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Abstract

The main aim of the rough set is reducing the boundary region by increasing the lower approximation and
decreasing the upper approximation, since &3 —open sets is stronger than any topological open or near open
sets. In this paper, the topological generalization using &3 —open sets method is applied for constructing
B —rough probability in topological spaces which we can consider them as results from the general relations on
the approximation spaces. The basic concepts of &3 —rough probability were introduced and sufficiently

illustrated. Moreover, proved results and examples are provided.

Keywords: 6 —topologized Stochastic approximation space, F —rough expectation, 3 —rough variance,
B —rough probability generating function, g5 —rough characteristic function.

1. Introduction

Rough Sets were introduced by Pawlak (1982) in the early eighties and developed further as a mathematical
method of knowledge representation and processing under uncertain data and incomplete information.
Nowadays, rough set theory is widely recognized to have a great importance in several fields, which is witnessed
by the increasing number of papers concerned with applications and theoretical foundations of rough set.
Partitioning of a set with an equivalence relation is the core concept behind Pawlak's rough set theory. But this is
too restrictive to deal with different real life situations. Topology is an important branch of mathematics,
topology has its own theory and own significance. Rough set theory combined with topology is expected to
provide us with new area to study.

Many existing approaches, for obtaining probability in topological spaces which we can consider them as results
from the general relations on the approximation spaces , such as, M (2010) and Luay et al. (2013) proposed the
concept of rough probability , M. E et al. (2011) defined the near rough probability . The topological
generalization using &3 —open sets was introduced by A.S. (2015). He shows that g3 —open sets is stronger
than any topological open or near open sets. In this paper, the basic concepts of g6 —rough probability were
introduced and sufficiently illustrated. Moreover, proved results and examples are provided.

2. Preliminaries

A topological space (Kelley 1955) is a pair (U, ) consisting of a set U and family r of subsets of U satisfying
the following conditions:

1) per,Uer.

2) 7 is closed under arbitrary union.

3) 7 is closed under finite intersection.

Throughout this paper (U, ) denotes a topological space, the elements of U are called points of the space, The
subsets of U belonging to z are called open sets in the space, the complement of the subsets of U belonging
to ¢ are called closed sets in the space, and the family of all 7 - closed subsets of U is denoted by ~, the
family z of open subsets of U is also called a topology for U . A family B < z is called a base for (U,7) iff
every nonempty open subset of U can be represented as a union of subfamily of B . A family Sc zis called a
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subbase iff the family of all finite intersections is a base for (U, z) .The ¢ -closure of a subset A inU is denoted
by cl(A) and is given by cl(A)={F cU:AcF and F ez} .The ¢ -interior of a subset A is denoted by
int( A) and is defined by int(A) = {G cU :G < Aand G < z}.The boundary of a subset AcU is denoted by
Bnd(A) and defined by Bnd(A) =cl(A)—int(A) .

Some forms of near open sets are introduced in the following definition.
Definition 2.1. Let (U, r) be a topological space, if AcU , then A is called

1) Regular —open (M. E el al. 1982) (briefly r—open) if A=int(cl (A)).

2) Semi —open (N. 1963) (briefly s—open) if A< cl(int(A)) .

3) Pre —open (O. 1965) (briefly p—open) if Acint(cl(A)) .

4) o -open (briefly a—open) if A=int(cl(int(A))) .

5) Semi pre-open —open (M. E el al. 1983) (briefly g— open) if A< cl(int(cl (A))) .

The complement of r—open (resp. s—open, p—open, a—open, S—open) set is called r—closed (resp. s—
closed, p— closed, a— closed, g— closed) set. The family of all r—open (resp. s—open, p—open, a—open,
S—open) sets in (U, 7)is denoted by RO(U) (resp. SOU), POU), «OU), OWU)). The family of all
r—closed (resp. s— closed, p— closed, o— closed, g— closed) sets in (U,7)is denoted by RC(U) (resp.
SCU), PCU), aCU), BC()). The regular-closure (resp. s— closure, p— closure, — closure, -
closure) of Ain(U,z) is denoted by ,cl(A) (resp. (cl(A), ,cl(A),,Cl(A) zcl(A)) and defined to be the
intersection of all regular —closed (resp. semi -closed, p— closed, a«— closed, f— closed) sets containing A.
The regular-interior (resp. s— interior, p— interior, a— interior, g— interior) of Ain(U,7) is denoted by
(INt(A) (resp. (int(A), ,int(A), ,int(A) 4zint(A)) and defined to be the union of all regular —open (resp. semi
-open, p— open, a—open, S— open) sets contained in A. The regular-boundary (resp. s— boundary, p—
boundary, a— boundary, p- boundary) of Ain(U,7) is denoted by
r Bnd(A) (resp. ;Bnd(A), ,Bnd(A), ,Bnd(A), ;Bnd(A)) and is defined by  Bnd (A)=,cl(A)—,int(A).

We shall recall some concepts about &3 —open sets which are essential for our present study.
Definition 2.2. (A. S. 2015). Let (U, r) be a topological space, for AcU , then the & —closure of A is denoted
by cls(A) and is defined by:
ds(A) =faeU: Anint(cl(G)) # ¢,G e r and a e G}
Hence, Ais called 6 —closed if A=clz(A), the complement of & —closed set is called & — open set.

Definition 2.3. (A. S. 2015). Let(U,7) be a topological space, for AcU , then Ais called 85 —open set if
Acc(int(cl5(A))) , the family of all &B —open sets in U denoted by g5O(U) . The complement of 3 —open
set is called &3 —closed set, the family of all 3 —closed sets are denoted by §3C(U) .

Definition 2.4. (A. S. 2015). Let (U, 7) be a topological space, if AcU , then
1) The union of all §3 —open sets contained in inside X is called §3 —interior of Ain U and denoted
by gints(A)and is defined by:
Bint;(A)=U{G cU :Gc Ajand G e pOU)}.
2) The intersection of all g8 —closed sets containing Ais called &3 —closure of Ain U and denoted
by g cls(A) and is defined by:
Bols(A)=N{F cU:F oA and F e 5CU)}.
3)  The &3 —boundary of Ain U is denoted by ABnds(A) and is defined by
2
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ﬂBnd(;(A) = ,Bclb-(A)—,Bint(;(A) -

Definition 2.5. (A. S. 2015). Let (U, ) be a topological space, for AcU , then

1) pintg(A)= And(int(cl (A)) .

2)  pelg(A)=Auint(c (int(A)) .

The & —open sets are stronger than any topological near open sets such that regular open, semi open,
B —open, a—open and 5— open. The arbitrary union on B —open sets is again g3 —open set, but the
intersection of two g8 —open may not be g3 —open set. Thus the g8 —open sets do not form a topology inU .

Theorem 2.6. Let (U, 7)be atopological space, if AcU , then
pints(A%) = (Bl (A)° .
Proof.
(Bl 5(A)f =U - gl s(A)=U -N{F cU:AcF and F e 5C(U)}.
~U-F cU:U-FegfOU)and U -F cU - A}=gint,(A°).

Definition 2.7. The pair K=(U,Rg) is called o/ —approximation space where U a finite non empty
universe and Rj 4 is the general relation on U used to get a sub-base for topology zx on U which generates
the class 5ﬂO(X) of all 6B —open sets. Then the triple x=(U,Ry,7¢)is called 68— topologized
approximation space.

Definition 2.8. Letx =(U,Rg,7¢) , be ad S —topologized approximation space, for AcU . Then B —lower
approximation (resp. 9B —upper approximation) of A in U is denoted by R (A) ( resp. Rss(A)) and is
defined by:
Bﬁﬁ(A)zu{Gea“ﬁo(u):GgA}.
(resp. Res (A) =N{F € 5 4CU): F 2 A}).

Lemma 2.9. (A. S. 2015). Letx =(U, Ry, 7¢) , be the 58— topologized approximation space, for AcU .Then
from relation

int(A)czint(A)  gints(A) < Ac fl s(A) zcl (A) c ol (A)
we have
R(A) = Ry(A) = Rgs (A) = X = Rap (A) < Rs(A)  R(A).

3. 6 f—Rough Probability in Topological Spaces

Definition 3.1. The pair K =(U,Rgy) is called 54 —approximation space where U a finite non empty
universe and R is the general relation on U used to get a subbase for topology 7, on U which generates the
class oseo(x) of all 63— open sets. Then the order 4-tuples S =(U,Rg,P,z¢) is called the 95 —topologized
stochastic approximation space, where P is the probability.

3.16 8 — Rough Probability

Definition 3.2. Let A be an event in the 3B —topologized stochastic approximation space S =(U,Rg,P,7g)
then, the B — lower (resp. 9B —upper) probability of A is denoted by 5, P(A) ( resp. ME(A)) and is defined

3


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) LL,i,l
Vol.5, No.6, 2015 NIS'E
by:

#P(A) = PRy (A).
(resp. 57 P(A) = PR (A)).
where BOB(A) = Bints(A)and ﬁgﬁ (A) = Bl s(A) . Cleary, 0<gP(A)<1 and OSa‘ﬁB(A) <1.

Definition 3.3. Let A be an event in the 3 —topologized stochastic approximation space S =(U,Rg,P, 7).
The §8 — rough probability of A, denoted by g, P*(A)is given by:

5P (A =(5P(A), 5P(A).

Proposition 3.4 . Let A,B be two events in the &5 —topologized stochastic approximation space
SZ(U,Rw,P,TK).

1) 5P(A<P(A<yP(A).

2)  P@)=wP#)=0.

3)  4PU)=yPU)=1.

4 HP(A°)=1-gP(A).

5) g P(A)=1-4P(A).

6) » P(AUB)<s P(A)+s P(B)-s P(ANB).
7) 5 P(AUB)2 4, P(A)+ 5 P(B)-5% P(ANB).

Definition 3.5. Let A be a event in the g3 —topologized stochastic approximation space S = (U, Rg, P, 7).
Then from Lemma 2.9. We have

P(Ac,P(A)cy P(A) = P(A)cs P(A)=sP(A) = P(A).
Example 3.6. Consider the experiment of choosing one card from four cards numbered from one to four. The
collection of the four elements forms the outcome space. Hence

U =1{,234}
Let R be a binary relation defined on U such that R:{(Ll),(LZ),(LS),(Z,S), (3,3),(3,4),(4,2)}. Thus

U/R=1{{1,23}, {3}, 134}, {2}}. Let K=(U,Ry)be a §3— approximation space and r is the topology

associated to R . Thus

7 ={U.4.{2}, 38}, {23}, 134} £1.2.3} {234} and 7ic = {U, ¢, {1). {4} 1.2}, {14} 1.2.4), fL3.4}}.
Then the class 3O(X )and §BC(X ) associated with this topology
POWU) =PU)-{L} and HCU) =PU)-{2,34}.
where P(U) the family of all subsets of U .

Define the random variable X to be the number on the chosen card. We can construct Table 3.1. Which contains
the &6 —lower and the B —upper probabilities of a random variable X = x as the following:
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Table 3.1. represent g8 — Lower and &3 —upper probabilities of a random variable X .

X 1 2 3 4
@gE(X :X) 0 i i i
4 4 4

HP(X =x) 1 1 1 1
4 4 4 4

3.2 Rough Distribution Function

The distribution function of a random variable X gives the probability that X does not exceed X . We define
the 3 —lower and &8 — upper distribution functions of a random variable X .

Definition 3.7. Let X be a random variable in the &3 —topologized stochastic approximation
space S = (U, Ry, P, 7). The 9B —lower distribution (resp. g5 —upper distribution) function of X is denoted
by épE(x) (resp. g5 F(x)) and is defined by:
pE(M=5P(X <x).
resp. s F(X)= P(X < x)).
Definition 3.8. Let X be a random variable in the &3 —topologized stochastic approximation
space S = (U, Ry, P,7¢) . The 9B —rough distribution function of X is given by:

#F () =(5E®.5FX).

Example 3.9. Consider the same experiment in Example 3.6. Then the 3 — lower and &3 — upper distributions
of X are

0 —0<X<2 0 —m<x<l1
1
= 2<x<3 1 1<x<2
4 4
s F(X) = , and —
»EX) 2 3<x<4 s F(X)= 2 2<x<3
4 4
3
% 4SX<OO Z 3<x<4
i 4< X<
4

3.3 Rough Expectation

Definition 3.10. Let Xbe a random variable in the &5 —topologized stochastic approximation
space S = (U, Ry, P,z¢). The 9B —lower (resp. 9B —upper) expectation of X is denoted by g E(X) (resp.
5 E(X)) and is defined by:

n
pE= Zxk s P(X =%
k=1

(resp. 5ﬁE(X) = Zn:xk 555()( = xk)J.

k=1
Definition 3.11. Let X be a random variable in the &3 —topologized stochastic approximation space
S=(U,Rg,P,7¢). The 9B —rough expectation of X is given by:

$E (X)=(EX)mE(X)).
5
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Example 3.12. consider the same Experiment in example 3.6. Then 3 —lower and &3 — upper expectations of
X are

#E(X)=225,  5E(X)=25.
Hence, the &8 —rough expectation
$E (X)=(225,25).
Theorem 3.13. Let X be a random variable in the &3 —topologized stochastic approximation

space S =(U,Ry,P,7¢). Foranya, b, we have,

dgg(ax +b)=a wE(X)+bc, 0<c<1.
Proof.

n n n
sE@X +b)=k§(a X +b) 5 P(X :Xk):éa X 55 P(X :Xk)+k§b #P(X=X)

n n
:akak sP(X=x)+b kZJﬂE(X =%)
=1 =1

n
=a »zE(X)+bc, c:kz_lﬁﬁE(X =X).ie 0<c<1.

Theorem 3.14. Let X Dbe a random variable in the &3 —topologized stochastic approximation

space S =(U,Rgy,P,7¢). Foranya, b, we have,
pE@X +b)=a yE(X)+bd, 0<d<1,deN*.

where d = Zrk]zlé)‘ﬂE(Xk).

Proof. The proof is similar to Theorem 3.13.

3.4 Rough Variance
Definition 3.15. Let X be a random variable in the &3 —topologized stochastic approximation
space S =(U,Ry,P,7¢). The 9B — lower (resp. g3 — upper) variance of X is denoted by 5/,\4(X) (resp.
5/;\7(X)) and is defined by:

HV(X)=5E(X—5E(X)?.

(resp. sV (X)= E(X - E(X))2).

Definition 3.16. Let X be a random variable in the &3 —topologized stochastic approximation space
S=(U,Rg.P,7«). The g8 —rough variation of X is given by:

NV (X) =5V (X)aV (X))
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Example 3.17. consider the same Experiment in Example 3.6. Then 83 — lower and &8 — upper variance of X
are

HV(X)=0921875,  5V(X)=1.25.

Hence the g8 —rough variance
sV (X)=(0.921875,1.25).

Theorem 3.18. Let X be a random variable in a &3 —topologized stochastic approximation

space S = (U, Ry, P, ). Foranya,b we have,
FY.(X)=5E(X)? =(2-¢) (zE(X))*.
wherec =" P(x,).
Proof.
sV ()= E(X— s ECX) P=3s E(X? —2X s E(X) +(5 E(X))?)
= 5 E(X )24 E(X) 5 EOO+55 E( 5y EOOF
~nE(X?)-2(,ECOF +e (ECOF where c= 37 5, P(x)

—E(x?)--c) (5 ECOF.

Theorem 3.19. Let X be a random variable in a &3 —topologized stochastic approximation

space S =(U,Rgy,P,7¢). Foranya,b we have,

w5V ()= EX)? —(2-d) (5 E)f  where d =3 55P(x,).

Proof. The proof is similar to Theorem 3.18.

Theorem 3.20. Let X be a random variable in the &3 —topologized stochastic approximation

space S = (U, Ry, P, 7). Foranya,b we have,
Y (@X +b) = 5 E(X)? ~(2a—c) (5 EOOF +2b(a—c)y E(X) +be
wherec =" | o P(X).
Proof.
V. (@X +b)=5 E((@X +b) s EQX) f
= 35 E(@X +b ~2,, E(aX +b)y, E(X)+4 E( 5 EOOf

= E(a2X2 1 2abX +b? — 2aX E(X) ~ 20E(X)+ 5 E( » ECO )
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— 5 Ela?X? )+ 2ab  E(X) +b%c~2a (, EOOF - 2be, E(X) +¢ [, ECOP

where ¢ = ZLmﬁE(Xk)

—a? 5 E(X)? ~(2a—c) (5 E(X)f +2b (a—c)yy E(X) +b7

Theorem 3.21. Let X be a random variable in the &3 —topologized stochastic approximation

space S =(U,Rgy,P,7¢). Foranya,b we have,

$V(aX +b) =a? 5 E(X)? —(2a—d)(@gE(X))2 +2b(a—d )y E(X) +b?d

where d =Y 5 P(X).

Proof. The proof is similar to Theorem 3.20.

3.5 Rough Moment Generating Function and Rough Characteristic Function

Definition 3.22. Let X be a random variable in the &3 —topologized stochastic approximation
space S =(U,Ry,P,7¢). Then the B — lower (resp. g3 — upper) moment generating function of X is

denoted by 5 My (t) (resp. (%M_X(t) ) and is defined by:
X
SMx = EE7).
(resp. égM_x(t):(ggE(e‘X)).

Definition 3.23. Let X be a random variable in the &3 —topologized stochastic approximation
space S = (U, Ry, P,7¢). Thenthe 9B —rough moment generating function of X is defined by:

MO =( My ©.5,M50) ).

Example 3.24. consider the same Experiment in Example 3.6. Then &3 — lower and &3 — upper moment

generating function of X are
M,y (t) = 1 (e2t +edty e‘“) and ..My (t) = 1 (et +e?t4edy e‘”)
5B X - 4 B X - 4 .

Definition 3.25. Let X be a random variable in the &8 —topologized stochastic approximation space
X+a

S=U,Rg Pzy). If Z= ,for any two constants a,b we have

pMz(O) = il %ﬁ[lj
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Proof.

Definition 3.26. Let X be a random variable in the &3 —topologized stochastic approximation space

S=(U,Ry,P,7¢). If Z= X+a

,for any two constants a,b we have

a

-2 (4

Proof. The proof is similar to Theorem 3.25.

Definition 3.27. Let X be a random variable in the &8 —topologized stochastic approximation space
S=(U,Rg,P,7¢). Then the B — lower (resp. oB —upper) characteristic function of X is denoted by

5/;¢_X(t) (resp. &,@(t)) and is defined by:
@6¢_x(t):§ﬂg(eitx ): ZX eitX &JE(X) )

(resp. bﬁ@(t):,ggg(eitx):zx gltx dgﬁ(X)).

Example 3.28. consider the same Experiment in Example 3.6. Then &5 —lower and &3 —upper characteristic
function of X are

(it , 3it, 40t - 1iie oit, .3t 4it
My(t)==le=" " +e” " +e and .My (t)==le' " +e“ "+e” " +e .
SMx =71 Jand ;M= )

Definition 3.29. Let X be a random variable in the ¢§3 —topologized stochastic approximation space

S=U,Rg,P,7). If Z=aX+b ,forany two constants a,b we have

dx (at).

Jﬂ&(t) :eibt px

Proof.

$¢_z(t)= Mg(eit(axw)): 5ﬂE(eibt .ei(ta)x)_

Definition 3.30. Let X be a random variable in a ¢3 —topologized stochastic approximation space
9
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S=U,Rg, P,7). If Z=a X +b, for any two constants a,b we have
w@(t) = eibt w@(at)'

Proof. The proof is similar to Theorem 3.29.
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