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Abstract

In this paper, we introduced concept of ICS mapping for quadruple random fixed point in partially ordered
metric space. The present results generalized the result of Karapinar E. [23]. Results are motivated by Choudhary
[11] and Gupta [24]

2. Introduction and Preliminaries

Probabilistic functional analysis has emerged as one of the important mathematical disciplines in view of its role
in analyzing probabilistic models in the applied sciences. The study of fixed points of random operators forms a
central topic in this area. The Prague school of probabilistic initiated its study in the 1950. However, the research
in this area flourished after the publication of the survey article of Bharucha-Reid [10]. Since then many
interesting random fixed point results and several applications have appeared in the literature. The Banach
contraction principle, which is the most famous metrical fixed point theorem, play a very important role in
nonlinear analysis and its applications are well known. Many authors have extended this theorem, including
more general contractive conditions, which imply the existence of a fixed point. Existence of fixed points in
ordered metric spaces was investigated in 2004 by Ran and Reurings [17] and then by Nieto and Lopez [16].
After this various results in have been obtained in this direction, see e.g. [1,15,18].

Bhaskar and Lakshmikantham [8] introduced the concept of a coupled fixed point of mapping
F: X x X — Xand investigated some coupled fixed point theorems in partially ordered metric spaces. Later,
various results in coupled fixed point have been obtained, see e.g. [2, 3, 4,5,6,12,13,14,15].

On the other hand, Berinde and Borcut [9] introduced the concept of triple fixed point and proof
some related fixed point theorem. After this various results on tripled fixed point have been obtaind.

Further studied by Nieto and Rodriguez - Lopez [16], Samet and Vetro [19] introduced the notion of
fixed point of N order in case of single-valued mappings. In particular for N = 4 (Quadruple case), i.e., Let
(X, <) be partially ordered set and (X,d) be a complete metric space. We consider the following partial order on
the product space X* = X x X x X x X:

(wv,rt) < Ky zwiff x>2u, y<v,z=2r1 t< w,
where (u,v,r,t), (x,y,z, w) € X*.
Regarding this partial order, Karapinar E. [23] introduced the concept of Quadruple fixed point and
proves some new fixed point theorems. We define the following concept of quadruple random fixed point
motivated by [23] Karapinar E.

3. Privious definition

Definition 3.1.1:- let (X, <) be a partially ordered set, F:X* — X mapping. The mapping F is said to have
the mixed monotone property for random operator if for any x(), y(%), z(€), w(§) € X.

i x®%m € X %@ < %0 > F (x5, 28, w®)

< FG&x2(8),y(8), 2(8), w(®)),
ii. y1(8),y.(8) € X, y1(§) = y.(§) —» F(E: x(8), Y(E)'Z1(E):W(E))
< FEx(8), y(8), 22 (8), w(®))

iii. — wi(®),wy(®) € X, wi(§) = wy(8) > F(§x(8),y(®), 2(5), w1 (¥))
2 F(§x(8),y(®),2(8), w(¥)) .
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Definition 4:- An element (x(), (%), z(¥), w(€)) € X* is called a quadruple fixed point of F: X* — X if
F(x(®),y(®),2(8),w(®) = x(),
F(y(®), 28, w®,x®) = y®, F(z®), wE),x®),y®) = 2z
and F(w(®),x(§),y(®),2(%) = w(®.

5. Throughout this paper (€, X) denotes a measurable space, X be a partially ordered metric
space.and C is non empty subset of X.

Definition 5.1. (a): A function f: Q — C is said to be measurable if (BN C) € X for every
Borel subset B of X.

Definition 5.1. (b): A function f: Q x C - Cis said to be random operator, if f(.,X):Q - C
is measurable for everyX € C.

Definition 5.1 (c): A random operator f: Q X C —» Cis said to be continuous if for fixed
t e Q,f(t,.):Cx C is continuous.

6.1. Random Fixed Point: A measurable function g : €2 — C is said to be random fixed

point of the random operator f:Q x C - C, if
f(tg(®) = g, vVteQ.

In this paper we give some quadruple random fixed point theorems for mapping having the mixed
monotone property in partially ordered metric spaces depended on another function.

6. 2. Main Results

Definition 6.2 .1:- Let (X,d) be a metric space. A mapping T: X — X is said to be ICS if T is injuctive,
continuous and has the property: for every sequence {x,}in X, if {Tx,}is convergent then {x,(%)} is also
convergent.

Let ¢ be the set of all functions ¢ : [0,0) — [0, o) such that

i ¢ is non- decreasing,
ii. o) < tforallt > 0,
iii. lim,, + &) < tforallt > 0

From now on, we denoteX* = X x X x X x X. Our first result is given by the following:

Theorem 6.2.2:- Let (X, <) be a partially ordered set and suppose there is a metric d in X such that (X,d) is a
complete metric space. Suppose T: X — X is a ICS mapping and F: X* — X is such that F has the mixed
monotone property. Assume that there exists ¢ € & and &e Q, be a measerable sellector such that

D (TF(§ x(8), y(§), 2(8), w(®)), TF(§, u(®), v(®), p,a®) () )

< ¢ (max {d(T(E, x(9), T u(®), d(TE y (), T, V(E))}) (6.2.2.1)
B d(T (&, z(8), T(E p(§)), d(w, T(§, q (%))

for any x(§), y(§), z(8), w(¥) € X for which x(€) < u(8),v (§) < y(®),

z(8) < p(®, a(®) < w(¥). Suppose either

i. F is continuous, or

ii. X has the following property:

(a) if non decreasing sequence x,(§) — x(%) (respectively,

(b) z,(®) — z(¥), thenx,(§) < x(3), (respectively,
z,(§) < z(§)) foralln,

(c) if non increasing sequence y,(§) — x (§)(respectively,

wi(®) — z(§)), theny, (§) = y(8), (respectively,
wy, (8) = w(¥)) forall n.
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If there exists x4(£), yo (%), 2o (§), w(§), € X such that

Xo(® = F (& x0(8), Yo 20(®), wo(®)),
Yo < FG&yo(®),20(8), wo(®), x0(¥),
70(8) < F(§20(8), Wo(8), %o, (§), yo (§))
and wo(§) = F(E wo(8), %0(8), ¥o(8), 70(®)),
then there exist x(£), y(€), z(§), w({) € X such that
x(®) = F(§x(®),y(®),2(®), w(®),
y® = FEyE),z®) wE),x®),
2(8) = F(52(9), w(®),x(®),y(®),
w(®) = FEw(E),x®)y(®),2(®)
that is, F has a quadrupled fixed point.
Proof: Let xo(8), yo(8), 20 (§), wo (%) € X such that xo(§) = F((§ %0(8), 0(8), 2o(§), wo(®)),
¥o®) < F&yo(®),20(8), wo(®), x0(¥)), and
20(§) < F(&20(5), wo(8), %0(8),0(9)
wo(§) = F(&wo(8), S(&x0(9), yo(®), 70(9)) set
Xi(®) = F(§%0(®),y0(8), 20, Wo (®)),
y18) = FG&Yo(®),20(8), Wo(®), %0 (8)
21(8) = F(§20(8), wo(®),%0(9),0(®),
wi(§) = F(&wo(8),SEx0(®),yo(®),20(9) (6.2.2.2)

Continuing this process, we can construct sequences { x,(§)}, { yo (®)3, { z, ()} and { w, (§)} in X such that

Xn+1(8) = F(&xn(8), yn(8), 2n(8), Wn(8))
Yn+1 = FEyn(®),2a(8), wn(8), xn(8))

Zn41(8) = F(§20(8), Wn (8), X0 (8), yn(8)) Wns1 = F(E wn(8), S(& x4 (8), yn(8), 2 (9)) (6.2.2.3)
Since F has the mixed monotone property, then using the mathematical induction it is easy that

Xn(8) < %0118, Y(On = Y41 (®),

Zn(®) < 2041 (), Wn(®) = Wiy (§) (6.2.2.4)

forn = 0,1,2,3,...

IA

Assume for some n € N

Xn(E) = Xn+1(E)' Yn(z) = Yn+1(§): Zn(E) = Zn+1(§);
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wn(§) = Wnyg (6.2.2.5)

then, (x, (%), yn(8), zn (8), w, () is the quadrupled fixed point of F. From now on, assume for any n € N that
atleast,

Xp(®) # Xn11(8), Yu(®) # Yns1(8) , 2n(®) # 241 (5),
Wn(8) # Wniq (8) (6.2.2.6)
Since T is injective, then by (2.6), forany n € N

(d(TE %01 @) TE X0 ®)))

|
0<¢| max{ d(TE Ynr1 ) TG Yn ())), &) (6.2.2.7)

\ Ld(T(E v Zns1 (8)), T 2y (E)))J
d(Wn1 (8), T wn (5))

Now we have

d (T(E; Xn (E)); T(E! Xl’l+1(E)))
=d (TF(E, (x0-1®), Yn-1®), Zn-1(®), Wn_1(®))), TF(E, (X0 (&), yn (8), 24 (§), wy, (E)))

/ (TG 501 8), TE X (6)) |
L d(T(E yn1(©), TE ya (©)),

{ d(T(5 2a-1(®), T(z.zn(a)),} /
d(Wy—1 &), TE W, (®))

< ¢ | max | (6.2.2.8)

d(T(E Ya (D), TG Y (®) =
A (TFE (Y1 (§)), Znms (8, Wns (8, Xaea (), TG (70 (8)), 20 (8), W (®), %4 (8)))

/ {d (T(E' Xn—1(E)),T(E, Xn(E)))}\

< ¢ | max {»A(TEYn-1(®), TE ya(®)), (6.2.2.9)
d(T (& zn-1(8)), T(§, 24 (8))),
d(wn—l(E)! T(E: Wp (E)))
d(T(§, 20 (8)), T(E, 2041 (8))) =
d(TF(E' (Zn—1(§), Wn-1 (E)' Xn-1 (E)' Yn-1 (E)))l TF(E, (Zn(E)' Whn (E)' Xn(E)' Yn (E))))
( d(T(& %01 ), T(5 x4()) ) \
L A(T(E Y ®), TE @), ) (62.210)

< ¢
\ d (T(E' Zn—l(z)), T(E, Zn(E))) ,
d(Woy (8, TE W, (®)) )

and

a4 (T W ), T wnes () =
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d(TF(E (Wn I(E) Xn- I(E) Yn- 1(5) Zp— 1(5)))'TF(§ (Wn:Xn(E): YH(E)’ZH(E))))
( d(T Xn-1(8), TG xn(®))), \
d(T(ya-1®). TEYE)),
| max |
\ d(T(5 20-1(®), T(5 2 (D)), /
d(wp-1(®), TE wa(®))

< ¢ (6.2.2.11)

Since we have ¢(t) < tforall t > 0, so from (6.2. 2.8) to
(6.2.2.11)

We obtain that

(d (T(6 % ®), T(E %001 ®)) / (T(z,xn_1<z>).T(z. x,(9)))

) (d \\

I I I

0 < max 2 ATEY®). TE Y (), $ < ¢| max { (T(Ey0-1®). T(Eya(®)), # 62
| d(T(E z,(®), T, Zn+1(E)) J |k A(TE 20-1(8), T 20 (®))), J

\d(T(§ wa(8)), T(E W1 (5)) AWy (8), T(E W)
2.12)

(T(z, %1 (®), T(E xn(a))

B 1
< max { T(E Yn- 1(5)) T(E Yn(f)) }
I |
\ J

d(T(E 201 (), TG 2 (D)),
d(Wy-1 (), T(E Wa(©)))

It follows that

((d(T(Exa(®), T(E Xne1(®)) )
(16 ®). TGy ®)),
d

(TG 20®). (€ 2041 ®)),
AT Wi (6)), T(E Was (9))

d(T(&%0-1.(®), T(5 %) )
< max {4(TE yn-1(8), TE yn(¥))),
L d(T(E' Zn—l(E)): T(E, Zn (E)))' J
d(wn-1(8), T(E wn ()

( A(T(E%a(®), T(E Xns1 () ) )

Id T )y n ;T Y n ’
( (E Y (E)) &y +1(E))) L is positive decreasing sequence. Hence, there exists r > 0

" § (TG 20®). T 2001 ®)). |
d(T (& wn (), T Wns1(9)))/ )

Thus,

\

such that
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(d (T(5%®), T(E x001®)) )
lim, ., o, max4 d(T(E ya(®), TG ynrr (®)), # _ .

Ld (T(6 20 (®), T(6 2041 ®)), J
d(T(E W (®), TE Wae1 ()

Suppose that r > 0. lettingn — + oo in (2.12), we obtain that

0<r
[ [(4(1Can@) TEx®))

< limy 4o ¢ | max { d (T(E: Yn-1(®) TG, Yn(E)))' (6.2.2.13)
d(T (8, zn-1(), T 2 (5))),
d(Wn—lv T(E' Wn (E)))

it is a contradiction. We deduce that

d(T( xn(8), T(E xn+1(8))),

| d(TE ya(®), T(z.ym(z))),l _
fimy - 4 o max !d(T(E'Zn(E)):T(EvZnH(E))). =0 (62214
Ld(TE wa(8)), T(E Wy (B)))

We shall show that { T(§,x, ()}, { T(& ya(®)}{ T(5 2. (D)}
and { T(§, w,(§))} are Chauchy sequences. Assume the contrary, that is
{TExn @)L {TE ya(EN}L{ T(E za(5))} and { T(§, wy (§))} are not a Cauchy sequence.

limym -+ o0 d(TE XM (), TExn(8) # 0, limy 4 oo d(TEYm(8), TE yn(9))) #

limp 5 + 0 Ad(T(E 2 (8)), T(E, 20 (8))) # 0
limpm 4+ 0 A(T(E Wi (), TE Wi (§))) # 0
This means that there exists e > 0 for which we can find subsequences of integers (my) and (n,) with
ng > my > ksuch that

(AT Xk (), T(E Xmi(§))), )
d(TGE ynk®), TG ym(®),
max =€ (6.2. 2.15)
d(T(% 20 (®), T(E 2 (D))
d(T(E, Wik (8)), T(E, Wik (9)))

Further corresponding to m;,, we can choose ny in such a way that it is the smallest integer with n, > m; and
satisfying (6.2. 2.15). Then

A (T Xure1 ), T(E Xk (®) )
ACTE Y1 O TEYmc®D. | _ 62.2.16)
d(T(8 Zee1 ), T(5 20 (®) )
A(T(E W1 (§), T Winie(§)))

max

By triangular inequality and(6.2. 2.16), we have
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4 (TExm®). TEx®)) <

A (T(E Xk ®), T(5 Xnier ) + d(T(E Xaseea ®), T(E X0 (D))
<€+ d(TEXuor ®) TExm(®))  (6.2.217)

Thus, by (6.2. 2.14)we obtain
lirnk -+ 00 d (T(E' ka(E))v T(E' Xnk(E)))

< limy s o d(T(f,xmk(f)),T(f,xnk_l(f))) <e (62 218)

Similarly, we have

limy .+ o0 d (T(6Ymic (), T(E Y (D))

IA

lime s oo & (T(E Ymi (). T(E ymeea (©)) € (62.219)

limy 1 co d (T(§ Znie(©)), T,z () (6.2.2.20)

IA

iy 4 o0 & (T(E 2 () T(, Zes () <€

limy 4 oo A(T (€ Wik (), T (€, Wik (£)))
< limy st A(TE Wi (), T wni—1(§))) <€ 221

Again by (6.2. 2.16), we have
d (T(8, %me(©), T(§, 2 ()
< d(T(xm (), T(E B 1))
+ (T X1 ) T(E X1 ) + & (T(E %0 (), T(E 2 ()
< (T xm ), T 1)) + @ (T(E Xmicr (), T(E xmic ()
+d (T(60me (), T (8 Xni1 () + AT (X (), T(, 2 ()
< d (T Xy T X () + (T (&, 20mk = 1.(8)), T (&, xmk(£))))

+ € + d(T(E %ny-1() T 2, (8))

Letting k — + oo and using (6.2. 2.14)we get

Limy 4 o0 A(T (€, Xy, (§)), T (€, %, (£))) < Limy 4 o0 d(T (& Xy, (), T(€, Xpie=1(8))) <
€ (6.2. 2.22)

Similarly, we have
LMy 4 o0 d(T (€, Yy (), T, Y, ()
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< im0 A(TE Yy (), TE Y1 (§))) < € (62.2.23)
Limy 5 4 o0 A(T (€, 2y (), T(E, 23, (£)))
< 1My 4 00 A(T(, Zimyy_, (), T(E, 2y, ()
< e (6.2. 2.24)
limy 4 o d(TWpy,, Twy,)

< limy 4 o0 d(T(E Wiy, (D), T (€, Wiy, (6)))

<e (6.2. 2.25)

Using (6.2. 2.15)and (6.2. 2.22)- (6.2. 2.25)we have

limk S+ 00 Max { d(Txmk' Txnk)' d(Tymk' Tynk);}

d(Tka, Tznk), d(Tka, TWnk)

A(T (&, Xy, (), T(, X, (),
_u d(T (€, Yy, (), T(€, Yny_, (),
=limy 5 ; o Mmax
A(T(E, 2y, (E)), T, Zny,_, (5))),
\d(T (& W ,_, (), T(E, Wn,_,(E))))

=€

Now, using inequality (2.1) we obtain
d (T (& X, (8, T(§, %, ()

= d(TF (& %mp-1(8)s Ymy-1(E)s Zmy-18) Wimg-1&) ) TF (& Xnpe—1.(6) Yrgm1(6)» Znge—1(8) Wig—1 (6))

/ ! d (T (&, Xt (9, Txnkl(e))l\

o | max A(T (€, Yimpo1E), TV (), | | 62.227)
k | d(T(E' ka—l(f)!Tan—l(f))i I
\ d((& Winye1(8), TW, -1 () )

A(T(E, Ymy, (6), T(E, Y, (8)) =
d(TF(E; Y(mk)—1(f),2(mk)—1(f): W(mk)_l(f), xn_l(f)),TF(E;ynk—l(f)' an—l(f)' Wnk—l(f): xnk—l(g))

/ J d (T (&, X (€), T2 () ) l\

< ¢' max 'd(T(EIymk—l(f)'Tynk—l(f))' i (62 228)
K | d(T (& Ziny=1 (), T(§, 21 (D), | )
U d(Winy1(8), TWi 1 ()

A(T (&, 2, (), T(§, 2, (€)) =
d (TF (£, Zim 18 Wi 1 (8, Xy 1§, Yo 1 () TF (8, Zi 1 (), W1 (8, Xy 1 (8, V1 (8)))
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[

[ a(7 (& 5m 1), TE 1))
4 d@@ymlgnT@%%aa)L
|4 (7 (2m1©). T (5.2002®)).|
U d(Wimea O T2 @) )

| |
'\ )

and

A(T (& Wi, (§), T(E, Wy, (§)) =

(6.2. 2.29)

d (TF (& Winye=1 (6 Xinym1 (6, Yimge1 (6, Zamge1 (), TF (6 Wiy (6, g1 (), V1 (6, Znya ()

d(T (&, %my—1(E)), T(E, Xy 1))
L A(TE, Ymp—1(E)), T (& Yny-1 (D)),
< ¢ | max

@(T (£ 2 ©). T (62002 ©) ). [ |
\ \ )/

d(Winye-1(§), Twy, -1 (§))

We deduce from (6.2. 2.27)- (6.2. 2.30) that

d(T (€, 2%y, (), T (€ %0, (£)))
(T (€, Yy (), T (€, Y, (),

"1 (62 ©) .7 (620,0)),
\ d(T (Wi, (), T (&, Wy, (€))) )

/ ( d(T(E %mpe-1(), T Xy -1 ()

4 (T Ymy-1()), T(§, Y1 (D)),

= 0| TN G 2y 1O, TE T ), |

U d(Wnyo1 (), T(E, w1 (6))) J

Letting k = + oo in (2.31) and having in mind (2.16), we get that

0 <e <lim .+ o) <€ it is

(6.2. 2.30)

(6.2.2.31)

contradiction.

Thus

{TEx NI ATE YN AT (S, 20(§))} and { T(§, w,(§))} are Chauchy sequences in (X,d). Since X is
complete metric space, { T($, x, ()}, { T(§, v (EN} AT (€, 2z, (E)} and { T(§, wy (E)}

are convergent sequences.

Since T is an ICS mapping, there exist x(¢),y(£),z(&),w(¢) € X such that

limy |40 x,(8) = x(8),limy L 4 0o Y (&) = y(&),

limy 400 2,(&) = z(8),limy 4o Wney = wW(&). (6.2.2.32)

Since T is continuous, we have

limy 4+ T(§, %0 (§)) = T(§,x(),limp 4 T(E,¥2(§)) = T(&,¥(5)),

lim, & 40 T 2,(8) = T(,2(5),

limy S 40 T(E, wWn($)) = T(w(S)). (6.2.2.33)

Suppose now the assumption (a) holds, that is, F is continuous. we obtain

limy, 4o Xns1(8) = limy, 4 F((€, %0 (8), y.(8), 2, (), wn (D))
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= F((f; llmn -+ ooxn(f)v llmn -+ Ooyn(f)! llmn -+ ooZn(f)! llmn -+ an(f)) )

= F((&,x(£),¥(8),2(5),w(&)))

y(&) = limy 400 Yns1(§) = limn—>+ooF((flyn(f)lZn(f)lWn(f)‘xn(f)))

= F((f, limy, & 4 oY (§), limy, 4 02,(§), limy 4 Wi (), limy, 4 00Xy (f)))

= F((&y(8),2(8),w(©),x())
Z (E) =limy .40 Zn+1(€)

= limn—>+ooF(Zn(f)'Wn(f)'xn(f)i }’n(f))

= F((&,limy 1 0020 (), limy, & 4 oWn (), limy, 4 00X (6), limy, 1 00V (§))

= F((§,2(5), w(§), x(£), y(£))

and W(E) = limn—>+oown+1(€) = lim(n—»+oo)F((fiWn(f):xn(s):yn(f)xzn(f))

= F((f; limn -+ ooWn(f)» limn -+ ooxn(f): limn -+ ooy—(f)' limn -+ 00Zn (f)

= F((§w(§),x(5),y(5), z(5))

We have proved that F has a quadrupled fixed point.

Suppose now the assumption (b) holds. Since {x,(&)}, {z,(§)} are non- decreasing with x,(§) -

x(§),2,(§) — z(§) and { y,(§)}, {wy(§)} are non- increasing
with y,(§) - y(§), wa(§) — w(§) then we have

x(6) < x(), yu() = ¥() 2o (§) < 2(8), wa(§) = w(d)
for all n. Consider now

d (T(&,x()), TF (€, x(£), ¥(©), 2(), w()))

< d(T(E (), Txn1())) + d(T(E 11, TF(E,x(6), ¥(), 2(), w())))
= d(T(§,x()), T(€ Xn 11 ()
+ d(TF((§, 20, Y(§), 2 (©), wa (), TF ((§,x(8), ¥ (), 2(8), w(£))))
< d(Tx(E), T (§))
o L iy ) 22

n — oo and using (6.2. 2.33)the right hand side of
(6.2. 2.34)tends to 0,

Soweget that d(T(&x(£)), TF((x(€),y(©),2(),w(©)))) = 0.

Thus Tx()) = TF((&,x(£),y(£),2(§), w(£))) and T is injective,

We get that x(&)) = F(&, (x(€),y(&),z(&),w(£))). Similarly we find that
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y = F(yzwx), z = F((§ 2(8),w(),x(§),y(&)))
And w(§) = F((§,w($),x(£),¥(8),2(£)))
Hence F has a quadruple fixed point.
Corollary 6.3:- Let (X, <) be a partially ordered set and suppose there is a metric d in X such that (X, d) is a

complete random metric space. Suppose T: X — X is a ICS mapping and F: X* — X is such that F has the
mixed monotone property. Assume that there exists ¢ € ¢ and &€ 2, be a measerable sellector such that

d (TF (€ x(©),y(), (), w(®)), TF (€, u(®), v(©), p(©),4(©)) )

< ¢ (d(T(é’,X(f)),Tu(é’.(é’))H a(T(€.y(§)).TvEN)+ d(T(Ez(E).TErE)))+ d(W(S),T(f.q(f))))
- 4

for any x(&),v(é€),z(&),w(&é) € X for which x (§) < u(¢),
v(§) < ¥(6),2(§) < p(§), 9(§) = w(&). Suppose either
i F is continuous, or
ii. X has the following property:
(a) if non decreasing sequence x,(§) — x(§)
(respectively, z,(§) — z()), then x,(§) < x(§),
(respectively, z,(§) < z(&)) foralln,
(b) if non increasing sequence  y,(&) — y(&) (respectively, w,(§) - w(§)), then y,(¢) <
(&), (respectively, w,(&) = w(¢)) forall n.
If there exists x, (&), ¥ (£), 2o (€), wo(§) € X such that
xO(f) = F((Sc'xo(f):)’o(f)rZo(f):Wo(f))):)’O(f) < F((E!yO(E)!ZO(s)IWO(E)IxO(g))):
25(§) < F((§ 20(8), wo(£), %0(8), ¥0(8)) and wo(§) = F((€,wo(§),S%0(£),¥0(£),20(8)),

Then there exist x(§), y(£),z(&),w(§) € X such that

x(§) = F((§x(),y(©), 2. w@), y©&) = F(E (), 2w, x(®),

F((§,2(5),w($),x(§),¥(5)) and
F((€w(8),x(£),¥(5),z(5)

z(§)
w($)

Then F has a quadrupled fixed point.

Proof:- If we take

[d (T(6.x@®).7(5,u®)) + d(T(£.¥(). T(¢ v(é’)))]
d(T(§, 7)), TEP) + dWw(@), T(E a()))

1
4

d(T(§,2(), T, p()),
dw (), T, q(5)))
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Then, applying Theorem 6.2.2 result can be obtained easily.

Corollary 6.3.2:- Let (X, <) be a partially ordered set and suppose there is a metric d in X such that (X,d) is a
complete random metric space. Suppose T: X — X is a ICS mapping and F: X * - X is such that F has the
mixed monotone property. € 2, be a measerable sellector. Assume that there exists k € [0,1) such that

d(TF((§,x(§), (£, 2(), w(©))), TF ((§,u(®), v(§),p(£), a())))

{d(T(f.x(f)).T(s‘,u(s‘))).l

d(T(E,y(6), T(E, v(E)),

< kmax g 2@, rEp@y, [ ©3Y
dw(©), T(E q()))

For any x(£), y(£), z(§), w(§) € X forwhich x (§) < u(§),v(§) =< y(©),

z(§) < p(&), q (&) < w(&). Suppose either

i F is continuous, or

ii. X has the following property:

(@) if non decreasing sequence  x,(&) — x(&) (respectively, z,(§) — z(§) ), then x,(&)
x(&), (respectively, z,(§) < z(&)) foralln,

(b) if non increasing sequence  y,(&) — y(&) (respectively, w,(¢) - w(é)), then y,(§) <
y(&), (respectively, w,(&) = w(¢)) forall n.

IN

If there exists x, (§), v, (&), 2o (§), w,(§) € X such that
x0(§) 2 F((6%0 (), 70 (), 20(9) wo(§)), %0 (€) < F((§,50(9), 20(8), wo(§), x0(£),
20(§) < F((§,20(8), wo(£),%0(8), 0 () wo(§) = F(wo(£),S(§,%0(6)), ¥0(8), 20(9)),
then there exist x,y,z,w € X such that
x(€) = F(Ex@©,y©),2)w®),  y©& = F(Ey©),2),w@),x(®),
2(§) = F((§2(),w(©),x(),y(©) and w = F((§w(©),x(©),y(©),2(£))
Then F has a quadrupled fixed point.
Proof:- It can be proved easily by Theorem 6.2.2.

Corollary 6.3.3:- Let (X, <) be a partially ordered set and suppose there is a metric d in X such that (X,d) is a
completerandom metric space. Suppose T: X — X isa ICS mapping

F: X* - Xis such that F has the mixed monotone property. Assume that there exists k € [0,1) such that

d (TF((&,x(©), y(£), 2(), w(©)), TF (€ u(©), v(§), p(£), 4(5)) )

<k (d(T(E,x(E)).T(E.u(E))) + d(T(f,y(E)).T(E,V(E)))) (6.3.4)

T4\ +d(T(2().TE p))) + dw($), T, q(£))) -
for any x($),¥(£),z(E),w(§) € X for which x(§) < u(§),v () < y(§),z(§) < p(), q¢§) <
w(§&). Suppose either

i F is continuous, or

ii. X has the following property:

(@) if non decreasing sequence  x,(&) — x(&) (respectively, z,(&§) - z(§) ), then x,(§) <

x (&), (respectively, z,(§) < z(&)) foralln,
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(b) if non increasing sequence  y,(&) — y (&)(respectively, w,(&) — w(§)), then y,(&) <
y(&), (respectively, w, (&) = w(¢)) forall n.

If there exists xo(£), ¥0($), 20(§), wo (§) € X
such that xo(§) = F((§,%0(£),¥0(£), 20(§), wo(£))),
Yo(§) = F((§,50(8), 2o(8), wo (§), x0(£))),
zo(§) < F((§,20(8), wo(§), x0(§), ¥o (§))) and wo(§) = F((§, wo(§),Sx0(§), ¥0(§),20(5))),
then there exist x(§), y(§),z(§),w(¢) € X such that
x(§) = F((§x(£),y(£),z(5),w(£))), y(§) = F((&y(§),z(5),w(&),x()),
2(8) = F((§,2(5),w(§),x(£),y(9))) and w(§) = F((§w(©),x(§),y(),2z()))
Then, F has a quadrupled fixed point.
Proof:- It can be proved easily by Corollary 6.3.1
Now, we shall prove the existence and uniqueness of a quadruple fixed point, for a product X* of a partially
ordered set (X,<), we define a partial ordering in the following way: for all
(x(©),¥(8), 2(5), w(§)), w(®), v(§),p(§),q(§) € X*
(x(©). ¥, 2. W) < (@), v(©).p©),4()
= x(§) = u®), y(&) =z v(), z(§) = p() and
w($) = q(§)
We say that (x($), y($), z(§), w(£)), (), v(§),p(§), q(§)) € X* are comparable if
(x(©),¥(©), 2, w®) < (W@, v(), (), q(®))
or (x(£),¥(6),z(§),w(&)) = (u(§),v(§),r().q(5) 2.40
Also we say that (x(£),¥(£),2(8), w(§))= (w(®), v(§),p(©),q(®)

ifand only if x(&) = u($),y(§) = v(§),z(§) = p(O),w(§) = q().

Theorem 2.6:- In addition to hypothesis of theorem 6.2.2.,, suppose that for all
(x($),¥(8),2(5), w(£), w(§),v(§),p(),q()) € X%,

There exists (a(£),b(&),c(§),e(§)) € X*,&s N, be a measerable sellector

such that
F((§ a(§),b(§),c(§),e())), F((§,b(§),c(§), e(§), al®))),
F((§c(8),e(8),a(§),b())), F(( e(®), al®),b(§),c()))

is comparable to
(F((&,x()),¥(8),2(8), w()), F (&, y(§), 2(8), w(§), x())),
F((§,2(9),w(©),x(), y(©)), F((§,w(&), x(§), (), 2())))
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And

(F((f, u(8),v(£),p(§),q(€))), F((§,v(£), p(£),q(©), u(f))))
F((€,p(£),q($),u(&), v(§))), F((&, q(5), u(€), v(§), p(§)))/"

Then, F has a unique quadruple random fixed point (x($), y(£), z(§), w(£).
Proof: - The set of quadruple fixed points of F is non empty due to Theorem. Assume, now,
(x(£), ¥(§), 2(8), w(€)), (), v(§), p(§), q(£)) € X* are two quadruple fixed points of F, that is,
F((§,x(8),y(£),z(),w(§))) = x(§), F((&u(§),v(§),p(©),q(€)) = u(),
(67,2, w©),x(©)) = ¥(©),
F((& v(§),p(§),a(©),u(®)) =v
F((§,2(9),w(§),x(£),y(§)) = z(5), F((&r(),q(®),ul®) v()) = p,
F(Ew,x,y,2) = w,
F((€,q(8),u($),v(),p())) = q(§)
We shall show that (x(§), y(£), 2(£), w(§))and (w(§),v(§),p(£),q(£))

are equal.
By assumption, there exists (a (&), b(£),c(§),d(§)) € X* such that
F((§,a($),b(§),c(§),e())), F((&, b, c,e,a), And
F((§,c(§),e(§),al8), b($)), F(§,e(§),a(§),b(£),c(£)))
Are comparable to
F( %), (), 2, w®), F (¥, 2(), w(§), x(©)),

F((& zw,x,y), F((§w($),x(§),¥(5),2(5)))
Also

(F (& u(€), v(), (£, q(§)), F (€, v(§), p(§), q(), u(§)), F (€, p(§), q(§), u(&), v(§)), F((§, q(§), u(§), v(), p(E).

Define sequences { a, (&)}, { b, (&)}, { (&)} and { e,(&)} such that

ag(§) = a(f), bo(§) = b(), co(§) = c(§) and eyo(§) = e(§)

and forany n > 1
an(§) = F((§ an-1(8), bp_1(), cn_1(), €n_1 (),
ba(€) = F((§ bpv(8), cnv(8), €3-1(8), 01 (9)
cn(®) = F((§ cno1(§),en-1(8), an_1(8), bp_1 (D)),
en = F((§ en-1(8), an-1(8), by_1 (), cae(9)) 2.42
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for all n. Further, set xo($) = x(£),¥0(§) = ¥(§),2,(§) = z(),

wo(§) = w(§) and uy(§) = u($),vo(§) = v(&),pe(§) = p(£),q0(§) = q(&), and on the same way define
the sequences

{22 (O} {yn (D} {22 (O} {Awn (D} and {un (D}, {vn (D}, {Pn(D}, {gn(©)} . Thenitis easy that

X2 (©) = F((§,x(£),y(8),z(§), w(©)),

un(§) = F(&u(®),v(©),p(©),q(),
¥a(§) = F((§y(8),2(5),w($), x(9), va(§) = F((§, v(&),p(§),q(&),u(®),
zn = F((§,2(5), w(§),x(§), y()),

Pa(§) = F((§,p(§),q(8), (Hu, v(5)),

wy(§) = F( w(©),x(),y(©),z(5)),

an(§) = F((§,q(8),u(§),v($),r()

for all n>1. Since
{xn (O}, {n (O}, {2}, {wn ()}
= (xl(f):Y1('f)er(f):W1 (f))

= (x(&),y(&),2(&),w(&))is comparable to

(F((§,a(§),b(§),c(§),e($)),

(F((§,b(8) c(§),e(§), al$)),
{(F((E, c(§),e(§), a(d), b(f)).}
k(F((s‘.e(s‘),a(f),b,C)(s"))) )

= (a1(8), b1 (&), ¢, (), &,(8)), Then it is easy to show
(x(©), (), 2(8),w(©) < (a1(8),b1(§), c1(§), e1(£)). Recursively, we get that
(%), y(8),2(8),w(®))
< (an(8),bn(©), ca(©), €x(§)) for alln = 1
Now we have

a(1(62)) TE @ ®) =

d (TF((£,x(8), y(8), 26, w(®)), TFE, (an(), ba(©), cu(6), ea(©)))

!d(T(f,x(f)),T(f,an(é’))),l

AT (€, Y(9)), T(E, ba(D))),

= ¢ <"‘” (T &, 2(6), T(E, ca(©))), )
AT (E W), TE, en(9)) )

d(T(§, y(§), T(§, bps1($)))
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= d(TF (& (6, 2(8), w(§), x(©))), TF (&, (bn(§), cn(§), €2 (), an ()

d(T(§,2(£), T(, cn (),

(4T %)), T(E an(€))) )
d(T(Ew), T, en(f)))f

< ¢ (max id(T(f'Y(f)).T(f. b, (£))),

d (T(f, Z(f)), T(f, Cn+1(f)))

= d(TF(, (z,w(&),x(), (), TF (&, (cn (), €n(£), an(§), b (5))))

[, o
=0 M A 29), TE cn©)),
\d(T (&, w(©), T, en(©)))
And
d(T (€ W), T(E, ensr (6)))
= d(TF (W), x(©),y(©), 2())N, TF (€, (en(§), an(§), ba(§), cx()))
([
=¢ \m“x | (TGO TE G |
d(T(E WO TE, en(©))

It follows from (2.45) - (2.48)

(d(T(Ex(©)), TE ane1(O)))

d(T (&, y(©)), T(€, bns1(9))),

XN AT (&, 2(9)), T(E, Crr1 (D)),
Ld(TEwE)).TE ens1 () )

AT (€, x(6)), T(£, an(E)),
AT (€, y(©)), T(£, ba())),

=9 (’"‘”‘ {d(T(f,z(a),T(f, cn(f)»,})
AT E W), T, en(©)))

Therefore, foreach n > 1,

AT (€, %(E). T, an(©)),

D {d(T(E,y(f)),T(f, bn(f))),}
AT, 29, TG, ),
A(T(E W TE en ()

{d(T(f,x(E)),T(f, ao@)))l
. AT y(©)), T(E, by(E)),
=9 (m‘”‘ (T (€, 2(6)), T(€, co(E)), )

AT E W), T(E, e0(6)))
Itis known that ¢(t) < tand lim, .+ ¢p(r) < t

imply lim,, |, o, ™ = 0foreacht > 0.
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d(T(§,y(5)), T (§, ba($))),
d(T(§,2(8)), T, ca($))),

(T, x(E), T(E, ay(©)),
lim, _, - ma ! l =0
d(T(Ew(©)), T(E en(E)) )

This yield that

limy, o d(T(§,x(8)), T(§,an(£))) = 0, limy , d(T(§,¥(£)), T, ba(§))) = 0
limy, , d(T(£,2(£)), T(§, ca(§))) = 0, limy, od(T(§, w(§)), T(§,en(§))) = 0

Analogously, we show that

limy, -, oo d(T(§,u($)), T(§,an($))) = 0, limy , d(T(E,v(§), T(E bn(¥))) = 0
lim, , o, d(T(E, p(9)), TE cn(8))) = 0 ,lim,, o d(T(E, q(®)), T(E, en(8))) = 0

Combining above yields that (T(§x(8)), T, (§))y.T(§2(8)), TEW(E)))

and (TG, TEV(E))). T(ER(E))). T(§4(5)))) are equal.

The fact that T is injective gives us x(§) =u(€) , y&) =v() ,

z (8) =p(® and w(®) =q(¥))).

Hence the theorem is proved
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