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Abstract

In this research we introduce the new class P} (a, 8,&) of meromorphic p-valent functions
with negative coefficient. Sharp results concerning coefficient inequalities, growth and dis-
tortion, radii of starlikeness and convexity and the extreme points for the class Py (a, 8,€)
are determined. Furthermore it is shown that the class Py (a, 3,€) is closed under convex
linear combinations.
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1 Introduction

Let S, (p a fixed integer greater that 0) denote the class of functions of the form f(z) = 2P+
> oo | GprnzPT™ that are holomorphic and p-valent in a punctured disc £ = {0 < |z| < 1}.
Further let T denote the subclass of Sp consisting of function that can be expressed in the

form

f(2) =277 =) lapsnl". (1)
n=1

A function f € Tp is in P;(a, 3,€) if and only if

(f)*-p
2((r)tr —a) = (e - p)
where [z <1, 0<a< £, 0<pf<1 ice<t.
Such type of study was carried out by Aouf (1) for P;(a,3). We note that Py(a) =
Py (0,c,1) is precisely the class of function in E studied by Caplinger (2). The class
P (e, 1,8) = Pf(a, B) is the class of holomorphic function discussed by Juneja-Mogra (4).
Gupta-Jain (3) studied the family of holomorphic univalent functions that have the form
f(z)=2—=3,",as|2" and satisfy the condition

< B,

f'(z) -1

m<ﬁ’ 0<a<1,0<pB<1).

Kulkarni (5) has studied above mentioned properties for the functions having Taylor series
n

expansion of the type f(z) =z + > oo, a,2".
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For a functions f € Tp given by (1.1) and g € Tp given by

= pralz” ™, (2)
n=1
We defined the Hadamard product (convolution) of f and g by
hz) = (F*9)(2) =27 = > lapsnllbpal "™ = (g% f)(2). (3)
n=1

Many important properties and characteristics of various interesting subclasses of the class
Tp of meromorphic p-valent functions, were studied by Srivastava et.al.(7), Aouf et.al.(8),
Mogra(9), Kulkarni et.al.(10), Moa’ath et.al.(11), Saibah and Maslina(12), Ghanim(13),
Kamali(14) and Makinde(15).

A function given by (1.3) is said to be a member of the class Py («,3,€) if and only if,

(f*9)" " —p
2((fx 91 —a) = ((Fx9)" 7 —p)

0<p<1, %<§§1, forall zeD=|z<1.

< B, (4)

where 0 < a < 26’

In this paper, sharp results concerning coefficients, distrotion theorem and the radius
of convexity for the class P («, 3, &) are determined using Hadamard product. Finally we
prove that the class P;(oz, B,§) is closed under the arithmetic mean and convex linear com-
binations.

2 Coefficient Inequalities

In this section, we provide a sufficient condition for a function h, analytic in D to be in

Py(a, B,8).

Theorem 2.1 A function h(z) defined by (1.3) is in the class Py («a, 3,€), if and only if,
Zp+n (L4 B(2§ — D]laptn|lbptn| < 28E(p — @), (5)

where 0 < a < £ 2 0<pg<1 §<§§1, forall ze€FE.
Proof. =Assume that |z| = 1, and h(z) € P;(a, §,§), then

‘ (f*9)"~" —p
2((f gy —a) = ((fx9)" 7 —»)

- fo:l(P + n)|aptn|bprn 2"
26(]7 o Oé) B ZZO:I(2§ - 1)(p + n)‘ap+’rb||bp+n|zn

ZZL(P +n)|apnllbpinl

S % a) - 52— Do+ m)apiallen]
that is

S0+ m)[1 -+ B — Dllapallbyial < 26600 — )

n=1
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< Conversely, we assume that

Yo+ )L+ B2~ Dllapnl byl < 2860 — ).
n=1
To show h € P;(a, 3,), we want to show that (1.4) satisfied.

' (f*9)" " ~p
2((fx 917 —a) = ((Fx9) > —p)

_ - Z;L.Ozl(p +n)|apinl|bpin|2” < 8.
28(p—a) — 220:1(25 = )P+ n)|apsnllbprnlz™| ~
Since |Re(z)| < |z| for all z we have
Re ZZO:Olo(p +1)|apinl|bpin|2” <8
25(]7 - 05) - Zn:1(2§ - 1)(10 + n)|ap+n||bp+n‘zn

select the value of z on the real axis so that (f  g) (z)z!~? is real. By simplifying the
denominator in the above expression we get

Z(p + n)|apnllbprnl2" < 288(p — ) — Z B(2€ — 1)(p + n)laprn||bprnl2".
n=1 n=1

Letting z — 1 through real values, we obtain

D 4+ n) 1+ B2 = 1)][apinllbpral < 28£(p— ),
n=1

then
(fxg)" P —p <8
2((f gy —a) = ((f+9) 7 =p) |
so that h € P (a, 3,&).
the result is sharp for a function h of the form
hpin(2) = (Fra)e) =2 = — 2 P=D ez (g

(p+m)[1+B(2¢ — 1))
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corollary 2.1 Let the function h(z)be defined by (1.3). If (h)(2) € P;(a, B,£), then

26¢(p — @)

the result is sharp for the function hp4, given by (2.2).

3 Distortion Theorem
A distortion property for functions h in the class Py(a, 3,§), is given as follows:

Theorem 3.1. If the function (h)(z) defined by (1.3) is in the class Py(«a,f,&), then
for 0 < |z| =r <1, we have

_ 208¢(p — ) +1 208¢(p — ) +1
e oy L S e ey sy ®
with equality for
_ v 2ﬂ§(p - a) p+1 —
S P T 2y M ¥
and
- 28¢(p — ) / - 28¢(p — o)
pr? 1—m7‘p§’(h) (Z)‘SPTP 1+m7”p (10)
with equality for,
. 268(p — @) p+1 4
hpt1(z) =z (p+1)[1+ﬁ(2§—1)]z (z = +ir, +r)
Proof. Since h € P;(a,,§), Theorem 2.1 yields the inequality
- 26¢(p — a)
2 lapealltyin] < v ey (1)

Thus, for |z| = r < 1, and making use of (2.1) we have

’(h)(z) = |- E ‘ap+n||bp+n|zp+n
n=1
2 —
Py BE(p — a) rPT1 (substitute in (3.4) when n = 1)

= T o i+ BeE—1)]
2B£(p B Ol) ,r,p+1.

" T DL+ B 1)
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And
‘(h)(z)‘ = |2¥ - Z ‘ap+n||bp+n|zp+n )
n=1
> P4 o sﬁf(f ﬁ(;g — 1)]rp+1 (substitute in (3.4) when n = 1)
D 2ﬂ£(p B OZ) ’I“p+1.

P+ D1+ B2 -1)]

Also from Theorem 2.1, it follows that

3 o 28(p—0)
0+ mlapiallbpenle” < Gy (12)
thus
(@) = [pe = S lapenllbpenl
n=1
-1 2B8(p — @)
< pr + m’f'p.
and
()| = e = S mlapalibpalt
n=1
1 2B —o)
> pr? —[1+ﬁ(2§_1)]7"p.

Hence completes the proof of Theorem 3.1.
Theorem 3.2. Let (h)(2) € Py(a,3,§). Then the disc |z| < 1 is mapped on to a do-

main that contains the disc

(p+1) +B[(26 — 1) +260]
(p+DI+BRE-1)]

proof. The result follows upon letting » — 1in (3.3). that is

jw] <

26¢(p — @)
(p+ [+ B2 - 1)]
(p+1)+(p+1)B2E—1)—2B(p — a)
(p+ D[+ B(2§ - 1)] ’
(p+1) +B[(26 — 1) + 2£q]
(p+ D[+ B(2§ —1)]

lw < 1-—

<
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4 Radii of Starlikeness and Convexity

The radii of starlikeness and convexity for the class P, (a, 3,¢), is given by the following
theorem:

Theorem 4.1. If the function (h)(z) defined by (1.3) is in the class Py («, 3,&), then (h)(z)
is starlike in the disk |z| < r(p,a, 8,€), where r(p,«, B, §),is the largest value for which

pll + B2 —1)]

= o) ) (n=1,2,3,..)

r=r(p,a,B,§) = inf <

neN
The result is sharp for functions hy4,(z) given by (2.2).

Proof. It suffices to show that

for |z| < 1, we have

zh'(2)
h(z)

= > et Mapin|lbpin |22
2P — Z'Zo:l |ap+n‘|bp+n‘zp+n

2211 ”|ap+n|‘bp+n||z|p+n <p
|2|P — ZZO:1 |ap+n||bp+n||z|p+n B

-p

(13)

The inquality (13) above holds true if

o0 o0
S lapinlBpinl 277 < pl2P =D Y lapeal [Bpial 217
n=1 n=1

and it follows that

(oo} oo

Z(P+")|%+n”bp+n|\z| SZmM =p

n=1 n=1
thus h(z) is starlike if,

26¢(p — )
[1+ (26 - 1)]

|| < p, n=123,..

then we have,

1

mnm@a:gg<“§¥$?bm>/ (n=123,.)

as required.

Theorem 4.2. If the function (h)(z) defined by (1.3) is in the class P)y(a, 3,§), then
(h)(2) is convex in the disk |z| < r(p, o, B,§), where r(p, o, 3, €),is the largest value for which

Pl+BRe—1)) \" )
(p+n)2ﬂg(p_a)> (n=1,2.3,..)
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The result is sharp for functions hy4, (%) given by (2.2).

Proof. It suffices to show that

for |z| < 1, we have

zh"(2) B
|(” h'<z>>”| -

zh"(z) + (1 = p)W'(2)
h'(z)

EZO:1 n(p + n)|ap+n| ‘bp+n|zn
p- fozl(p +n)|apnl[bprnl2™
o, 1o+ wlapnllbpralla »
p— Zn:1(p + n)|ap+n”bp+n||z|n

The inquality (14) above holds true if

p+n
> ( ) )Iap+n||bp+n||2”§1~,

n=1

and it follows that

= (p+n) 28tm-0a) .
Z( v ) irpee—n =t

n=1

then (h)(z) is convex if,

pan )| )l A2E—1)
P - 26¢(p — @) ’

then we have,

-

r(p, o, B,€) = Jnf

PL+802e—1)]\" B
<<p+">265(p—a)> (n=1,23,..)

as required.

5 Convex Linear Combination

Our next result involves a linear combination of function h of the type (1.3).
Theorem 5.1. Let

hp(z) = 2P, (15)
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and

255(29 - Ck) Zp+n

pinlpe-1n° - m=b

Bpia(z) = 2 -

then h € P (a, 3,§) if and only if it can be expressed in the form
z) = Z Aptnhpin(2)
n=1
where Aptn =0 and Z Aptn = L.

Proof.< From (6.1),(6.12) and (6.13), it is easily seen that

h(z)

Z Ap+nhpin (2)

_ 7°° 286(p — )Apin i
= P Gl

n= 1

then it follows that

i(wn)[lw(%flﬂ 2BE(p — ) Apn
266(p—a)  (p+n)[L+B(26—1)]

n=1 n=1

it follows from Theorem 2.1 that the function h € P; (o, B,8).

< Conversely, let us suppose that h € P;(a, 3,&). Then

26¢(p — @)

L e ey IR
Setting

It follows that

z) = Z Aptnhpin(2)
n=0
this complete the proof of theorem.

Corollary 5.1 The extreme points of P;(a, 3,) are the function

hp(z) = 2P,

and

2/66(1) - Oé) p+n.

(b F i+ B2e 1)) n=t

hpin(2) = 2P —
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Theorem 5.2. The class Py (a, 3,§) is closed under conver linear combinations.
Proof. Suppose that the functions h; and hs defined by,

oo

hi(2) = 22 =) apinillbpinil 2™ (i=1,2;2 € E) (20)
n=1
are in the class P (a, 3,&).
Setting h(z) = phi(z) + (1 — p)ha(z) we want to show that h € Pj(a,(,§). For
(0 < p<1), we can write
M=) =2 = > {plapenallbpenal + (1= @lapinallopinal 277, (2 € D)
n=1

In view of theorem 2.1, we have

S pawl+BEE-)u

n=1

pnal + (1= 0)lapin,2llbyin2l 27,

o0 o}

Zp+n +6(2€_1)] p+n,1|+(1_u)z

p+n,2|a

n=1

@&( o)} + (- w{2860 - a)} = 28600 - ),

IN

which show that h € P;(a,$3,§). Hence the theorem.
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