
EXPONENTIAL MIXTURES

Moses W. Wakoli ' and Joseph A. M. Ottieno 2

Abstract

The hazard function of an exponential mixture characterizes an in-
finitely divisible mixed Poisson distribution which is also a compound
Poisson distribution.

Given the hazard function, the probability generating functions
(pgf) of the compound Poisson distribution and its independent and
identically distributed (iid) random variables are derived.The recursive
forms of the distributions are also given.

Hofmann hazard function has been discussed and re-parameterized.
The recursive form of the distribution of the iid random variables for
the Hofmann distribution follows Panjer’s model.

Key words: Mixed Poisson distributions, Laplace transform, expo-
nential mixtures, complete monotocity, infinite divisibility, compound
Poisson distribution, Hofmann distributions, Panjer’s model.

1 INTRODUCTION

Motivated by Walhin and Paris (1999, 2002), this paper shows that there is
a link between Poisson and exponential mixtures.
Specifically mixed Poisson distributions, in the form of Laplace transform,
can be expressed in terms of hazard functions of exponential mixtures.
The hazard function of an exponential mixture is completely monotone,
and thus the mixing distribution is infinitely divisible through Laplace trans-
form.
A Poisson mixture with an infinitely divisible mixing distribution is in-
finitely divisible too. Further, an infinitely divisible mixed Poisson distribu-
tion is a compound Poisson distribution.
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To obtain the pgf of the iid random variables of a compound Poisson dis-
tribution, the pgf of a mixed Poisson distribution which is infinitely divisible
and expressed in terms of the hazard function of the exponential mixture is
equated to the pgf of the compound Poisson distribution.

By differentiation method, the pmf of the iid random variables is ob-
tained. The compound Poisson distribution is also obtained recursively in
terms of the pmf of the iid random variables and the hazard function of the
exponential mixture.

The models developed have been applied to a class of mixed Poisson
distribution known as Hofmann distributions. In this case both the differ-
entiation method and the power series expansion have been used to obtain
the distribution of the iid random variables.

The paper has the following sections: In section 2 mixed Poisson distri-
bution is expressed in terms of Laplace transform.
In section 3 the mixed Poisson distribution is expressed in terms of hazard
function of exponential mixture.
Section 4 discusses infinite divisibility in relation to complete monotocity
and Laplace transform leading to infinite divisible mixed Poisson distribu-
tion.
Section 5 derives compound Poisson distribution in terms of pgfs and recur-
sive form.
Section 6 deals with applications of the models derived to various cases of
Hoffmann distributions.
Hoffman hazard function has been re-parameterized in section 7 and con-
cluding remarks are in section 8.

2 Mixed Poisson Distribution in Terms of Laplace
Transform

Let

Pa(t) = prob(Z(t) =n) (2.1)

where Z(t) is a discrete random variable.
A mixed Poisson distribution is given as

[ 0"

pn(t):/ @—’\tTg()\)d)\ n=0,1,2,.. (2.2)
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When n = 0, we have

po(t) = E(e™™)
L (2.3)

the Laplace transform of the mixing distribution g(\)

Differentiating po(t), n times we get

pd” (1) = El(—=1)"(A)"e
= (1" 1)
pu(t) = (—1)”ﬁ L(A”) t) n=0,1,2,3,.. (2.4)

n!

which is the mixed Poisson distribution in terms of the Laplace transform
of the mixing distribution.

3 Mixed Poisson Distribution in Terms of the Haz-
ard Function of the Exponential Mixture

The pdf of an exponential mixture is defined by
f(t) = / Ae M g(\) dA (3.1)
0

where g()) is the mixing distribution.
The corresponding survival function is

S(EA) g(\) dA

Remark 1 The survival function of an exponential mixture is the Laplace
transform of the mixing distribution.
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The hazard function of the exponential mixture is given by

Let

where

and

to derive py(t).

f(t)
(t) = %
1 dS

S@t) dt

is the cumulative or integrated hazard function.
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Using (3.6) and (3.7), po(t) can be obtained and then use formula (3.5)
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The pgf of the mixed Poisson distribution is given by

o0

H(s,t) =Y pa(t) s"
n=0

< T, .
:Z[/e M(n‘) g(\) d\] S
n=0 0 ’
_ —\t — (Ats)"
—/e > T 9() dA
0 n=0
:/ e A g(\) dA
0
= / e M=) () dA
0
:LA(t—tS)
In La(t—ts)
H(s,t) = e 00tts) (3.8)

which is the survival function of the exponential mixture at time t — ts.

Remark 2 Given a hazard function of an exponential mizture, the pgf of
the mixed Poisson distribution is the survival function of the expomential
mixture at time t — ts.

The mean and variance of the mixed Poisson distribution can hence be
obtained as follows:

H'(s,t) = % H(s,t)
=t0'(t — ts) H(s,t)

H"(s,t) = 2[(0/(t — ts))? — 0" (t — ts)] H(s,1)]

then H(1,t)=1,  H(1,t)=t6(0) and H"(1,t) =t?[0'(0)]* — 6" (0)]
E[Z(t) = H'(1,t)
=t6'(0)
Var[Z(t)] = H"(1,t) + H'(1,t) — (H'(1,1))?
=t 6'(0) —t*0"(0)

(3.9)
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4 Infinite Divisibility

Definition 1 : Infinite Divisibility (Karlis and Xekalaki, 2005)
A random variable X is said to have an infinitely divisible distribution, if its
characteristic function U(t) can be written in the form:

U(t) = [Wa(t)]"

where W, (t) is a characteristic function for any n =1,2,3, ...

In other words a distribution is infinitely divisible if it can be written as
the distribution of the sum of an arbitrary number n of independently and
identically distributed random variables.

Definition 2 : Completely Monotonicity
A function ¥ on [0,00] is completely monotone if it possesses derivatives
O™ of all orders and

(—1)"e™W () >0, t>0

The link between infinite divisibility and complete monotonicity is given
in the following propositions.

Proposition 1 : (Feller, 1971, Vol II, Chapter XIII)
The function w is the Laplace transform of an infinitely divisible probability
distribution iff

w:e_q’

where ¥ has a completely monotone derivative and ¥(0) =0

Remark 3 : In our situation
po(t) = La(?)
" (4.1)
and
Lx(0) =1
La(t)=e %D and (4.2)
6(0) =0

The derivative of 6(t) is 6'(t) = h(t) which is the hazard function of an ex-
ponential mixture.

Hesselager et. al. (1998) have stated the following theorem: ”A distri-

bution with a completely monotone hazard function is a mixed exponential
distribution”.
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Remark 4 The theorem implies that a hazard function of an erponential
mixture is completely monotone.

According to proposition 1, #(t) = h(t) is completely monotone and (0) = 0
Therefore
Po(t) = La(t)

is the Laplace transform of an infinitely divisible distribution.

Thus the mixing distribution, g(A) is infinitely divisible.

Proposition 2 (Maceda, 1948)
If in a Poisson mizture the mizing distribution is infinitely divisible, the
resulting mizture is also infinitely divisible.

Proposition 3 (Feller, 1968; Ospina and Gerbes, 1987)
Any discrete infinitely divisible distribution can arise as a compound Poisson
distribution.

From the above discussion we have the following:

Theorem 1 Mized Poisson distributions expressed in terms of Laplace trans-
forms can also be expressed in terms of hazard functions of exponential miz-

tures.

Such Poisson miztures are infinitely divisible and hence are compound Pois-

son distributions.

5 Compound Poisson Distribution

Let
Z(t) = Znw

(5.1)
:X1+X2—|— ..... +XN(t)

where X!s are iid random variables and N(t), is also a random variable in-
dependent of X;s

Then Zyy) is said to have a compound Poisson distribution

5.1 Compound Poisson Distribution in terms of pgf

Let
H(s,t) = E[s?N®)]

= an(t) s"
n=0

=thepgf of Zny)
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— the pgf of N(1)

and

G(s,t) = B(s%)

= Z gz (t) s*
=0
=the pgf of X;
It can be proved that
H(s, t) = FG(s, )] (5.2)
If N(t) is Poisson with parameter 6(t), then
H(s,t) = e 0I-GEL)] (5.3)
5.2 The Distribution of iid Random Variables of the Com-
pound Poisson Distribution

Since an infinitely divisible mixed Poisson distribution is also a compound
Poisson distribution, we equate their pgfs given in (3.9) and (5.3) i.e

—0(t—t5) _ ,—0(t)[1-G(s.1)]

O(t—ts) (5.4)
0(t)

e

G(s,t)=1-—

which is the probability generating function of iid random variables ex-
pressed in terms of the cumulative hazard function of the exponential mix-
ture.

The corresponding probability mass function obtained by differentiation
method is given by:

1 d*
xt - ,t S= :1,2, g ees
9:(1) x! ds® G5 B)ls=0 for s (5.5)
go(t) =0

5.3 Compound Poisson Distribution in Recursive Form

By differentiating equation (5.3),

H (s, t) = 6(t) G (s, t) H(s, t) (5.6)
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where

By definition

t) = an(t) 8
n=0

o0

ng

X=

H'(s,t) = > npa(t)s™ (5.7)
n=1

G/(s,8) = > x glt) ! (5.8)
x=1

By comparing (5.6) to (5.7) we get

oo
Z n pn(t) s"
n=1

L=0(t) G'(s,1)

H(s,t)

= 0(0) (3 2 0e() 5] Do palt) "D mpalt) s
n=0 n=1

r=1
o [o.¢]
:Z[ ngm Pn—z(t)] 8"
n=1 z=1
n pa(t) = 0(t Zzgx Pn—z(t) Jorn=12.3,...
(5.9)
Put
r=1+1
n
(n+1) ppta(t Z (i +1) git1(t) pn—i(t) forn=0,1,2...
=0

(5.10)

Equation (5.10) can be used to obtain py(t) iteratively and can also be used
to obtain the mean and the variance of the mixed Poisson distribution.

5.4 Panjer’s Recursive Model

Let

b
Po=(a+ _—po-1)i  n=1,23..

where a and b are real numbers.

This recursive model is known as Panjer’s recursive model of class zero
denoted by (a,b,0) class of distributions.

We can extend it to

b

pn=(a+ —pa-1);  n=23,..
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which is Panjer’s (a, b, 1) class.
In general, we have

b
po=(at—pu-1;  m=k+lk+2..

which is Panjer’s (a, b, k) class for k =0,1,2,....
Some probability mass functions in this paper take Panjer’s recursive form.

Remark 5 In actuarial literature, this recursive relation is due to the work
of Panjger (1981). In statistical literature, however, this relation had been
published by Katz (1965) based on his PhD dissertation of 1945.

6 Hofmann Hazard Function

A class of mixed Poisson distributions known as Hofmann distribution has
been described by Walhin and Paris (1999) as:

po(t) = e (6.1)
and
Pl = (C1"Cph(6)  for  m=12 (62)
where
0'(t) = ﬁ for p>0,¢c>0anda >0 (6.3)
and
6(0) =0 (6.4)

Remark 6 Clearly 0'(t) is a hazard function of an exponential mizture.

We shall refer to it as Hofmann hazard function of an exponential mixture;
i.e

o' (t) = h(t) = ﬁ for p>0,c>0anda>0 (6.5)

We will now consider various cases of a
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6.1 Whena=0

(6.6)

=Dp, a constant

which is the hazard function of the exponential distribution with parameter

b
Therefore

A (t) =0
ndn

(=1)" =5 h(t) = (=1)" h"(t) 2 0

Therefore h(t) is completely monotone.
The cumulative hazard function is therefore

ﬂﬂzp!dm
t

=P

implying that

, 0'(0)=p and 0"(0)=0

Therefore,

— ntn (n)
pult) = (~1"= (1)
e P (pt)"
Palt) = =
which is a Poisson distribution with parameter pt.

H(s,t) = e~0 (t=ts)
= e_p t (1-s)

which is the pgf of Poisson distribution with parameter pt
Therefore
E[Z(t)] = pt and  Var(Zy()) = pt

Since A(0) =0 and h(t) = #'(t) is completely monotone, then py(t) is a
Laplace transform of an infinitely divisible mixing distribution.
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The corresponding infinitely divisible mixed Poisson distribution is a com-
pound Poisson distribution whose iid random variables have pgf given by

_pt(1—s)

=1
G(s,t) p

=5
implying that the pmf is

gx(t) =1 for x=1

gx(t) =0 for x#1 (6.8)

The compound Poisson distribution in recursive form is

npa(t) =0(t) Y« gu(t) pa—a(t)
r=1

n pp(t) = 0(t) prn_1(t) for n=123..

By iteration

For n=1 p1(t) = 0(t) po(t)
2

For n=2 pa2(t) = (9(22&,)) po(t)
3

For n=3 p3(t) = (9(;)) po(t)

By induction,
e (pt)"

| for n=20,1,2....
n!

pn(t) =
Moments

B(Z(t) = Y 0 palt)

n=1
Sum equation (6.9) over n; i.e.
o
> npat) = B(Z(t)
n=1

E(Z(t) =0(t) = pt
Multiply (6.9) by n and then sum the result over n; i.e.
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6.2 Whena=1and c=p

h(t) = 0'(t) = fpt

which is a hazard function of Pareto (exponential-exponential) distribution,
with parameters p and p.
Therefore

h(t) = (=1)" p™*! (14 pt) Y
() o h()

Therefore h(t) is completely monotone.
The cumulative hazard function is

(—1)" A™(t) > 0

t
0(t) :p/ 1fpx dx
0

= In(1+ pt)

Implying that,

O(t — ts) = In(1 + pt — pts)

Therefore,
0(0) =0, 0'(0) =p and 0" (0) = —p?
1
po(t) =€ 1+ pt
Py (8) = (=1)" nl p" (14pt) "
Therefore,
pt ., 1
t) = =0,1,2,3,...
plt) = (P i n=0.1.23
which is a geometric(Poisson-exponential) distribution with parameter %

The pgf is given by
1
1+pt
His t) = ()
T I4pt S

which is the pgf of a geometric distribution with parameter
Therefore,

_1
T+pt

E[Z(t) = pt and  Var(Z(t)) = pt + (pt)?

Since #(0) =0 and h(t) = ¢'(t) is completely monotone, then py(t) is a
Laplace transform of an infinitely divisible mixing distribution.
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The corresponding infinitely divisible mixed Poisson distribution is a
compound Poisson distribution whose iid random variables have pgf given

by
In(1 + pt — pts))
G(s,t) =1—
(5,1) In (1+pt)
By power series expansion,
G(s,t) = Z P 5"
= e In (- 1)
(Lt)x
gz (t) = ot pt

which is logarithmic series distribution with parameter ﬁpt.

By the differentiation method, we have

Gsty= D (P P

In(1+pt) "1+pt 1+ pt
(Lt)ﬂc
gu(t) = Lt z=1,2..
—x In(1— &)
g(t) x—1 pt  pt (1 1)
ge1(t) x 14pt 14pt T

(
9z(t) = (a + b)gac—l(t) for x=234..

which is Panjer’s recursive model with

t t
__P and b=— P
14 pt 1+pt

The compound Poisson distribution in recursive form is:

n (pt )x

n pn(t) = In(1 + pt) Z Lept

—————— Pn—2z(? =2,3,4,..
‘ I’In(l“rpt) pn x() fOT' x A Nt

n
= _z(t
n pn(t 2 1+pt ¥ Pn—z(t)
(6.10)
pt
For n=1, pi(t) = p71+ tPO(t)
t
For n=2, pa(t) = (m) po(t)
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In general,

pt 1

)" n=20,1,2,..
14+pt’ 14 pt

pn(t) = (

which is the geometric distribution with parameter ﬁpt
Moments
Sum the recursive relation (6.10) over n; thus

S™ npalt) = B(Z(1))
n=1

Next, multiply the recursive relation (6.10) by n + 1 and then sum the result
over n; thus

E(Z(t))? = (pt)®> + pt + (pt)>  and  Var(Z(t)) = pt + (pt)?

6.3 Whena=1 c¢=1

T 14t

which is a hazard function of Pareto (exponential-gamma) distribution, with
parameters p and 1.

Therefore,
AO(E) = (1" o (14 pt) (D)
()" S h() = (<1 H(0) > 0

Therefore h(t) is completely monotone.
The cumulative hazard function is

¢
1
H(t):p/ 1+md:c
0
— 1+

t)

p In(

implying that,

Ot —ts)=pIn(l+t—ts)
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Therefore

po(t) = e 00
— b In(1+t)
— (1+1)
p00 = (-1t B0 (g gy
pa(t) = (—1)“%7: (—1)" n! W (147
pu(t) = (p+Z_1> (1it) (Ht)f’ n=123,..

which is a negative binomial (Poisson-gamma) distribution with parameters
p and 1+t
The pgf is given by

H(s,t) = e 0t=ts)
—p In (1+t—ts)

1

14+t—ts
1

:( 1+§ )p

L= s

=e

~( y

which is the pgf of a negative binomial distribution with parameters p and
1
T+t

E[Z(t)] =t 0'(0)
=pt
Var(Z(t)) =t ¢(0) — 2 6" (0)
=tp+t2p
=pt+ th

Since A(0) =0 and h(t) = #'(t) is completely monotone, then py(t) is a
Laplace transform of an infinitely divisible mixing distribution.

The corresponding infinitely divisible mixed Poisson distribution is a
compound Poisson distribution whose iid random variables have pgf given
by

In(1+t—ts))

Glst)=1-— a1
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By power series expansion,

In[(1 1-+s
Gls.y=1- Jlrnt()f + t)m .

( tt)z s%

x

2 T
(] (t)a;
2

_ 1+t Sz
t
gu(t) = (zr)" —,  z=1,23.

which is logarithmic series distribution with parameter 1%%
By the differentiation method, we have

(x —1)! t

z — T _L —x
Gt =arn G U1 Y
1 d a1, ()"
gm(t)_ETL:O ﬁ
_t \x
:(1+7t)1 x=1,2.
—x[nm

9z (1) x—1 ¢
gz—l(t) r 1+t

9:(t) = (a + §> Go_1(t)  for x=2,34.

which is Panjer’s recursive model with

t t
= d b=-—r
1+t 1+t
The compound Poisson distribution in recursive form is:
"t
npn(t) =p ; (777" Pralt)in=1,2,3, .. (6.11)
F 1 (1) =p —— po(t)
or n= =
) D1 p 1+¢ Do
p+1 t 9
F =2 t) = e — t
or =2 p)= ("3 () mio)
p+2 t 3
F =3 t) = —_— t
o n=3 m= ("5 G
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By induction,

pa(t) = <p+z_1> (%H)"( Ly m—o1,2,.. (6.12)

1

which is the negative binomial distribution with parameters p and

Moments
Sum equation (6.11) over n

3 npat) =0 30 X ()" sl

E(Z(t)) = pt

Next, multiply the recursive relation (6.11) by n and then sum the result
over n; thus

E(Z(t)? =) n® pa(t)]
n=1

= pt + 2pt°
Var(Z(t)) = pt + pt*

6.4 Whena=1
p
0'(t) = h(t) =
(t) (t) 14ct
which is a hazard function of Pareto (exponential-gamma) distribution, with
parameters p and c.
Therefore

W) = (<17 p ()" (1+ )~ +D)
n 4

dtm

(—1) h(t) = (—1)" h"(t) > 0

Therefore h(t) is completely monotone.
The cumulative hazard function is

t
1
0

=P In(1+ ct)
c

Implying that,

O(t —ts) = %7 In(1+ ct — cts)
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Therefore,

0 = 1 e S et

= (-1)" " n! (%!“L(g__ll))!!) (1+ct) 5™
plt) = (15 (1 et S eyt
pn<f>=<€+ﬁ_1) (1—T—tct)n(1jct)ﬁ for n=0,1,2,..

which is a negative binomial (Poisson-gamma) distribution with parameters

p 1
c and 1+ct

The pgf is given by

H(S, t) _ efe(tfts)
_ e—% In (14ct—cts)

1 1

T \B o dfct NE
1+ct—cts) (1— o)

= (

which is the pgf of a negative binomial distribution with parameters £ and
1

T+ct
E[Z(t)=t0'(0)=pt Var(Z(t)) =t (0)—t*>6"(0) = pt + pct?
Since 6(0) =0 and h(t) = 0'(t) is completely monotone, then py(t) is a

Laplace transform of an infinitely divisible mixing distribution.

The corresponding infinitely divisible mixed Poisson distribution is a
compound Poisson distribution whose iid random variables have pgf given
by

In(1 t —ct
Gls,t) =1 — n(l + ct — cts))
In (1 4+ ct)
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By power series expansion

In[(1+ct)(1 — £ s
Glst) =1~ . —;n?l(—i-ct)HCt !

1
1 (1ict)x Sm
In (1‘5‘3'5) z

>
r=1
o] ( ct ):c
>

1+ct T

= s
—z In (1 - 1fct)
t
gx(t) = hid)x = for ©=0,1,2,..
—x In (1- 1+Ct)

which is logarithmic series distribution with parameter ﬁ

By the differentiation method, we have

_ (z—-1)! ( ct ct
S In(l+ct) 1+ct
1 d* G(s,t

z! ds®
( lj—tct )1‘

= p=12.
-z Inl—f—ct

g:(t)  x—1 «ct

Ga—1(t) r l+ect
ct 1
(1--)

BN T
b
gx(t):(aJrE)gx_l(t) for x=23,4.

G(s,1)

‘5:0

which is Panjer’s recursive model with

t t
a= ¢ and b=-— ¢
1+ct 14ct

The compound Poisson distribution in recursive form is:

n pa(t) = % ;n:l (%)ﬂﬁ Pro(t)  for n=1,23,.. (6.13)
For n=1, p(t)== i po(t)
cl+ct
For n=2 pot)= ;(1—T—tct)2 []c) (§+1)p0(t): <2—2’_1> (1—T—tct)2 po(t)
For n=3, ps(t) = (‘Z ; 2 (1 _c:ct)s po(t)
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By induction,

pn(t)—(ngn_l) (L) pot)

n 1+ ct
p
E4+n-—1 ct 1 p
_ (5 n z —1.2.3 ..
( n >(1+ct) Sy for m=1,2,3,

which is the negative binomial distribution with parameters £ and 5 +Ct

Moments
Sum equation (6.13) over n

n

(o] p oo
;npn PPN 1+ct " Poa(l)

n=1 z=1

Next, multiply the recursive relation (6.13) by n + 1 and then sum the result
over n; thus

=> " n®pa(t)
n=1

= (pt)* + pt + pet’
Var(Z(t)) = pt + pet?

6.5 When a=1%

2
h(t) = 0'(t)
:Ll for p>0, and c¢>0
(1+ct)2
which is a hazard function of the exponential-inverse Gaussian distribution.
Therefore
(e 21D @08 Gn-5) 531 e
h (t) ( 1) 9 B 5 539 (1—|—ct) 2
dn
(=" prey h(t) = (—=1)" h™(t) > 0

Therefore h(t) is completely monotone.

t
p/ (14 cx) =3 dx
0

[\

_ P
c

N

[(1+ct)2 —1]

229



Mathematical Theory and Modeling Www.iiste.org
ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) ILEL

Vol.5, No.6. 2015 IIsTE

implying that
2
O(t —ts) = 2 [(1+ct — cts)? — 1]
c
Therefore,

1
0(0) = O) 0/(0) =P and 0”(0) = —ipc
1
2

polt) = o 2 [(14ct) 2 —1]
n—1
n n (n—14+k)! ¢ (ntk)
t)=(—-1)"p" - 1+ct
B0 = 0" 3 G ) 0 e o
Therefore,
n—1
t" o (n—1+k _ (n4k)
polt) = (-1 1 S S G e
k=0
— (n—1+4+k)! ¢ _ (n+k)
Z n—l—]{)‘)k"(élp)k (1+Ct) 2 ]pO(t) fOT ’I’L:1,2,3,...
— k!
where
polt) = ¢~ (0401
The pgf is
H(s,t) = e~ 0(t7ts)
_ o [(Atet—cts) 31
Therefore

E(Z(t))=t#'(0)=pt and  Var(Z(t)) =t #(0) — t? 6”(0) = pt + % pc t?

Since #(0) =0 and h(t) = €'(t) is completely monotone, then po(t) is a
Laplace transform of an infinitely divisible mixing distribution.

The corresponding infinitely divisible mixed Poisson distribution is a
compound Poisson distribution whose iid random variables have pgf given

by
1
1+ ct —cts)z — 1
G(s,t)ZI—( +c Cls)z
(1+ct)2 —1
(A fet)r — (1+ct — cts)?
(14ct)2 —1
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By power series expansion

1
G(s,t) = (1+ct)e
) — 1_ 1
(I+et)2 1= (1 - 155 5)2]
(s 1) = 14+ct)e X 14 ol
) (1+et): —1 &= 21 T(L) 2/ M +ct
1 1 1
L -1
a(t) = (1—1—0115)2 5 (xlz)( ct o =123,
(1+ect)z—1 z!D(3) 1+ct
1
= 1—\ _l
_plre)s T 2)( Ayt p-123,
o(t) 2! T(3) 1+ct

By differentiation method

11 (1 _
G@)(s,t) = Plz —35] (3) ()" (1 + ft —cts)” 2
L) [(1+ct)z —1]
_1 1
pt(L+ct) 2 Tlz—3] o .,
b= =1,2,3..
gx() H(t) 7! F(%) (1+Ct) fO?“ X y 2,
g.(t) _T(r—3) (L yat (z —1)!
gz—l(t) ! 1+ct F[l‘ —1—= 7] (1itct)a¢,2
3 ct
=(0=g-) —— =2,3,4...
( 29:) 1+ct v 3,
which is in Panjer’s recursive form, where a = 5 +Ct and b= -3 ; JCrtct
O —ptrayt S B8 e 103
n pn(t) = ct) 2 x—l”F%) 1+ ct DPn—z orn=123,...

Replace n by n + 1 to get

0+ a0 =pt (L +ed S0 —TEH A e
= (z-DIT(3)

Let r=1+1

n i1 ¢ ‘
(n+ Dppy1(t) =pt (1 +ct) 2 Z F[ + 3] ( tc )" pn—i(t) n=12 ..

= QlT(5) 14t
(6.14)
By iteration,
For n=0, p(t)=pt(1+ ct)_% po(t
For n=1, paft) = (p;)Q [(1+ct)"2 + 2! é (14 ct)"2] po(t)
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2
p3(t) = pt (1 +ct) " [(pt)?’ ¥ (2 +k)! (4c) (Lot %2

| — 1!
3! = (2 — k)!k!
1
(pt)® 3 ct (1+k)! ¢ e
- — 1 t
3t pt 2 (1+ct) 2 (1-k)k! () (T+ct)
(pt)> 3 3 ct (pt)® 15 1 ct
”n 1 ct — t
3! 4 (pt)? (1—|—ct) (Lct)™ F+ 3 8 (pt)? (1+Ct)]P0( )]
(pt)4 (3+0)! C 0 _(a+0) (3+1)! c .\ _ (4+1)
- a0) (+ct o () (L ct
1 oo ap) TFT T T () (e T
(B+2)! ¢y _@s2) (343) ¢y (a43)
3 g ()7 (LAt T (2) (L et ¢
(3—2)!2!( )" (Ltet)” = +(3_3)!3! (p) (I+ct)” 2 ] polt)
4 3
B+k)! ¢ _ (44K
Z (3 — k)l 7)1{ (I+ct)” 2 po(t)
=0
In general therefore, we have
— (n—1+k c _ (ntk)
Z n—1-k ,)k, (@)k(lﬂt) > po(t)  for n=1,23..
o !
where,
po(t) = o2 [(14ct)® 1]
Moments
Sum the recursive relation (6.14) over n; thus
S+ 1) pugat) = B(Z(2)
n=0

Next, multiply the recursive relation (6.14) by n + 1 and then sum the result
over n; thus

S (1) paia(t) = ElZ(1)]?
n=0
= (pt)" +pt + Cj
pct2
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Using notations by Willmot (1986), let

Then we get
n—1
)" n—l—l-k) Bk _ (n+k)
pn Z n—lf 'k" (7) (1+2/8) 2 po(t) for n=1,23..
k=0
where,

polt) = 5 (12021

The pgf H(s,t) is given by

The mean and variance are
E(N) = E(Z(t)) = p; Var(N) = Var(Z(t)) = u(1 + 8)

The pgf, G(s,t) of the iid random variables is given by

[(1—2B(z —1))]7 — (1 +28)?

Qfe) = - (1+28)

The pmf g, (¢) of the iid random variables is given by

IPm— 1) (1+28)% (+255)"

Un = for n=1,2,3,...
T ) [a+28):Y

which satisfies Panjer’s recursive model with

2 —3p
1+28 ™ 1+28
Using notations of Sankara (1968), let
t=1, n=r Ll b=—°¢ and i=k

(1+c¢)2 1+c

The recursive formula for the Poisson-inverse Gaussian distribution becomes

~ I(k+3) +k—1
(r+ Dprsr(t) =a Y — 2> (=b =a Z ( ) (—)* pr_
P E'T(3)

"\ (2k —1)(2k — 3)....(5.3.1) (?) Py

=a Z o —k for r=20,1,2, ...
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6.6 When a=2

P
h(t) = 0/(t) = m fOI‘ p > 0, and c > 0
which shall be referred to as Polya-Aeppli hazard function.
Therefore
A () = (=1)" (n+ 1)lpc™(1 4 ct)~("+2)
dn
(1" o h(E) = (1) B (1)

(=)™ (n+ D)lpc™(1 + ct)~ 2 > 0

Therefore h(t) is completely monotone.

t
p/ (1+cz)”
0

implying that . .
Ot — ts) = 2P

1 —ct—cts
Therefore
6(0) =0, 0'(0) =p and 0" (0) = —2pc
po(t) — ei 1itct

The pgf is

H(s,t) = e 0(t=ts)

_ _pt—pts

= e l—ct—cts

Therefore

E(Z(t)) =t 6'(0) = pt and Var(Z(t)) = t 6'(0) — t* 8”(0) = pt + 2 pc t*

Since #(0) =0 and h(t) = #'(t) is completely monotone, then py(t) is a
Laplace transform of an infinitely divisible mixing distribution.

The corresponding infinitely divisible mixed Poisson distribution is a com-
pound Poisson distribution whose iid random variables have pgf given by

pt—pts 1+ct

Gls,t) =1 - 1—ct—cts pt
B s
(I+et)(1— 1+ct s)
— lict S
L— lfrtct §
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which is the pgf of zero-truncated (shifted) geometric distribution.

By power series expansion

1 = ct
G(s,t) = st
(5,2) 1+ct$;)(1+ct) i
1 ct _
)= o) T=L23. and  go(t) =0
gw(t) :( ct )x—l ((1+Ct))x—2
9a—1(1) 1+ct (ct)
t
= 1j_ xr = 2,37...
0
:(1+ct ) for x=2,3,..
which is Panjer’s form with a = =< and b =0

1+-ct
The compound Poisson distribution in the recursive form is given by

(04 1)pgni) () = 1+ct Tro? Z (oD i) (615)

By iteration,

n=0, pi(t) = uftt)z po(t)
2 C
n=1 pa(t) = [% (1(i)—t)ct)4 (1p+t- cfﬁ)?’] Po?)
2
n=2, 3 p3(t) +Ct VI Z ) pa2—i(t)
i=0
= ez P20+ ﬁtt pi(t) + (5 fct>2 po(0)]
2 C C C
1 (pt)? (pt)2ct  pt (ct)?
ps(t) =[5 (IT+ct)d " (1+ct)® (14 ct)4] Po(t)
3
n=3, 4 py(t) —|—ct22 (i+1) )pg,i()

1=

4
0= ey 2 (1) b <1_pfct>j—1 ()] po(t)
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4
pt j 1
Pa(t) = (l—i-ct o) 2 <J—1> v §

=1
In general, the pattern is

=]

Pa(t)

( n—1 pt )j l
1+ j:l Jj—1) et (I4ct)” j!
where

po(t) = e 1t
This is the Polya-Aeppli distribution.
6.7 When a — oo
h(t) =0'(t)
=limg s oop2 (1+cot)™ for p>0, and ¢>0

iy 3 —eEem D ez Ddra (B2 1)) (eat)!

k!
k=0
00 k—1
. g D et ) (kD[4 T50) (et
=M g — 0o P2 k!
> . —ac)k (1)k
ZPQlema%oo( ;'()
Let b=ac as a — o
h(t) =0'(t)
o (=bt)*
= D2 Z %!
k=0
— py et
which is the hazard function for Gompertz distribution.
Therefore,

h(n) (t) _ (_1)71 pm Do e—bt

(1) 2 b)) = (~1)" B () 2 0

Therefore h(t) is completely monotone.

The cumulative hazard function is
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implying that

Therefore
0(0) =0, 0'(0) =p and 0"(0) = —bp

Since Gompertz distribution is an exponential mixture, the survival function
is the Laplace transform of the mixing distribution and hence,

po(t) = ef 771l
= 7% Z 7bt —
7=0
0 P
=3 e %%
j=0 J
58 =" (=bj)" e
§=0
ntn — —
Pat) = (=1)"= Y (=bj)" e " p;
=0
. ntn n —
pa() =Y (-1 (b e
i=0 ‘
X (bti)™ ) p1j
=3 % bt e= % b—! j=0,1,2...
= 4!

which is Poisson mixture of Poisson distribution also known as Neyman
Type A distribution.

The pgf is

H(s,t) = e 007t)

_ 6_% [l_e—bt(l—s)]

Therefore
E(Z(t)) =t 0'(0)=pt and  Var(Z(t)) =t 6 (0) — t* 6”(0) = pt + pb t>

Since 6(0) =0 and h(t) = #'(t) is completely monotone, then py(t) is a
Laplace transform of an infinitely divisible mixing distribution.
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The corresponding infinitely divisible mixed Poisson distribution is a com-
pound Poisson distribution whose iid random variables have pgf given by

1 — bt (1-s) —bt (1—-s) _ ,—bt
Gls,t)=1— —° _— ¢
1—e bt 1—e bt
—bt
(&
_ — e_bt [ebts _ 1]
o0
- (bt)* s*
- 1— e—bt Z ]
=0
1 bt
gz(t) = T ( ) r=1,2..

which is zero-truncated Poisson distribution with parameter bt

at) _g bt o
gX—l(t) X

and it is in Panjer’s recursive form, where a = 0 and b = bt

Remark 7 .

Whereas Klugman et. al. (2008) have stated that the distribution of the iid
random variables is Poisson, in this study, the distribution is zero-truncated
Poisson distribution.

The difference is due to the assumption that N is Poisson with a constant
parameter \ instead of 0(t), which is a cumulative hazard function.

The recursive formula for the compound Poisson distribution is given by:

n i+1
(n+1) ppta(t) = % [1—e™ Z (i +1) ebtl_ 1 ((Zb? 1)!

Pn—i (t)

=0
n
btz
et Z ) : n=0,1,2,..

6.8 When a7£0 and a#1

for p>0, ¢>0 and a>0 but a#1

"a(a+1)a+3)..(a+n—1)c"p (14 ct) ot
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Therefore h(t) is completely monotone.

0(t) = p/ (1+czx) *de
) p

(14 ct)i™@ —1]

= b
implying that

0t~ t5) = gy [ et —et9)' = 1
and

0(0)=0 6'(0)=p and 67(0) = —acp
also

po(t) = o~ otizay [(Fen)t—e=1]
and H(s,t) = o 0(t—ts)
_ o aiay [(et—cts)tma—1]

Therefore

E(Z(t)) =t #'(0) = pt and Var(Z(t)) =t 6'(0) — t2 8”(0) = pt + acpt>

Since 6(0) =0 and h(t) = 0'(t) is completely monotone, then py(t) is a
Laplace transform of an infinitely divisible mixing distribution.

The corresponding infinitely divisible mixed Poisson distribution is a com-
pound Poisson distribution whose iid random variables have pgf given by

1+ct—cts)]'@—1

t)=1
Gls,t) (1+ct)—e—1
C (A+et) = (14 et — cts) e
(1+ct)l=e—1
(14 ct)t=@ — (1—-a —ct .
= —1
(1+ct)1—a—1( ); x (1+ct) °
l—aT(a+x—-1), ct (14 ct)t=a
z(t) = ¥ =1,2,3,..
9 (1) x! I'(a) (1+ct) (14 ct)l-e—1 forw
and go(t)=0

The recursive formula of the compound Poisson distribution is therefore

n

~pt Fa+x—1) , ct
~ (1 +ct)a z; (x—1)!'T'(a) (1+ct

xX=

P pay(t) for x=1,2,3,...

239



Mathematical Theory and Modeling Www.iiste.org
ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) JiL sl

Vol.5, No.6. 2015 IIsTE

Therefore by replacing n by n + 1, we have

n+1

pt MNa+x—1)  ct ;4
1 t) = * ntl-x(t) f =0,1,2,3,...
(1’1—|— )p(nJrl)( ) (1 —|—Ct)a ; (X— 1)| F(a) (1 +Ct) Pn+1 ( ) or Xx
Put z =7+ 1 we get
pt 1—a) N~ Dla+i) et
1 =—1 n—i f =0,1,2,3,...
@+ 1 P8 = T (0" 30 S (G2 ea(®) for n=0,1,23

(6.16)
as given by Walhin and Paris (2002)
Moments
To obtain the first moment, sum (6.16) over n to get

S (04 1) pusa (t) = EZ(1)
n=0
pt 1,
T (I +ct)e Sy

Next, multiply (6.16) by n + 1 and then sum the result over n, to get

o0

E[Z®)) =) (n+1)? pasa(t)

n=0
=pt [(pt + 1) + act]
Var(Z(t)) = pt + acpt?

7 Parameterization of Hofmann Hazard Function

This section identifies the hazard function of an exponential mixture which
accommodates the extended truncated negative binomial (ETNB) distribu-
tion as the distribution of the iid random variables for the compound Poisson
distribution.
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7.1 Constructing ETNB Distribution

-ty =3 () a0
k=0
=1+ () a0
> (1)
therefore
P bX—k—<r+Z_1>((t))k k=1,2,3
e () R B

is a probability mass function called zero-truncated negative binomial distri-
bution with parameter ¢(t). It is also called the extended truncated negative
binomial (ETNB) distribution according to Klugman et. al. (2008) because
the parameter r can extend below zero.

Let )
C
t)=— >0,t > 0.
q(t) T <>
Then
<T+k_1>(ct )k
k 1+ct
Prob(X =k) = k=1,2,3,..
I'O( ) (1+Ct)r—1 5 “y Dy

The probability generating function is given by:

:2; 1+ct) —1

_ k§1 (7:) ()"

N (14+ct)r —1

(1 - lj—tct S)ir) —1
(I4+ct)r =1

G(s) =
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7.2 Identifying the Hazard Function

Let us parameterize Hofmann hazard function by putting a =r + 1. Thus

p
- > -1
h(t) (5 ety p>0, ¢>0 and r
_ Py -r
0(t) = s 1—(1+ct)™"],
6(0) =0
and hence

Ot —t5) = % 1— (1+ct—cts)™]

For an infinitely mixed Poisson distribution

[1—(14ct—cts)™"

Gl t)=1="— g~
. (1 o lJcrtct S)_r -1
(1+ct)—1

which is the pgf of ETNB distribution.

() e o

== (I+ect)y —1
(7Y G
g(z) = ) 1] xr=1,2,3,..

which is the pmf of a zero-truncated negative binomial distribution or ex-
tended truncated negative binomial distribution with parameters +<

1+4ct*
<T + T — 1> ( ct )x
gx(t) _ T 14ct

gr—1(1) (r+x 2) (o1

r—1 1+ct
_ca r+ax—1
14t x
cc r+x—1
= :273,...
14+ ct T v
t ct r—1
guo—1(t)  1+ect x
b
=a+ —

and this is Panjer’s model
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8 Concluding Remarks

The hazard function of an exponential mixture characterizes an infinitely
divisible mixed Poisson distribution which is also a compound Poisson dis-
tribution.

Hofmann hazard function is a good illustration of the theory. For further
research other classes of hazard functions should be considered, in particular
those based on compound Poisson distributions with continuous iid random
variables.

Hazard functions expressed in terms of the modified Bessel function of the
third kind would be of interest.
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Archives Harvester, Bielefeld Academic Search Engine, Elektronische Zeitschriftenbibliothek
EZB, Open J-Gate, OCLC WorldCat, Universe Digtial Library , NewJour, Google Scholar
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