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Abstract

Mixed Poisson distributions are very significant in modeling non-homogeneous populations; for instance in
Actuarial applications for modeling total claims in insurance. However, the setback is in their use since the
probability mass functions are difficult to evaluate, except for a few mixing distributions. One way of dealing
with this problem is to express Mixed Poisson distributions in terms of recursive relations.

In this paper, recursive relations of some mixed Poisson distributions are obtained by use of integration by parts
technique.

Keywords: mixtures; recursive relation; generating functions; moments

1. Introduction

The main difficulty with the use of mixed Poisson distributions is that, with the exception of a few mixing
distributions, their probability mass functions are difficult to evaluate. Some of the ways of circumventing this
problem is to express the mixed distributions in terms of expectation forms, special functions forms and
recursive relations.

In this paper, we are confining ourselves to the recursive relations using integration by parts technique.

In the literature, we find that originally patterns of recursive relations in probabilities were devised; and the
problem was to identify probability mass functions satisfying these patterns. This type of work was done by
Katz(1965) and then later by Panjer(1981).

Sundt and Jewel(1981) showed that the only distributions satisfying Panjer’s model were Poisson, Binomial and
Negative Binomial distributions. These works motivated other researchers to come up with other patterns of
recursive relations and identify corresponding probability distributions; [Schroter (1990), Sundt (1992),
Hesselager (1994), Wang (1994)].

Further motivation led Willmot (1993) to obtain Mixed Poisson distributions in recursive forms. His approach is
known as Willmot’s Approach. It is interesting to note that the recursive relations obtained by Willmot’s
Approach can simply be obtained using integration by parts technique; which does not require any condition as
that of Willmot’s Approach. This is the main motivation of this paper.

Moments and probability generating functions can be obtained using the recursive formulae.

This paper is organized as follows: two-parameter, three-parameter and four-parameter Beta mixing distributions
have been considered in sections 2, 3 and 4 respectively. Gamma mixing distributions are in section 5; Pareto in
section 6 and Inverse Gaussian distributions in section 7. Other mixing distributions are Confluent
Hypergeometric and Half-Normal which are in section 8 followed by conclusion in section 9.

2. Mixing with two-parameter Beta Distributions
2.1 Beta | distribution

(4 ——/w—l(l_}\)ﬁ_l- 0<i<1 @
g) = Bap)

The Mixed Poisson distribution is thus given by;

f(x) = Lfle—?xt)\xﬂx—l(l _ A)B_ldl
x! B(a, B) J,

Using integration by parts, let
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u = e Mpx+e-1 gpnd dv = (1 — A)F~1da
Therefore the recursive relation is given by:
x+Dxfx+D)=PB+t+x+a—Dxf(x)—tlx+a—-1f(x—-1); x=0,1,2,.. (2)
with f(-1)=0.
2.2 Rectangular distribution
\ = L <A<b
g =g 3)
Therefore,
x b a
(x) = U e MA*dA — f e"“l"d}t}
f x! (b ) o 0
Lety=at > A=2 and di=< then
1 bt at
[ VX _ =YV, X
f(x) t(b_a)x!{fo e y*dy fo ey dy}
1
= m{)/(x + 1, bt) - y(x + 1,at)}
where
Cc
y(x,¢) =J y*le vdy
0
is incomplete gamma.
Consider
bt
y(x +1,bt) = f e Yy*dy
0
Let u=y* and dv = e Ydy; therefore the recursive relation is given by
e—at(at)x+1 _ e—bt(bt)x+1 (4)
1) = ;x=0,1,2,..
fle+D) f(x)+{ t—a)(x + 1)! } *
with
e—at _ ,—bt
fO) ="
2.3 Beta Il distribution
a-1
A) = i A>0,a,8>0
ID = g AT @p (5)

Then

t* ” +a— —a—B,o—At
f(x):mfo;\ (1 + 1)~ % Be~Atgp

Let u = A**@ 1e=A  and dv = (1 4+ A1)~ @A d). Therefore the recursive relation of the mixed Poisson

distribution is given by:
x+Dxfx+D=x-BL—-txf(x)+tlx+a—-1)f(x—1);x=01.2,..
with f(—1) =0.
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3. Mixing with three-parameter Beta distributions
3.1 Scaled Beta distribution
A (- P
D=———F—">—;0<1<
I =B ppr g ©

Therefore,

X

x! B(a, pueth1

n
f(x) = f )\x+oz—1(H _ )\)B_le_“dl
0

Let A=puz > dA=udz and z = % , therefore

(ut)* *
f& = Th@p |,
Putting u = e #z**@~1and dv = (1 — z)#~1dz , the recursive relation is therefore given by
xx+Dfx+D)=QB+ut+x+a—Dxf(x)—(x+a—-1Dw)f(x—1);x=0,12,... (8)
with f(-1) =0.

Zx+a—1(1 _ Z)B—le—utzdz

3.2 Full Beta Model
The probability density function (pdf) of a Full Beta model is given by:

ppap-1
A1) = s A>0;b,p,g>0
IN = g DA TP P4 ©)
Therefore,
t*pP ° +p-1 (p+q) ,—At
(x) = J AP 4 bA)~ P Ve~ dA
0= TG0,
Let z=bA=dz=bhdA andA == , then
X)=\+— e — VA VA e Z
b/ x!'B(p,q) J,
t
Put u = z**?"1e” and v = (1 4 z)"®P*Ddz ; the recursive relation is therefore given by:
b2x(x + Df(x +1) = [b(x — q) —t]lbxf(x) + bt(x + p — 1) f(x — 1); x = 0,1,2, ... (10)
with f(—1) =0.
4. Mixing with a four-parameter Beta distribution
The pdf of a Transformed Beta distribution is given by:
C/,la/lcﬁ_l
A) = ;A>0
IN = B s 2= (1
Then,
— C'uatx * x+cf-1 cy—a-f ,—At
f(x)—B(a’B)x! i A (1 + 29~ Fe=2td)

Let u = A*¢+Be=A and v = cA°~(u + A€)~*"FdA ; therefore the recursive relation is given by:

c+1 ¢
{n(x—c+i)}f(x+1)=(x—ca){ (x—c+i);f(x)
i=1 1

i=

+t¢(x —c+cBuf(x—c)
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—ut(x—c+Df(x—c+1)

(12)
for x=10,1,2, ...
5. Mixing with Gamma distributions
5.1 Inverse Gamma distribution
The pdf of an Inverse Gamma distribution is given by:
Q) = B” e_%\‘“‘l' A>0;a,p>0
g - F(a) ) ) ) (13)
Then,
B fw a1 -(16+8)
flx) = r@ A e dA
8
Put u = e~**2) and dv = A*"“dA : therefore the recursive relation is given by:
x(c+Df(x+1) = —a)xf(x)+ptf(x—1);x =0,1,2, ... (14)
with f(-1) = 0.
5.2 Shifted Gamma distribution
The pdf of a Shifted Gamma distribution is given by:
g = K e B - A>u>0;a,8>0
Ir'(a) ’ T (15)
Then;
X RA e
— —At 9% ,—BA—p) () _ ,ya—1
f(x) x!I"(a)L e 1% A—w*tda
Put z=A1—-u; =dz=dAand A = u + z; therefore
txﬁll oo
fx) = p I‘(a)j e~ WDt (y 4 Z)*e=Fzz0-1(z
: 0

Put z = uy; = dz = udy;, therefore,

Fx) = (H;?;(éiaﬁ))a o—ht fowya—1(1 + y)Xe~ Iy gy
Using integration by parts, let u = (1 + y)*e~(t*F¥ and dv = y*~1dy; therefore the recursive relation is
given by:
E++Dfx+1D) =[x+a+ t+Bultf(x) —ut?f(x —1);x =0,1,2, ... (16)
with f(—-1) = 0.

5.3 Gamma Truncated from below
The pdf of a Gamma distribution truncated from below is given by:
Bae—ﬁlla—l

g(ﬂ):m;ﬂ>lo>0; a,B>0 (17)
where

Blo
y(a, BAo) = f ey ldy

0

147


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org

ISSN 2224-5804 (Paper)  ISSN 2225-0522 (Online) LL,i,l
Vol.4, No.14, 2014 IS'E
Now,
ﬁ(l tx (o]
f(x) = /1x+a—le—(t+,8)ld/1

xH{1 —y(a, fAo)} ),
Using integration by parts, let u = e~¢*$2 and dv = 1***~1d4; therefore the recursive relation is given by:

x+1
A+ Df G+ D) =t + a)f @) + e g (20) = 18)
5.4 Generalized Gamma distribution
If the Generalized Gamma mixing distribution is given by:
am—c?e—a/llm—l
A) = ;A= 0man>0;6=0
9 Is(m, an)(A + n)é man (19)
where
[ ym—le—y
I5(m, = —d
sman) = | s dy
then the integrand of the mixed distribution becomes
txam—c? 58 ( Y s
= —(a+t Ax+m—1 +2)7%dA
f&) x! Is(m,an) J, ¢ (n+4)
Therefore
X fCOlsGm,an) fwe—(a+t)a,1x+m—1(/1 +n)%da
txgm—6
0
Put A = nz = dA = ndz; therefore
RHS =J e~(@+Onz () x+m-1p-86(1 4 2)~Sndz
0
— nx+m—8 Jme—(a+t)nzzx+m—1(1 + Z)_SdZ
0
Put u = z**tm-1le~(@+nZ anq dy = (1 + z)~¥dz; therefore the recursive relation is given by:
(a+t)x(x+Dfx+ D) =[x+m—6—n(a+t)]x(nt)f(x)
+(x+m—1Dmt)?f(x — 1) (20)
as obtained by Ong (1995).
5.5 Transformed (Generalized) Gamma distribution
If the probability density function of a Transformed Gamma mixing distribution is given by;
g = ﬂ/1”"‘_1e_/’)’1c' A>0; apB,¢c>0
F(a) ) ) ) ) (21)
then
cpEt* c
— Jxrea=1,-At—BAC 14
[ I'(a)x! fo ¢
Let u = e B2 and dv = A*+°@=1q2: therefore the recursive relation is given by:
ﬁ [
C
(c+ca)f(0) = (x+ Df(r+ 1) + t—c[l_[(x + i)} fix+0) (22)
i=1
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6. Mixing with Pareto Distributions
6.1 Pareto | distribution
The pdf of Pareto | distribution is given by:
af®
Now,
txa, a oo
flx) = B f e Mg}
x! ;
Let u = e and dv = A*~*"1d; therefore the recursive relation is given by:
atxe—ﬁtﬂa
(x+1)f(x+1)=(x—a)f(x)+T (24)
6.2 Pareto Il (Lomax) distribution
The pdf of Lomax distribution is given by:
apB“
N=—"7————=;A>0;,a>0
IN =Gy pet > Ohe (25)
Therefore,
t*
f(x) = ap® ;J e MA(A+ )" *dA
*Jo
Putting u = e~*2* and dv = (1 + 8)~* 'd2,; the recursive relation becomes:
x+Dfx+D)=+pt—a)f(x)+tBf(x—1);x =0,1,2, ... (26)
with f(—1) = 0.
6.3 Generalized Pareto distribution
The pdf of a Generalized Pareto distribution is given by:
'ua/lﬁ—l
A1) = A>0;a,B,u>0
IN = 5 s e A Gwbn @)
Therefore,
'uatx co
— —Atlx+ﬁ—1 p) _a_ﬁd/l
O = T ). ¢ A+ 1)
Put u=e A" and dv =1 + W) =% B d; therefore the recursive relation is given by:
xc+Dfx+ D)= —a—put)xf(x)+tu(x+—-Df(x—1);x=0,1,2, ... (28)
with f(=1) = 0.
6.3 Another Generalized Pareto distribution
1
1 c \¢!
g(z)_z(1—?1) 1> 0 29)

Case (i): When c<0
Let ¢ = —d where d > 0, therefore;
1

(/1)—1(1+d,1) 1> 0
g = Tk ’
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1
_3_1

(x) = a foo —“/1"(1+d,1> dd
T =) ¢ k

1
-=-1
Put u = e *2* and dv = (1 + %A) ¢ " dJ; therefore the recursive relation is given by:

cx+Df(x+D) =(cx+kt+1)f(x) —tkf(x—1);c<0;x=0,1,2, ...

with f(-1) = 0.

Case (ii): When c=0
1
1 c
9O = lime o7 (1-722)°
1 _2
= Ee_k; A>0
which is an exponential distribution with mean k.

The recursive relation is given by:

fx+1) = fG);x =

kt+1
with

1
" gnel d/l _a_ld/l

Case (iii): When c>0
) = 1(1 ,1)1_1 0<a<k
g k c
Therefore,
t¥ % N
- At 9x -
fe) = | e (1 k/l) da

Yo
1
Let u=e*A* and dv = (1 - %A)C dA. Therefore the recursive relation is given by:
cx+Dfx+1D)=0Q+tk+cx)f(x) —tkf(x—1);x =0,1,2, ...
with f(~1) = 0.

7. Mixing with Inverse Gaussian Distributions
7.1 Inverse Gaussian distribution

b \7 20w

Therefore,
1
z ) -2
fx) = —n —eﬂf 2o\ aag)

(42 -2 3
Put u=e (HZ#Z)A 24 and dv = 2*"2dA. Therefore the recursive formula is given by:

uit+ P)x(x + Df(x+ 1) = u?(2x — Dxtf (x) + p?pt?f(x — 1);x = 0,1,2, ...
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with f(-1) = 0.
7.2 Reciprocal Inverse Gaussian distribution
O\ [ p(l—ud)?
2 K 34)
B = (2 exp{- 2L s (
9 21A exp{ 2u2A }
Therefore,

1
TN $(1 — i)

1
Put u = exp {— 252,1 - (Zt?)’l} and dv = 1*"2d2; therefore the recursive relation becomes:
PP+ 2)x(x + Df(x + 1) = tp?x + Dxf(x) + ptf(x — 1);x = 0,1,2, ... (35)

with f(—=1) = 0 and £(0) = (ﬁ)iexp [%(1— \[:%)]

7.3 Generalized Inverse Gaussian distribution
The pdf of a Generalized Inverse Gaussian distribution is given by:

4

(%)E 1 ¢ (36)
gl) = ———1""texp {——(zp/l + —)};/1 >0
2K, (\/99) 2 A
where
17 Wil
Ky(w) =5 J yr1e 20y
0
which is the modified Bessel function of the third kind.
The parameters &, ¢ and v take values in one of the following ranges:
i. #>0, >0 if v<0
ii. #>0, >0 if v=0
iii. @20, y=0ifv=>0
Therefore,
()= - 1o ¢
foy=— f e expl— o (wa+ 5l aa
2K,(Jpd)x!Jo 2 A
_ 1 ¢ _ ax+v-1 ; : )
Put u = exp {—At -3 (1/)& + 7)} and dv=41 dA. Therefore the recursive relation becomes:
Qt+P)x(x + Df(x + 1) = 2t(x + v)xf(x) + pt?f(x — 1);x = 0,1,2, ... (37)
with f(—1) = 0.
8. Other Distributions
8.1 Confluent Hypergeometric mixing distribution
The Confluent Hypergeometric distribution is given by:
Aa_l(l +/1)c—a—1e—k/1
A) = ;A >0; —o < ;—
9 F@i@ck) oo sasomososeo (38)

where
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v(ac k) = 1 fooya—1(1 +y)eale=kygy
o rJ,

we_)‘t(lt)x la_l(l + A)c—a—le—kl
fe) = fo x! r(@y(a;c; k) da

Put u = AX+a-1e=(k+D2 and du = (1 4+ 1)°~2"1dA.. Therefore the recursive relation is given by:
k+txx+Dfx+1D)=(C+x—1—-k—txtf(x)+(x+a—Dt*f(x—1) (39)

8.2 Half-Normal mixing distribution
The pdf of Half Normal mixing distribution is given by:

2 A-w?

A) = T 202 ;1> 0;—c0<pu<0;02>0
g Neroht " a (40)
o ,—At x Y
e " (At) 2 _G-p
x) = . e 202 dA
O e
_M_M - - . .
Put u=e 2s2  and dv = A%; therefore the recursive relation is given by:
(x+2)f(x+2) =t%c%f(x) — (to? —wtf(x +1);x =0,1,2, ... (41)
with f(—-1) = 0.
9. Conclusion

The classical method of integration; Integration by Parts is used to obtain recursive relations in Mixed Poisson
distributions which have been obtained by other methods. This technique is simple and straight forward provided
the choice of u and dv in the integrand is done correctly to facilitate integration.

Recursive relation is one of the useful computation method once the initial conditions are known. It has been
applied in random sums of independent and identically distributed (iid) random variables; which is useful in
calculating total aggregate claims in insurance.
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