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Abstract: In this study, Homotopy Perturbation Method (HPM) is used to obtain the analytically exact solution
of linear and nonlinear systems of partial differential equations (PDEs). The efficiency and accuracy of HPM are
demonstrated through several test examples. HPM yields solutions in convergent series forms with easily
computable terms. Generally, the closed form of the exact solution is obtained without any noise terms.
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1. Introduction

The nonlinear phenomena played a very significant role in the field of applied Mathematics and

mathematical Physics. It is known that phenomena coming from applied physics and engineering for example
propagation of waves and shallow water waves can be modeled by systems of linear and nonlinear PDEs. To
findaccurate, a reliable and efficient method to solve nonlinear system of PDEs is the interest of most of the
researchers now a day. Adomian Decomposition Method (ADM) is used to tackle the systems of PDEs which
become more difficult when finding the Adomian Polynomials [1-3,8]. Variational Iteration Method (VIM) is
also helpful for the approximate solutions of the systems of PDEs [4-5,11].

In recent years, a lot of attention has been given to study the homotopy perturbation method (HPM) by different
researchers such asto solve the nonlinear system of PDEs [7-12]. HPM deforms a difficult problem into a set of
problems which are easy for solving without any need to transform nonlinear terms.

In this article, HPM is applied to some linear and nonlinear system of PDEs to find the exact solutions of the
systems. Here HPM is also applied to a two dimensional system of PDEs proving the accuracy, efficiency and
reliability of the proposed method.

2. Basic Idea of Homotopy Perturbation Method (HPM)
Consider system of nonlinear differential equations,

L;(u,v)+N;(u,v) = f;(q) qeQ, 1)
with the boundary conditions of,

ou oV
B, (u—)=0, B,(v,—) =0,
 ( an) o ( an)

where L j are linear operators and N j are nonlinear operators. The He’s homotopy perturbation technique

defines the homotopy,
U(g, p): 2x[01] —> R,
and
V(q, p):Q2x[01] —> R.
which satisfies
H j (U WV, p) = (1_ p)[Lj (U ’V) - Lj (V01uo)]+ p[Lj (U,V) + Nj (U ,V) - fj (q) =0 (2)
Where p €[0,1] is an imbedding parameter, Uy, Vg are initial approximations which satisfy the boundary

conditions.
The basic assumption is that the solution of Eq. (2) can be expressed as a power series in p,

U=>p'U,=U,+pU,+pU, +..
n=0

V=>p"V, =V, +pV, +pV, +...
n=0
The approximate solution of Eq. (1) can be obtained as,
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u=lim pﬂlz(‘; p'U,=U,+U, +U, +...
v=lim HZ_; PV, =V, +V, +V, +...

3. Numerical Applications
To demonstrate the effectiveness of the method, we consider the following problems with given initial condition.
Example 3.1 Consider the following linear System of PDEs

u,-v, =0,
®)
v, +u, =0,
with the initial conditions of,
u(0,y) =cosy,
v(0,y)=siny.
Taking inverse operator, we have
u(x,y)=cosy+L"(v,)
v(X,y) =siny+L"(u). “)

Let solution of the Eq. (3) be,

u(x, y) = Z P"U, = Uy + pu, + p°u, + p Uy +...
n=0

V(X,y) =D PV, =V, + PV, + PV, + POV, +...
n=0
Putting in Eq. (4),

U, + pu, + p2u, + pu, +...=Ccos y + pL‘l[%(v0 +pv, + P2V, + Py, +..)]

Vo + v, + p2v, + piv, +..=siny - le[%(u0 + pu, + p°u, + plu, +..)].

€ 9

Equating powers of “p”,
0
P*, Ug(x,y)=cosy

Vo(X,y) =siny
ov
1, (X, — L—l ~o
p u, (X, y) (ay)
ou
: ’ =_L—l 0
Vi (X, Y) (_8y)

u, (X, y) = x.cosy

v, (X,y) =x.siny
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ST

Ny

oy
ou

2\ A, =-L'(—

vV, (X,Y) (ay)

U (x,y) = - (cos )

p%, U (xy)=L"(=H)

2

wmw=%¢mw

ov
) 3 ’ :L71_2
p us (X, ) (ay)

ou
. 1 — _Lfl 2
V3(X,Y) (—5

X3
Us (x,y) = 7 (cosy)
x*
Va(Xy) = g(sm y).
So, the solution of the s;/stem of PDEs (3) is given by,

u(x,y) =lim ;> p"u, =uy +U; +U, +U; +...
n=0

H n
VX, y) =lim o > PV, =V VRV, Y
n=0
Consequently, we have
2 X3

u(X,y) =cosy + X.cos y+%.cosy+§.cos y+..

x> X
u(x,y) =cos y[1+ X+E+§+ ]
u(x,y)=e*cosy
2 3

: . X . X® .
V(X,y) =siny+ x.sin y+?.sm y+§.sm y+..

: x> X
v(x,y) =sin y[1+x+E+§+...]

v(x,y)=e*siny.

Example 3.2 Consider another example of linear system of PDEs
u, —Vv,+u+v=0
V,—u,+u+v=0,

with the initial conditions of,

u(x,0) =sinh x
v(x,0) = cosh x.

Taking inverse operator, we have
u(x,t) =sinh x +L™*(v, —u—V)
V(x,t) = coshx+L™*(u, —u-v)

Let solution of the Eq. (6) be,
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u(x,t)=>_ p"u,=U, + pu, + p2u, + pu, +...
n=0

V(X,t) = p"V, =V, + pv; + PPV, + piv; + ...
n=0
Putting these values in Eq. (6),
U, + pu, + p2u, + p3u, +...=sinh x + le[ai(vO + PV, + POV, + POV, +..) -
X
(Ug + pu, + p2u, + P3Uy +..) = (V + PV, + P2V, + pv, +...)]
V, + pVv, + p2V, + p°v, +...=cosh x + le[g(u0 + pu, + p2u, + piu, +..) -
X
(Vo + PV, + P2V, + pv, +...) — (U, + pu, + p°u, + piu, +...)]
Equating powers of “p”,
p’, U, (xt)=sinhx
V, (X, t) = cosh x

1

4,0V
P, Ul(X,t)=Ll(a—;—Uo—Vo)

4,0U
Vl(X!t) =L 1(6_)(0_1'10 _Vo)
u, (X, t) = —t(cosh x)
v, (X,t) = —t(sinh x)
1,0V
P, UZ(X,t)=L1(a—X1—U1—V1)

,,0u
V,(x,1) =L 1(8_)(1_u1 -V,)

t2
u, (x,t) :Esinh X

t2
Vv, (X,t) = Ecosh X
4,0V
pa’ U3(X,t)= I—l(a_xz_uz_vz)
4 ,0u
V3(X,t)= I—l(a_xz_uz_vz)

t3
u(x,t) = —gcosh X

t3
V5 (X, t) :—gsinh X

1,0V
h U4(X,t)=L1(a—X3—U3—V3)

,,0u
V4(X’t) =L 1(8_)(3_1"3 _Vs)
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t4
u, (x,t) :Esinhx

t4
v, (1) :Zcoshx.

So the solution of the system of Eq. (5) is,

H n
u(x,t) =lim ;> p"u, =uy +U; +U, +Us +...
n=0

vt =lim D> TV, =V Y Y, Vg
n=0
t? t? t*
u(x,t) = sinh x —t(cosh x) +E(Sinh X) —g(cosh X) +z(sinh X)+...

u(x,t) =sinh(x —t)

and,
2 3 4

v(x,t) = cosh x —t(sinh x) +%(cosh X) —t3—'(sinh X) +t4—|(cosh X)+...

v(x,t) = cosh(x +t1).
Example3.3 Now consider the nonlinear system of PDEs
Ve =WV, + WY

(7
W, = WW, +VW,
with the initial conditions of,
V(X ¥,0) =w(x,y,0)=x+Yy.
Taking inverse operator, we have
VX, Y,t) = X+ y + L (v, +wy,)
W(X, Y, t) = X+ y + L7 (ww, +vw,). (®)

Let solution of the Eq. (8) be,

VX, Y, 1) =D TPV, =V, + pv; + P2V, + iV, 4.
n=0

W(X, Y,t) =D p"W, =W, + pW, + p*W, + pAw, +...
n=0
Putting these values in Eq. (8),

Vo + PV, + P2V, + pPVy +..= X+ Y+ pLT[(v, + pv, + PPV, + p3v3+)§(v0 +py, +
X
P2V, + PV, +..) + (W, + pW, + p°W, + p>w,+)

0
E(Vo + le + p2V2 + psvs +)]

W, + PW, + P°W, + p°W; +... = X+ Y+ pL (W, + pw, + p*w, + p3W3+)ai(w0 + pwW, +
X
P°W, + pPW, +...) + (v, + pv, + P2V, + piv, +...)
0
a_y(Wo + pW, + PPW, + piwg +..)]

Equating powers of “p”,
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P, Vo(X, Y, t) =X+Yy
W, (X, y,t) =Xx+Yy

ov ov
h Y0 = L v, =2 +w, —2
p v (X, Y, 1) [vo ox T Wo ay]
_ ow, ow,
Wl(X’ y,t)=L 1[Woa_xo+vo EO]
Vi (X, y,t) = 2(x + y)t
w (X, y,t) = 2(x+ y)t
_ ov. ov ov ov
pz’ V2(X, th):Ll[(Voa_Xl"'Vla_)f)"'(WoEl"'WlEO)]
_ OW. ow, oW, ow,
w, (X, yvt):Ll[(Wo 8X1+W1 8X0)+(v0 ay1+V1 8y0)]

V, (X, Y1) = 4(x + y)t°
W, (X, y,t) = 4(x + y)t*.
So solution of the Eq. (7) is given by,

: n
VO, Y ) =1im o D IV, =V Y Y, Vg
n=0

WX, Y, t) = lim ) > "W, = Wy + Wy + W, + W+
n=0
Putting values, we have,

V(X Y,t) = (X+ ) + 2(X+ V)t +4(x + y)t* +...
V(X y,t) = (X+ y)[1+ 2t +4t° +..]

W(X, Y, t) = (X+ ) + 2(X + V)t + 4(x + Y)t? +...
wW(X, y,t) = (X + y)[L+ 2t + 4t* +..]].

Example 3.4Consider another system of nonlinear PDES
u,+v,w, —v,w, =-u

Ve + W, U, +U,W, =V

9)
W, +u, v, +U Vv, =W,
with the initial condition of,
u(x,y,0)=e*", v(x,y,0)=e*"7, w(x,y,0)=e"".
Taking inverse operator, we have
u(x,y,0)=e*’ - L (u-v,w, +v,w,)
vix,y,t) =" + L (v—wu, —u,w,) 0)

w(x,y,t) =e’ + L (w—u,v, —u,v,).
Let solution of the Eq. (10) be,
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u(x,y,t)=>_ p"u, =Uq + pu, + pu, + p°u; +...
n=0

V(X, Y, 1) =D PV, =V + PV, + PV, + PRV, +...
n=0

w(x, y,t) = i P"W, =W, + pw, + p*w, + p’w, +...
Putting these values in InE:(: (10),
Uy + pu, + p2u, + p3uy +...= e =L [(u, + pu, + p°u, + p°u, +...) —%(V0 +pv, +
p°v, + p’v, +...)i(w0 + W, + pPW, + p1w, +...) +£(V0
oy oy

0
+pv, + p2v, + ply, +...)&(WO + W, + pPW, + piw, +..)]

Vo + PV, + P2V, + PPy .= + LH(v, + pv, + p2V, + piy, Jr...)——a8 (W, + pw, +
X
p*w, + p’w, + )_6 (Uy + pu, + p2u, + pu, + )——a (u
2 3 ay 0 1 2 3 ax 0

+pu, + p°u, + p’u, +...)%(W0 + pW, + pAw, + 1w, +...)]

W, + PW, + P°W, + p2w, +... =’ + L [(w, + pw, + p°w, + pw, +...)——8a (Uy + pu, +
X
p2u, + pu, + )—a (v, + pv, + p°v, + p°v, + )——a (u
2 3 ay 0 1 2 3 ay 0

+pu, + p°u, + p°u, +...)§(v0 +pv, + pPv, + pivy +.)].

Equating powers of “p”,
P’ Up(xy,t)=e
Vo (X, y,t) =e*”

X+y

0
W, (X, y,t) =e’

pl’ Ul(X, y,t) _ _Uo _|:6Vo aWo:|+|:aWo 6V0:|

OX oy OoX oy
ow, ou ou, ow.
Vl(x’y't)zv‘)_[ax0 ayo}{axo @0}

W, (x t)_W_éuoav0 | 9u, 9v,
YD =Wo ) 5 oy oy ox

u, (X, y,t) =—-te™?
v (x,y,t) =te*”
w, (X, y,t) =te”™
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p2' UZ(X’ y't):_ul_ %%4_%% + %%4_%%
OX o0y OXx oy oy ox ox oy
v, (% y,t) = v, — oW, ou, N oW, Ou, | | oW, du, N ou, Ow,
oXx oy ox oy oy ox ox oy
W, (X, y,t) = W, — %%Jr@ul Ny | 8u0%+8u1 oV,
oXx oy OX oy oy OXx oy oX
2

t X+
u, (X, y,t) =Ee y

t2
_ X=y
VZ (X’ yvt) - 2| e
t2
_ y=X
w, (X, y,t) = e e

By () oy | Do e O O 00y O, [Ny Oy OV, O, O, O
oXx oy ox oy ox oy | | oy ox  dy ox oy ox

v, (%, Y,t) =V, — OW, 8u2+8W1 8u1+c9w2 du, | | Oug aw2+au1 8W1+a“2 OW,
DT ox oy Ox oy Ox oy ox oy ox oy ox oy

ou, ov, ou, ov, ou, oV ou, ov, ou, ov, Ou, oV,
WS(X,y,t):W2_|:6_)(052Jra_xlglJr axz a;}_|: 0 %%  PM1 TN, T 0j|
3

t°
us (X, y,t) = —ge y

3

|
V, (X, y,t)=§e y

oy X oy ox oy ox

t*
W3(X’y’t):§e :

So the solution of the system of PDEs in (9) is given as,
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u(x,y,t) =lim ;> p"u, =Uy +U, +U, +U, +...
n=0
u(x,y,t) =e*” —te™” + —e* ——e*" + ...
2! 3!
t? t°
u(x,y,t) =e*|1-t+———+...
21 3

u(x,y,t)=e*v et =g
VO, Y ) =Tim DTV, =V Y Y, Vg
n=0
2 3

v(x,y,t) =e" +te™ L
2! 3

t? t°
— Xy
v(x,y,t)=e {1+t+ 2!+3!+..]

v(x,y,t) =V e' ="'

w(x, y,t) = lim p—1 z P"W, =W, +W, +W, +W; +...
n=0
t? t3
w(x, y,t) = eV eV eV eV L
2! 3

t> t°
— Y X
w(x,y,t)=e {1+t+—2!+—3! +}

w(x,y,t) =e’*e' =",

Hence the solution of the system of PDEs given in (9) is,
u(x,y,t) =e*v"

X—y+t

v(x,y,t)=e

w(x, y,t) =e’ ",
Example 3.5 Consider two dimensional system of nonlinear PDEs

U =U, +U, +2u(u, +u,)—(uv), — (),

Ve =V +V,, +2V(V, +V,) = (W), — (W), , (11)
with the initial conditions of,

u(x, y,0) = v(x, y,0) = cos(x+Y) .
Taking inverse operator, we gat

L L(u)]= L‘l[uXX +U,, +2u(u, +u,) - (), —(uv)y]

L [Lw)]=L" [vXX +V,, + 2v(v, +V,) = V), - (uv)y]
u(x, y,t) = cos(x + y) + L‘l[uXX +U,, +2u(u, +u,) - (v), —(uv)y] (12)

v(X,y,t) =cos(x+y)+ L‘l[vXX +V,, +2v(v, +Vv,) —(uv), — (uv)y].
Let solution of the Eq. (12) be,
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U(X, y,t) =D p"u, =Uy + pu, + pu, + p’u; + ..

n=0
V(X Y, 1) =D p"V, =V, + PV, + PV, + pivg + ...

n=0

Putting in Eq. (12)
2
U, + pu, + p°u, + p°u, +... = cos(x + y) + pL- [ 2 (Uy + pu, + p2u, + puy +...)
2
— (Ug + pu, + p°u, + puy +...) + 2(U, + pu, + p?u, + p°u, +...)
6 2 3 a 2 3
{8—(u0 + pu, + p°u, + puy +...) +— (U, + pu, + puU, + p°u; +...)}
X oy
0
&{(u0 + pu, + p2U, + pPuy +.) (v, + Y, + PRV, + iy, +..)}
0
5{(% + PU; + P2U, + PPUg +..) (Vo + PV, + PPV, + PPV +..)}
62
Vo + PV, + P2V, + pPv, +... = cos(X + y) + pL‘l[ax—z(vO +pv, + P2V, + PV, +..)
2
— (Vo + PV, + P2V, + PPy +..) + 2(V + PV, + P2V, + piy; +..)
8 2 3 a 2 3
{&(vo + PV, + PV, + p°v, +...)+5(v0 + PV, + PV, + piv; +..)}

o
&{(u0 + puU; + P2U, + pPuy +..) (Vo + PV, + PPV, + PV, +.)}

0
E{(uO +puU, + pPUy + piug +.) (Y + Py, + PPV, + PP +.) 3.

Equating powers of “p”,
p%,  Uy(X,y,t)=cos(x+Y)
Vo (X, Yy, t) =cos(x +Y)

oL uy) = L-l[az o X 2= 2 )2 )
0%V, Ny  Ngy 0 0
V(% 9,0) = 202+ 2 L ) - L )

u, (X, y,t) = -2tcos(x +y)
v, (X, y,t) =—-2tcos(x + y)
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L.0%U 82u ou, ou, ou )
p?, UZ(X,y,t):Ll[ 6X21+ ayz o(_ _) +2u 1( 0 EO)_a_(uOVl_'_ulVO)
0
_E(UOVJ. + u1V0 )]
o%v, 0% oV, OV oV
V, (X, y,t) = L [—2 + —2 +2v, (— + —2) + 2v, (—2 + Noy 0 UgV, + U,V
(X, y,1) [6x2 o O(ax 6y) 1(6x ) ( o)
0
__(UOVl + u1VO )]
(2t)?
u,(x,y,t) = Tcos(x+ y)
2
v, (X, y,t) = %cos(x +Y)
L.0%U 62u ou, ou au 0
p°, Uz (X, y,t)=L1[an+ ayz o(_ _) +2u 2( 0 ayo __X(uovz"'uzvo)
0
_E(UOVZ +u2VO)]
.07 v, 8 v, ov, ov, 0oV, 0
Vo(x,y,t) =L 1[ 2Vo(_+_)+2V2(_ _)__(Uovz +U,V,)
ay ox oy oX oy  oX
0
_5(110\/2 +u2VO)
3
06y, =~ Bl cos(x+y)
3
v (3.0 =~ Eh cos(x+ y)

So the solution of the Eq. (11) is given by,

u(x,y,t)=lim ;> p"u, =us +U; +U, +U; +...

n=0
v(x,y,t) =lim
n=0
Consequently, we have

(2 )

n
o1 DL PV, = Vg VLV, Y,

)()

u(x,y,t) =cos(x+y) —2tcos(x+ y) + ——cos(X+y cos(X+Y) +...
u(x,y,t) =cos(x + y){l— (2t) +%—%+ }
=cos(x + y)e ™
v(X,y,t) =cos(x +Yy)—2tcos(x +y)+ (2;)2 cos(X+Yy)— (2;)3 cos(X+Y) +...
=CoS(X + y){l— (2t) +ﬁ—@+ }

2! 3

=cos(x + y)e ™
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Hence the solution of the system of Eq. (11) is given by,
u(x, y,t) =v(x, y,t) =e cos(x +y).

4. Conclusion

In this paper, the Homotopy Perturbation Method (HPM) was employed successfully for solving linear and
nonlinear system of partial differential equations. The HPM is applied without determining the Adomian’s
polynomials, unrealistic assumptions, and transformation formulas. The results given here provide further
evidence of the usefulness of Homotopy Perturbation Method. The HPM is clearly very efficient and powerful
technique to find exact solutions of the nonlinear systems of PDEs and can be extended to other mathematical
problems.
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