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Abstract

The cycle index of dihedral group I',acting on the set X of the vertices of a regular 7n-gon was studied (See
[1]D). In this paper we study the cycle index formulas of I}, acting on unordered pairs from the set

={1.2,...,n} In each case the actions of the cyclic part and the reflection part are studied separately for both
an even value of n and an odd value of =.

1. Introduction

The concept of the cycle index was discovered by Polya (See [2]) and he gave it its present name. He used the
cycle index to count graphs and chemical compounds via the Polya’s Enumeratlon Theorem. More current cycle
index formulas include the cycle index of the reduced ordered triples groups 5 (See [3]) which was further
extended by Kamuti and Njuguna to cycle index of the reduced ordered r-group 5 [l (See [4]). The Cycle Index
of Internal Direct Product Groups was done in 2012 (See [5]).

2. Definitions and Preliminaries

Definition 1.
A cycle index is a polynomial in several variables which is structured in such a way that information about how a
group of permutations acts on a set can be simply read off from the coefficients and exponents.

Definition 2.
A cycle type of a permutation is the data of how many cycles of each length are present in the cycle
decomposition of the permutation.

Definition 3.
A monomial is a product of powers of variables with nonnegative integer exponents possibly with repetitions.

Preliminary result 1
Let {(G.X) be a finite permutation group and let X! denote the set of all 2-element subsets of X. If g is a
permutation in (&.X) we want to know the disjoint cycle structure of the permutation g" induced by g on
ya
We shall briefly sketch the technique (we call it the pair group action) for obtaining the disjoint cycle structure of
g'"; for a detailed explanation and examples (See [6]).
Let mon{g) = tf‘ tf: tif‘"-, our aim is to find mon (g"). To do this there are two separate contributions
from g to the corresponding term of mon{g"} which we need to consider:
(i) from pairs of points both lying in a common cycle of g.
(ii) from pairs of points each from a different cycle of g.
It is convenient to divide the first contribution into:
(a) Those pairs from odd cycles,
(b) Those pairs from even cycles.
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i (@) Ifwelet & = (123...2m + 1) be an odd cycle i_r_1 g and we let the elements in a pair come from
a common cycle, then the permutation 8" in (&.X ™) induced by # is as follows:

— 12150231 (341> .. .—{2mt1,1}

(1,31 {24} —>{3,5)—. . .—{2m,1}—{2m+1,2}

(1,41 >{2,51>{3,6)— ... >{2m-1,1}>{2m,2} — {2m+1,3}
{123. 2m+1}—» < . . o .
{Iim}—>{2m+1}—-{3,m+2}— ... >{m+3,1}— .. . —»{2m+1,m-1}
(_{Im+1}—{2m+2, —. .. —>{m+2,1}— ... —>{2m+1,m}

Hence timey —— bin.y .

So if we have @ymq.y Cycles of length 2m + 1 in g, the pairs of points lying in the common cycles contribute;

Fame1 e EJmil"-':m-ﬂ (2.1)

Im+l Iml for odd cycles.

i (o) Ifwelet & = (123 ...2m) be an even cycle in g and we let the elements in a pair come from a
common cycle, then the permutation &' in (G.X ") induced by & is as follows:

({12} -{23}>{34}> ... >{2m,1}
{1,3}—>{2,4}—>{3,5}—>. . —»{2m-1,1}>{2m,2}
{123..2m}— < C
{Im-1}-{2m}—->3,m+l}— ... >{m+3,1}—> ... >{2m,m-2}
{Ilim}->{2,m*+1}—->{3,m+2}— ... > {m+t2,1}—> ... >{2m,m-1}
~ {l,m+1}>{2,m2}—... >{2mt2}— ... >{m2m}

Hence tym ——»  bpbTt .

So if ayp, is the number of cycles of length 2m in g, the pairs of points lying in common cycle contribute:

tfri“ —» (b b %em (2.2) for even cycles.

(ii)  Consider two distinct cycles of length & and & in {&.X). If x belongs to an a-cycle &; of g and ¥
belongs to a b-cycle & of g, then the least positive integer £ for which gfx =xand gfy = ¥
is [ b], (the Icm of & and b).So the element (x. ) belongs to an [a. b]-cycle of g'.

The number of such [ B]-cycles contributed by g on &; * # to g’ is the total number of pairs in #; % &
divided by [ &], the length of each cycle.

This number is therefore ;—Z = (@ b}, theged of & and b.

In particular if & = b = [, the contributionby g on &; = & to g' is|cycles of length I.
Thus when & = & we have;

o (2B e op

Gp  Op
tr.' ti:l _>£J[E_EJ: (2-3)

andwhen a=hb=1{

; if =)
(5 b 2 (2.4)

L
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Preliminary result 2

The cycle index formulas of dihedral group D), acting on the set X of the vertices of a regular n-gon are given
by:

Lpnx = ;_H[Edln ¢ (d) t§+§tft?+§t-§_] 2.5(a)
if nis even and
. = mot
Ipnx = ;[Edm ¢ld)t3 +nt,t,* ] 2.5(b) if n is odd.

Where @ is the Euler’s phi formula.
For the proof to these important results (See [7],[8]).

3. Cycle index of I, acting on unordered pairs
With the help of the above important results we now study the cycle index of I, acting on unordered pairs of

theset & ={1.2,...n}.

3.1 Case 1: if n iseven

n

We first consider the cyclic part from 2.5(a) e x= iEd n@ld)td

Since n is even, then the divisors of #n can either be even or odd.

If d isevenand
() the pair come from a common cycle then from 2.2 we have;

Rl

B A

PG (a;ag'l) (3.1.1)

(i) each of the elements in the pair comes from a different cycle then from 2.4 we have;

-+
FL oL A
(=]

Fu
2

(3.1.2)

Combining (3.1.1) and (3.1.2) we have for an even divisor

20 elf) z e
(bébé ] b, "= bzb,*® (3.1.3)
If d is odd and;
(i) the pair come from a common cycle then from 2.1 we have:
n g1\ g
t2 —» (E;d: ) (3.1.4a)

(if)  each of the elements in the pair comes from a different cycle then from 2.4 we have;

2(3)
— % b, (3.1.4b)

LR d

t

Combining (3.1.4a) and (3.1.4b) we have for an even divisor;
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d
b, = by (3.1.5)

d—1
()
Therefore the cycle index formula for C,, actingon X' when n is even is given by:

ne—2in

E,d_) +Ef+r5 p(d) (&d_]] (3.1.6)

21d

- [zf.n o (d) (.5

Y NE

From 2.5(a) we note that the two different kinds of reflections (a reflection through two vertices and a reflection
through the edges) induce different monomials when acting on the vertices of a regular n-gon for n even.
We now investigate the induced monomials when the reflections act on X%

-2

(i)  We first consider the part i t*

If each of the elements in the pair come from a different cycle of a different length then from 2.3 we have;

n—2

[X] F
]

tit,)  ——  bI7T (3.17)

If both come from different cycles of same length, then there are two cases:
Either both come from cycles of length one in which from 2.4 we have;

ti ——» by (3.1.8a).

Or each come from a different cycle of length two then from 2.4 we have;

iy
n-2 |

A

&

k!
I|
I

[T

¢ (3.1.8b)

[

If both come from a common cycle of length two, then from 2.2 we have:

ka

n—2 n—

I—E (3.1.9)

Combining (3.1.7) (3.1.8a) (3.1.8b) and (3.1.9), we get;

T \ -
m2,, oT Jned 2
E:I:I. b: - 172

2

-2

But from 2.5(a) we have = monomials of the form t? t,* and hence a total of

n rT—-In

n.3: =2
2hib, (3.1.10)

monomials will be induced.

a3

(if)  Next we consider the part &3

If the pair comes from a common cycle then from 2.2 we have;
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t2 ——  (bb3) = B} (3.1.11)

If the pair comes from different cycles then the cycles are of length 2 and from 2.4 we have;

B w3

—> b7 (3.1.12)

o+

ri-an

Combining (3.1.11) and (3.1.12) we have; E:fb: *  but from 2.5(a) we have

E]

]

monomials of the form &;

and hence a total of ?E:fb: * (3.1.13)
monomials will be induced.
Adding (3.1.10) and (3.1.13) we have; n bfb: * (3.1.14)

Now adding (3.1.6) and (3.1.14) we have the cycle index formula;

n-—in n

Zpnx® = i[‘ifr ¢(d) (a

d

m R |

3.2 Case 2: if nis odd

We first consider the cyclic part Ze x= iEdm ¢(d) rf

In this case & must be odd since = is odd and an odd number is not divisible by even number.
If a pair comes from a common cycle, then from 2.1 we have;

ng=1}
d

— b, (3.2.1).

Fu | a
Y

=

If the pair come from different cycles, of the same length then from 2.4 we have;

n 2(3)
t3 ——— b, (3.2.2).

T
Combining (3.2.1) and (3.2.2) we have b, ** o= bt (3.2.3).

Therefore the cycle index formula of €, acting on X ®'when n is odd is given by;

i[zm B(d)b, ] (3.2.4)

For us to study the induced monomials by the reflection symmetries, it is important to note that all the reflection
symmetries of a regular n-gon with n odd have their line of symmetry passing through a vertex and an edge.
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=1

We now consider the monomials induced by the reflection part  #:£,” ;

If both of the elements come from a common cycle then the cycle has to be of length two and hence from 2.2 we
have;

r—i -t n—1

t,t,? ——> (5,b8) 7 = b (3.2.5).

If the elements in the pair come from different cycles with one from a cycle of length
one and the other from a cycle of length two then from 2.3 we have;

=1 n=1

fgt? —» b? (3.2.6).

If a pair comes from different cycles of length two, then from 2.4 we have;

fra—=1

-1 s

ficme z[ 2

t,Y — b, (3.2.7)

Combining (3.2.5), (3.2.6) and (3.2.7) we have;

n-1i m-i miiz-4m n-i ni-am#i

2 . 2 ¢t = 2
b b ¢ = b*h *

=1

We note that from 2.5(b) there are m monomials of the form #:£,° and hence n monomials will be induced

and hence we have;

n-i m-i ®miii-dm n-1i mi-Zm+i

nb* b7 * = nb} b, * (3.2.8)

1 2

Adding (3.2.4) and (3.2.8) we have the cycle index formula as;

ni-n n-1 1-::—:1-:—1]

1 F . -
Lpnx® = .- Zamldlb 4+nb ? b

(3.2.9)

Example 1

Let n =7 then the dihedral group D; of degree 7 acting on the unordered pairs of the
set = {1,2,3,4.5.6.7} . Then;

ID;| = 14, d =17 ¢(1)=1 and (7) =6

Hence from 3.2.9 we have;

Iy g = [b3* + 7b3b2 + 6b3].

Example 2
Let n =6, then the dihedral group D); of degree 6 acting on the unordered pairs of the set X = {1,2,3.4,5,6}.
Then;

[Dg] = 12, d=12386  ¢{1)=1, @(2) =1.a(3) =2 and ¢(6) = 2.
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Hence from 3.1.15 we have;

z = b3 + 265 + 763§ + 25,31,

D@ =
4. Conclusion

The cycle index formulas of I}, acting on unordered pairs are given as;

-

-
e m—1 n*-Ir+i

onx@ = %[Edh'! ¢(d) EJF +nb,* b ° ] for an odd value of n and

b, ] + Tamap(d) (EzF]ﬂnbez: 4 ] for an even value of n.

2td

I P

nx® = iEdﬂ p(d) (EJ
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