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Abstract
Throughout this paper we study the properties of the composition operator C(xploapz °"'°apn

induced by the composition of finite numbers of special automorphisms of U,

1-piz
such that p; € U, i =1, 2, ..., n, and discuss the relation between the product of finite numbers of automorphic

composition operators on Hardy space H? and some classes of operators.
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1. Introduction

Let U denote the unit ball in the complex plane, the Hardy space H?is the collection of functions

o0 A o0 A 2
>, f(n)z" S f(n) R <o A
f(z)="=0 , which holomorphic on U such that N=0 with f(n) denoting the n-th
Taylor coefficient of f, and the norm of f is defined by:
e 0]
£ 2
2 ()|

lIf]j2= n=0
The particular importance of H? is due to the fact that it is a Hilbert space. Let ¢ be a holomorphic
self-map of U, the composition operator C,, induced by ¢ is defined on H? by the equation C, f = foe, for
every f e H? (see [9]).

A conformal automorphism of U is a univalent holomorphic mapping of U onto itself. Each such map is a
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linear fractional, and can be represented as product w.o,, where:

0(2) = b=z @z e )
T 1-pz

for some p € Uand w € dU, (see [7]).

The map o, is called special automorphism of U interchanges the point p and the origin and it is
self-inverse map.

Let ¢ holomorphic self-map of U, ¢ is called an inner function if |p(z)| = 1 almost everywhere on oU.
Clearly every conformal automorphism of U is an inner function.

It is well known that these are all linear fractional transformations, and they come in three flavors (see,
e.g., [9, Chapter 0]):

. Elliptic: If it has one interior fixed point in U and one outside ﬁ These automorphisms having
derivative < 1 at the interior fixed points.

. Hyperbolic: If it has two distinct fixed points on dU. These automorphisms having
derivative < 1 at the boundary fixed points.

e Parabolic: If it has one fixed point of multiplicity 2 on 0U. These automorphisms having derivative = 1
at a boundary fixed point.

Recall that for a € U, the reproducing kernel:

1 o0
Kyz)= —— = > a'z
1-a n=0

Although, there is no good description of the adjoint that works for all composition operators on all H?

functions, Shapiro [9, p.38] was computed its action on an important special family {K }.cu, which its span

forms dense subset in HZ.

Lemma O:

Let ¢ be a holomorphic self-map of U, then for all o € U

*
Cp Ko =Ko

The study of composition operators on Hardy space H? provides a rich arena in which to explore the

connection between operator theory and classical function theory. In this chapter, we discuss the composition of
finite numbers of special automorphisms of U. Throughout this study, we look at the properties of the

composition operator Capl 0 Olp, 0.0 Olp_ induced by the composition of finite numbers of special
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automorphisms of U,

I
OLp; (2)= 1—piz'

suchthat p; e U,i=1,2,..,nandnis a fixed positive integer number and discuss how the change of
\P2,....pn affects on the properties of the operator C C ..Cq .
P1,P2;---,Pn prop p %p, ~%pn_g oy
2. The Relation Between the Product of Finite Numbers of Automorphic Composition
Operators on Hardy Space H? and Some Classes of Operators.
In this section, we will try to study the product of finite numbers of automorphic compaosition operators.

We start this section by the following main theorem.

Theorem 1:

The composition of finite numbers of special automorphisms of U is a conformal automorphism of U.

Proof:

We will prove by induction that for alln e Z*
OLp, 00y, 0...00Lp (2) =wpy ahm(z) (1)
where p;e U, hp, e Uandw, € 0 U, foralli=1,2, ...,n.

Base case: When n = 1, the left hand side of (1.2) is Op, (2) and the right hand side is w; OLhy (), where w; =1

and p; = hy, so both sides are equal and (1.2) is true forn=1.

Induction step: Let k € Z* be given and suppose (1.2) is true for n = k. That is OLp, 00, 0...0 0Ly, (2) =

Wi Oihk (2
where wy, € oU and h, € U. Then,

Olp, 00lp, 0...00Ly, (2) = OLp, 00lp, 0...0 0Ly, (ocpk+l (2)
= WicOthy (Otpy g @)

hy - “pgi1 @)
1- hkOka+l (2)

195


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) l'A.i.l
Vol.5, No.6, 2015 NS'E

h _( pk+1_ZJ
k —
1—pk+12
l—ﬁk{ Pk+1—7 ]
L 1—pk+12

e A-py,2) —(pkﬂ—z)}
| (0= Ps12) —Nk (Prs1—2)

:Wk

:Wk

:Wk

[ (he - Pk+1) — (5_k+1hk _—1)2}
| (I—hkpk+1) — (P41 —hk)zZ

~ [_hk—pku]_z
:Wk(pkﬂhk —1] Prahk —1

1_Hkpk+l 1_(Bki1_ﬁsz
L 1-hkpk41 ]

= Wi+ —h k+l — Z
1- hk+1Z
= Wi Ohy g (2).

— ~ -
where Wi = Wy —pk—’__lhk ! and hgy = = K —pk+1 .
1-hkpgy1 Pre1k =1

Now, it is enough to prove that wy,; € oU

— 2
|Wk+1|2 = (Wk (—pk"'_lhk _]}
1-hkpk41

_ 2
o| Pk -1
1-hy Pk

= |wy|

=1

Moreover, we must show that hy,; € U. Note that, since hy € U and py.; € U, then
(@ =)A= | prss *) > 0. Hence:

1= pwet 2= i [P+ | b | pus2 [ > 0. Therefore,

[ Prst 2+ | hi P < 1+ | [P | st [ This inequality implies that,
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2 o
P —pPraa| (ke —Pr)(hk —Pra)
Pr+1hk —1 (Pks1hk —D(Pksahk -1

| Nt = <1

ThUS, hk+1€U.
Thus, (1) holds for n=k+1 and the proof of the induction step is complete.
Conclusion: By the principle of induction, the equation (1.2) is true for all n e Z'. That is

(x/pl Oapz OOOLpn (Z) :Wm Othm(Z)

h —
where hn = [—m_l P elU, for meZ,

Pm hmfl —1
p,h,, -1
and Wi = Wi 1 [pmm—‘l_ edlU, formeZ".
1- pm hm—l
Thus the map OLp, 00, 0...00p is a conformal automorphism of U. [ |
Note that:

CO(pl O(sz 0...0 apn = Capn Capn_l Ca’pl

= Cum ahm .
We remark that y in this thesis stands for the function
y(z) = OLp, 00, 0...00Lp 2.
unless otherwise stated.

We will study the normality of the composition operator induced by OLp, 00, 0...00Ly . Recall that

an operator T on a Hilbert space H is said to be normal if TT* = T*T, T is isometric operator if T*T =1and an
operator T is called unitary if TT*=T*T = I, where | is the identity operator.

H. J. Schwartz, in his thesis [8] investigated the relationship between properties of the symbol ¢ and the
normality of the operator C,,.

Theorem 2:

Let ¢ be a holomorphic self-map of U. Then C,, is normal if and only if ~¢(z) = Az, for some |A| < 1.
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Now, we are ready to characterize the normality of the product of finite numbers of automorphic

composition operators on Hardy space H?.

Theorem 3:
The product of finite numbers of automorphic composition operators Capn COLpn_1 Capl on
Hardy space H? is normal if and only if py=p, = ... = p, = 0.
Proof:
Assume that Co‘pn C%n_1 Co‘pl is normal. Thus by theorem (2.1) C,, is normal operator, such
that
y(2) = Op, 00lp, 0...00Ly = Wp ahm (2)
where:
N = h_l — Pm Jdfor meZ® )
p,.h,, —1

This it is clear by theorem (1) that

hn=0, for mez®* 3)
Thus by (2), we have:

Npi=pm for mez™ 4)
(where hg=po=0and wy=-1).
Therefore, it is easily seen that by (4) and (3):

pn=0, foralln=1,2, ....

Thatis,p1=p,=...=p,=0.
The converse is clear by reverse the inclusion. [ |
Theorem 4:
The product of finite numbers of automorphic composition operators Cap Cap = Capl on
n n—
Hardy space H? is isometric if and only if p;=p,=...=p,=0.
Proof:
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Assumethat C,  C, ...Cq.. isisometric, then:
Pn Pn-1 P1

(Co‘pn C“pn—l Co‘pl ) C“pn C“pn-l Co‘pl )=

Hence,
* * C* C C C K K
GUpy “Opp T %pp TOpy TOpp_g Oy 0T
c, C, ..C, C, C C. (C. K=K
Opy ~Opy 0, ocpn apn_1~~~ apz( apl 0) = Ko
Since (Capl Ko = Kq0 Op, (2) = Ky), then after n-times we get:
S Co ..Co (K=K s
Opy ~“Opy " op, K)=Ko &)

But by lemma (0), we have:

C ) Ko= KocIon (0)

%p

Thus by (5), we have:

* *

Capl Capz ...C%n_l (Katp (0)) =Ko

Again, by lemma (0), we have:

* *

apy ~op, '”Capn_g Koy, (op, (0)) =Ko

Therefor r n-times , we have K =K
erefore, after n-times , we have aP1°O°p2°"'°OLpn(O) 0

Thus, Kwy ahm © = Ko. This implies that, ahm(O) =0.Hence,for meZ, h,=0.

Thus by the same argument of theorem (2.1), we have pi=p,=...=p,=0.
Conversely, if p; =p, = ... =p, =0. Therefore:
C C ..C = (=1)(-D...(-
ap. Cap ;- Copy = ENED- D)
=(-1)"1
Thus C C ..C *=(-1)"1.
( %pn " %ppa Up =1

Hence, itis clearthat C, C ..C is isometric. [

Pn Yppa T %m
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From the fact that every operator is unitary if and only if it is normal and isometric operator. One can get
the straightforward consequence.

Corollary 5:
The product of finite numbers of automorphic composition operators Cap Cap = Capl on
n n—
Hardy space H? is unitary if and only if py = p,= ... = p, = 0.

An operator T on a Hilbert space H is said to be subnormal if there exists a normal operator S on a Hilbert
space K such that H is a closed invariant subspace f K under S and the restriction of S to H coincides with the
operator T. Moreover, an operator T on a Hilbert space H is called hyponormal if and only if TT* < T*T. It is
well known [4, p.108] that every subnormal operator is hyponormal, but the converse is not necessarily true. We
will try to study the subnormality and hyponormality of the product of finite numbers of automorphic

composition operators C C ...C on Hardy space H>.
P P %n " %pp-1 T % yp
Corollary 6:
The product of finite numbers of automorphic composition operators C C ..C on

pn "%pn-1 T %L
Hardy space H? is hyponormal if and only if it is normal.
Proof:

Assume that C,, = Capl °ap2 0.0 apn is hyponormal operator. Therefore by [2, Theorem 2] we have
y(0) = wp, ap (0) =0. But w,, € 0U, then ap (0) = 0. This implies that h,, = 0. Thus one can show that p; = p
m m

= ... =p,=0. Therefore by theorem (2) Cap Cap = Capl is normal operator. We can get the converse
n n—

inclusion by the fact that every normal operator is
hyponormal. [ |

We can get the next straightforward conclusion from corollary (6) and the fact that every normal and
hyponormal operator is subnormal.

Corollary 7:

The product of finite numbers of automorphic composition operators Cap Cap . "'Capl on
n n—
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Hardy space H? is subnormal if and only if it is normal.

Now, recall that an operator T is called reductive if every invariant subspace for the operator T is reducing.
Mahvidi [5] gave the characterization of the reductive composition operator.

Proposition 8:

Let ¢ be a holomorphic self-map of U. Then C, is reductive operator if and only if ¢(z) = oz, for some o,
lof < 1.

Therefore by proposition (8), one can get the following result:

Corollary 9:

The product of finite numbers of automorphic composition operators Cap Cap . "'Capl on
n n—

Hardy space H? is reductive if and only if p; = p, =...= py = 0.

Recall that an operator T on a Hilbert space H is said to be compact if it maps every bounded set into a
relatively compact one (whose closure in H is compact set). We start this section by the following result, which
is proved by Shapiro [9].

Theorem 10:

Let ¢ be a linear-fractional self-map of U. Then C, is not compact if ¢ maps a point of the unit circle oU
to a point of oU.

Then we can get the following consequences:

Corollary 11:
Let pj e U, i =1, 2, ..., n; then The product of finite numbers of automorphic composition operators
C C ..C on Hardy space H? is not compact.
%n " %pp1 T T %m yep P

Proof:

Since y = apl o apz 0.0 apn is an automorphism of U that maps oU into itself, then by theorem (10),
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Cc,=C is not compact. [ |
A4 Otplo(XpZ Omoapn p

Let B(H) be an algebra of all bounded linear operators on H and K(H) the ideal of all compact operators
in B(H). An operator T is essentially normal if T*T — TT* = 0 in Calkin algebra
B(H)/K(H), or equivalently, if T*T = TT* is compact. It is clear that every compact and normal operator is
essentially normal.

Recall that [4] the spectrum of an operator T, denoted by o(T), is defined as follows
o(T)={N € C: T - Al isnot invertible}, and the spectral radius of T is r(T) = sup {|A| : A € o(T)}. Recall that an
operator T is called normaloid if ||T|| = r(T). Nina Zorbosca [11, p.289] discussed the essential normality
induced by conformal automorphism of U.

Theorem 11:

If ¢ is a conformal automorphism of U, then C,, is essentially normal if and only if ¢(0) = 0.

Therefore, by theorem (11), one get the direct consequence:

Corollary 12:
Letpi e U,i=1,2,...,n, then the product of finite numbers of automorphic composition operators
Co. Cq ...Cy.. on Hardy space H* is essentially normal if and only if P1 =P
Pn Pn-1 P1
=...=p,=0.
Theorem 13:

The following statements are equivalent:

1) COtpn C%n_1 Capl is normal operator on H?.

) COtpn C%n_1 Capl is isometric operator on H?.
(3) C“pn C%n_l Capl is unitary operator on HZ.

(4) C“pn C%n_l Capl is hyponormal operator on H?,
(5) C“pn C%n_l Capl is subnormal operator on HZ.
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6) C C ..C is reductive operator on H>.
©) %n "%pp-1 T % P
7 C ..C is essentially normal operator on H?.
) %n "%pp-1 T % y P
The norms induced by inner functions were computed by Nordgren [6].
Theorem 14:
If ¢ is an inner holomorphic self-map of U, then:
1 Co Il =
Now, we give the following result:
Corollary 15:
(M) ICap, o0, o0y lI=Lifandonlyifp,=p,=...=p,=0.

2) IIC apl oapz °~~°apn ||>1ifandonlyifp;=0, forsomej=1,2,...,n.

Proof:

(1) By theorem (1.4), we have:

2 _ 2
”Capl oOLpZ 0...0 apn ” - ” C\V “

_ l+|\|/(0)|
1-|w(0)

[EEN

+|hp|
~hn]

Thus it is clear that ||C,|| = 1 if and only if w(0) =0 if and only if hy, = 0 if and only if
Pr=pP2=...=pn=0.

[

(2) The proof is straightforward by negation (1). [ |

C. C. Cowen [1] gave an easy estimate for the spectral radius of a composition operator on Hardy space

Theorem 16:
203
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Let ¢ be a holomorphic self-map of U and suppose ¢ has the Denjoy-Wolff point c. Then r(C,) = 1, when
lc| < 1 and r(C,) = |o’(c)| > when |c| = 1.

Corollary 17:

Letpie U,i=1,2, ... n, then:

(1) If Ol 00p, o0 Olp is either elliptic or parabolic, then r( Capn Capn—l Capl )=1.
2) If Ol 00p, o0 Olp. is hyperbolic, then r( Co‘pn C%n_1 C(xp1 )> 1.
Proof:

@ If y= Olp, 0Op, 0.0 Olp is elliptic, then  has a fixed point ¢ € U, such that |y’(c)| < 1. Thus by

theorem (16) r(C,)=1.

Now, if y is parabolic then y has only one fixed point ¢ € 0U, such that |y’(c)| = 1. Hence by theorem (16)
r(C,) = v'(c)| =1, as desired.

(2) Ifyis hyperbolic, then y has a fixed point ¢ € dU, such that |y’(c)| < 1. Therefore, by
theorem (16), r(C,) = [y'(c)["*> 1. -

In what follows we aim to give the characterization of normaloidity of the product of finite numbers of

) . 2
automorphic composition operators on Hardy space [H[* .

Corollary 18:

If Olp, o Olp, 0.0 Olp is either elliptic or parabolic conformal automorphism of U. Then

...C is normaloid composition operator if and only if =py=...=p,=0.
Op, ~“%pn_g Opy p p ym pi=p; Pn

Proof:

Assume that C, = Caploo‘pz 0.0 0lp is normaloid operator, then || C, || = r(C,). Therefore by

corollary (17)(1); || C, || = r(C,) = 1. Hence by corollary (15)(1) p;=p,=...=p,=0.

The converse holds directly by the fact that theorem (2) and the fact that every normal operator is
normaloid. |
Corollary 19:

Let oo is hyperbolic conformal automorphism of U. If C C ...C is

normaloid operator on H?, then pj#0,forsomej=1,2,...,n
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Proof:
Assume that C, = Caploapz 0.0 Olp is normaloid operator on H?, then II Cy Il = r(Cy). Since
n

Ol 0Olp, 0.0 Ol is hyperbolic, then by corollary (17)(2), ||IC, [l = r(C,) > 1. Hence by

corollary (15)(2), pj=0 forsomej=1,2,...,n. [ |
The converse of corollary (19) is not necessary true in general. See the following example.

Example 20:

Let pie U, i =1, 2, ..., n; such that apl"apz 0,,,0apn is hyperbolic with boundary Denjoy-Wolff

point c € R*. If p; e RY, forall i=1,2, .., n such that pj # 0, for some j = 1, 2, ..., n, then

C.. C C

is not normaloid.
%pp " %pa V]

Proof:

Note that, (z) = Olpy 0 0Lp, 0.0 Olp (2

=W, ahm (2)

Therefore, by theorem (16) r(C,) = |\|/’(c)|‘1’2 such that ¢ € R is a boundary Denjoy-Walff point of y (i.e., c| =
¢ = 1). Therefore:

r(Cy) = ')
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-1/2
(1—|h,)
1+ |hm|
1
= . .(6)
ICy I

Since p; # 0, for some j =1, 2, ..., n, then by theorem (15)(2), |C,|| > 1. Thus by equation (6)

r(C,) #||Cy|l. This implies that C apl o apz 0.0 apn is not normaloid. |

5. Conclusion
In this paper, we prove the following

Theorem 1: The composition of finite numbers of special automorphisms of U is a conformal
automorphism of U.

Theorem 2: Let ¢ be a holomorphic self-map of U. Then C,, is normal if and only if ¢(z) = Az, for some
A <1

Theorem 3: The product of finite numbers of automorphic composition operators

C C ...C on Hardy space H? is normal if and only if p; =p,=... =p, =0.
Op, “%po 4 oy y Sp yIirpL=p; p

Theorem 4: The product of finite numbers of automorphic composition operators Cap Cap = Capl
n n-.

on Hardy space H is isometric if and only if p;=p,=...=p,=0.

Corollary 5: The product of finite numbers of automorphic composition operators Cap Cap = Capl
n n—

on Hardy space H is unitary if and only if p; =p,= ... =p, =0.

Corollary 6: The product of finite numbers of automorphic composition operators Cap Cap = Capl
n n—

on Hardy space H? is hyponormal if and only if it is normal.

Corollary 7: The product of finite numbers of automorphic composition operators Cap Cap = Capl
n n—

on Hardy space H? is subnormal if and only if it is normal.

Proposition 8: Let ¢ be a holomorphic self-map of U. Then C,, is reductive operator if and only if ¢(z) = az, for
some a, |a| < 1.

Corollary 9: The product of finite numbers of automorphic composition operators Cap Cap = Capl
n n—

206


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) l'A.i.l
Vol.5, No.6, 2015 NS'E

on Hardy space H? is reductive if and only if p; = p, =...= p, = 0.

Theorem 10: Let ¢ be a linear-fractional self-map of U. Then C,, is not compact if ¢ maps a point of the unit
circle U to a point of 0U.

Corollary 11: Let p; € U, i =1, 2, ..., n; then The product of finite numbers of automorphic composition

operators C C ...C on Hardy space H? is not compact.
P Gpn "%ppg Opg ysp P

Theorem 11: If ¢ is a conformal automorphism of U, then C, is essentially normal if and only if ¢(0) = 0.
Corollary 12: Let p; € U, i =1, 2, ..., n, then the product of finite numbers of automorphic composition

operators Co‘pn C COLIOl on Hardy space H? is essentially normal if and only if p;=p,=... =pn

%pn
=0.

Theorem 13: The following statements are equivalent:

8) COtpn C%n_1 Capl is normal operator on H?.

) COtpn C%n_1 Capl is isometric operator on H?,

(10) COtpn C%n_1 Capl is unitary operator on H?

(11) COtpn C%n_1 Capl is hyponormal operator on H?.

(12) COtpn C%n_1 Capl is subnormal operator on H?.

(13) COtpn C%n_1 Capl is reductive operator on H?.

(14) COtpn C%n_1 Capl is essentially normal operator on H.

Theorem 14: If ¢ is an inner holomorphic self-map of U, then:

I1Co Il =

Corollary 15:

@) ICap oap,e.00p I=Lifandonlyifp,=p,=...=p,=0.

4) IIC apl oapz °~~~°°‘pn ||>1ifandonly if pj=0, forsomej=1,2,...,n.

Theorem 16: Let ¢ be a holomorphic self-map of U and suppose ¢ has the Denjoy-Wolff point c. Then r(C,) = 1,
207
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when [c| < 1 and r(C,) = |¢'(c)| * when |c| = 1.

Corollary 17: Letp; € U,i=1, 2, ... n, then:

(3) If Ol 00p, o0 Olp is either elliptic or parabolic, then r( Capn Capn—l Capl )=1.

(4) If Ol 00p, o0 Olp is hyperbolic, then r( Co‘pn C )> 1.

..C
%pn v

Corollary 18: If ap1°ap2 °“‘°O‘pn is either elliptic or parabolic conformal automorphism of U. Then

C.. C C

is normaloid composition operator if and only if =p,=...=p,=0.
Op, ~%pn_g Opy p p yir pi=pz Pn

Corollary 19: Let is hyperbolic conformal automorphism of U. |If

apl (o) apz 0...0 apn

C C ...C is normaloid operator on H?, then p; = 0, for somej=1,2, ..., n.

%pp "%pp1 T 9 P P :
Example 20: Let pie U, i = 1, 2, ..., n; such that apl"apz 0,,,0apn is hyperbolic with boundary
Denjoy-Wolff pointc € R™. If p;e R, forall i=1,2,....,n suchthatpj#0, forsomej=1,2,...,n,then
C C ..C is not normaloid.

Opn "%pp_g T "9y
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