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Abstract
In this paper, we present the finite element method for the time-space fractional Perona-Malik equation on a finite

domain Q= [0, T ]>< [O, X ] Here the fractional derivative indicates the Caputo derivative for the first-order

time and space derivatives of orders(O <a <1) and (O <p <l) , respectively. The fully discrete scheme is
considered by using a finite element method and error estimate in L*— norm is proved of
O ((at)™ +(ax)").
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1. Introduction

Perona-Malik equation is a technique aiming at reducing the noise in the corrupted images. In the process of
imaging and transmission, images are often been polluted by a lot of noise, which not only influences the vision
effect heavily, but also takes some difficulties into image analyzing and understanding. Therefore, image
smoothing plays an important role in image preprocessing (Feng et al. 2014). The existence and uniqueness are

proved of solutions of Perona-Malik equation for H L initial data in (Greer & Bertozzi 2004) . In (Handlovicova

& Kriva 2005) are derived and proved the error estimates in the L* —norm for the explicit fully discrete
numerical finite volume scheme for Perona-Malik equation. Since, we see in (Zhao et al. (2013) there exist two

kinds of the fractional derivatives, left(right) Caputo derivative and left(right) Riemann-Liouville derivative for
both the time and space derivatives with order (n -l<u<n ) for any positive integer N . In this paper, we
paid attention to study of Perona-Malik equation by the concept of the Caputo derivative for the first-order time
and space derivatives of orders (0 <a <1) and (O <p <1) , respectively on a finite domain. Therefore we

named the left Caputo time-space fractional Perona-Malik equation on a finite domain. The new equation can be

analyzed by using the finite element method and we show that the order of the error estimate in L% — norm. This
paper is organized as follows. In section 2 we present the fractional Perona-Malik equation with assumptions,

properties of this equation and the important lemma of the Gauss function GG . The discretization of time-space

fractional meshes in a finite domain is shown in section 3. In section 4 we present the weak form of a new equation.
The linear finite element approximation scheme of a new equation is shown in section 5. In section 6 we present
the error estimate. The conclusions are shown in section 7.
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2. The Fractional Perona-Malik Equation
First, we shall present the Perona-Malik equation has the following form as In (Handlovicova & Kriva 2005):

gu (x, t)—V-(g (‘VGG *U (X, t)‘)Vu (x, t)):O, in Q, Q)
u(t, 0)=u(t, X)=0, fort [0, T ], )
u(0, x)=u’, forx (0, X ), (3)

Where Q:[O, T ]x[O, X ] is a finite domain. The functions g and G_ are a Lipchitz continuous

decreasing functions and G_ €C . (Q) is a smoothing kernel (e.g., Gauss function). In this paper, we paid
attention to study of Perona-Malik equation by the concept of the Caputo derivative for the first-order time and
space derivatives of orders (0 <a <1) and (0 <p <1) , respectively on a finite domain. Therefore we will

define the left Caputo time-space fractional Perona-Malik equation on a finite domain with the following new
form:

oDu" (x, t)—V.(g (‘VGg*u”(x, t)‘)%Dfu"(x, t)):O, inQ, n=1..,j, )
u(t,, 0)=u(t,, X)=0, fort, €[0, T ], ()
u(0, x,)=u’, forx, (0, X). (6)

Hence, Gauss function G_ €C * (Q) can be presented as in (Handlovicova et al. 2002):

VGU*u"(x,t)=TVGJ(xn—§)u“((§,t)d§ forn=1..,j, (7)

Xna

Where %Dt“u " (X ) t)and CODXﬁu " (X ) t) refer to the left Caputo fractional derivatives, For any positive

integer M and real numbers(m -l<a< m) and(m -1<f<m ) We consider the definition of the left

Caputo fractional derivatives in general case as in (Zhao et al. (2013),

1 1 dr
Dy (x, t)= , s )ds, d
0"t y (X ) l—*(m_a)_([(tm _S)a—m+l dSm y (X S) S an
1 f 1 dm
CDﬁ X,t = slt ds!
0 xy( ) F(m—ﬂ);[(xm—s)ﬂ m+1dsm y( )
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Where a, £ >0 are the orders of Caputo fractional derivatives for the time and the space, respectively. I'(:)
is the gamma function. But in this paper we take m =1, then the orders of Caputo fractional derivatives for the
time and the space it's become (O <a< 1) and (0 <p< 1) , respectively.

2.1 Assumptions

(a) By & we denote a generic constant independent of At, AX, n,... which attains in general different

values in different places.

(b) Assume U (X, t,)eL”(Q). u, (X,, t,), Uy (X, tn)eL”(Lz(Q)) and U, (x,, t,),

Uy (X, t,) el (L* ().

n

(c) For simplicity we shall write U (X, t,)=u".
2.1 Basic Properties

(1) Since the functions g, GG are locally Lipschitz —continuous with respect Y, Z for any constants

Lg , LGJ respectively such that

lg()-g@)|<L,

y-z| ad [G,(0)-G,)<L, |y -z|.

(2) We shall denote by (-,-) is the scalar productin L*(€) as in (Debnath & Mikusfiski 1990 ) i.e.

(u,v):juvdx, uyv el?(Q),

)% , U € L?(€Q) and the seminorm

b4
Hi@) — [I(Vu)zdxj .

Next, in the following lemma we sketch how bounds of the functions g and G_ on a finite domain. Lemma

The norm ||u ||L2(Q) :(u, u

u

2.1. Since the functions @, GJ eC ™ (€Y) are satisfy the property (1) and (7) on a finite domain, for

n=1...,] and r=1...,n,gives

)

@  Ylo(ve,
r=1

6] ‘g (‘VGU*U”

<CL, L, AX,,

)

Proof. First, from (5), this observation immediately yields

<CL,Lg > AX, .
r=1

g (|VG0_ *u(0, ,) ®

=
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By using (8) and the property (1) then
®  |9(VG, *ux,, t,))-g(|VG, *u(O t,)|)| <L, [VG, *u(x,, t,)|-[VG,*u (O, t,)|

=L, |VG, *u(x,, t,)|

Xpn

<L, [ VG, (x,~&)u(& t,)d¢E,

g
Xna

From (7), assumption (a) and property (1), then

ng‘ u(x, t,)

L= (Q)

(2) Similar for the proof of part (1).

3. Discretization of Time-Space Fractional Meshes in a Finite Domain
Define the time and space meshes, respectively as follows:

@ tet [0,T]=[trs t.]=Ultew ] forn=1...j,

k =

LN

At =t —t ,, n=1..j , At =t —t_,, k=1..,n and maxAt =At.

1<n<j

®) Let [0, X |=[x,, X, ]=U[trws t,]  forn=1..j,

AX, =X, —X,4, nN=L..,] , AX,=X,-X,,, r=1..,n andmaxAx, =AX .
1<n<j

4. The Weak Form
we shall introduce a weak form of the linear finite element approximation for the left Caputo time-space

fractional Perona-Malik equation on a finite domain. By multiplying the equations (4)-(6) in both sides by an

arbitrary v" e H é(Q) and using the integral by part to find regular exact solution u" € H S(Q) such that:

(6Dfu", v )+ L,Ls Ax, (SD/u", W' )=0, forn=1..j, W"eH Q) )

(UO,V")=((p(Xn),Vn) (10)
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5. The Linear Finite Element Approximation Scheme
We say that uQ th", n :1,...,j is the piecewise linear finite element approximate solution of the left

Caputo time-space fractional Perona-Malik equation on a finite domain (4)-(6) such that

1 LS. _ n 1 % n,r r- n n n
(F(l—a ébk (U —ur™) v +e L, LG”(F(l——ﬂ),Z:;AX' by (uy —up™), Vwi)=0, v, ev, (11)
(ug, vi)=(px,). vi) . (12)
Where

Vh":{v:eC(_Q):v el F=l..n }, - T

[¥pr,]

Pr denote the set of piecewise polynomials of degree not exceeding I and

t X
1 F ds 1 ds
by =— | — k=L..n and bl =— 5 r=1.n
Atk ta (tn _S) AXr Xra (Xn _S)
Now, we present the error estimation of the finite element method.
6. The Error Estimate
First, we introduce the two definitions which will be used frequently in the following theorem. Definition 6.1

(Debnath & Mikusfiski 1990 ). In a Hilbert space V " n=1.., j , then Cauchy-Schwartz inequality is holds

H(u n,v n )

Definition 6.2 (Quarteroni & Valli 1997). The two norms || . || and | . | on v " are equivalent if there exist

n

s” u||| v

foreachs”, " H=l..j. (13)

two positive constants &, and &, such that

n

gl v foreachu”, v", n=1...j. (14)

S‘v"

SEZH v"

Lemma 6.1 (Jun & Tang 2013).  Suppose that positives o, N =0,1,..., ] , satisfy
n
bes, <D b7 —b )6, +blu+w,  n=1..j,
k=2

Where @, p are positives. Then
5, <u+afb), n=1..7j.
Theorem 6.1 . Let U" be the exact solution satisfy (9)-(10) and uh” be the piecewise linear finite element

approximate satisfy (11)-(12). For (O<a<l), (O<ﬂ<l) and by using assumption (a), the error
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estimation is given by,

n

[ ur=u"] g <& (A7 +(ax)"), n=1..].

Proof. First, by subtracting Equation (9) from (11). setting V" =v €V,", we get

F(l a)Zb ( —uf 1) ‘DU, v+

1 n
eL L. (————Y> Ax_b"(uf —urt)=Ax _SDAu", ww)=0. 15
g Gg(l—w(l_ﬁ)g r r( h h ) no0=x h) (15)

By adding and subtracting the following terms

1 3 " B n 1 n n r r— n
(F(l—a) ébk (uk —uk 1), V,) and ¢ LQLGa(m;AXr b, (u —u 1), W)

n

Weset e” =u, —u" then the Equation (15) become

1 c n k k-1 n 1 c n k k-1 Crya,n n
(F(l_a)zbk (e - )’Vh)+(mz b, (u - )_ODtu ' Vi)

k=1 &) ka

1 n
+& Lg LGa (mgAxr brn (er _er,l), VV;)

1 n
+eL L. (————>'Ax_ b"(u"=u"*)-Ax _SDAu", v )=0. 16
9 Ga(r(l—ﬂ); r F( ) no-x h) (16)

over k =1,...,n fort, €[0, T ], by adding and subtracting the term Zb " then we get
k=1

ibk”ek —ibknflek’ﬂibk” Zb ek _ple" —he +Z(bk” L-b)e
k=1 k =1 k=1

=b"e" —be’ —i(b: ~by,)e*? (17)

k=2

Now, we substitute (17) in (16) and multiplying the both sides by the quantity I'(1—¢), then

brE", vy) +e L,Lg (?8 ;;ZAX b (e"—e"™), W)= b@’ v})

H((b7 —by ) e, Vi) —T-a)(—1— (1 )i by (u* —u*)-SDeu”, Vi)
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iAx,br” (U —u"t)-Ax, D", Wv). (18)

L, LGGF(l—a)(F(ll_ 52

Choosing VE =e", by using Cauchy-Schwartz inequality (13), from the property (2) and the definition 6.2,

we get
2 I'l-«a
b"(le"l, +elL G( )Z e"lz‘”zs
L2(Q) g 1“(1 IB) L () L* ()
0 % k-1
n n n n —. n
1 HLZ(Q) g LZ(Q)+ ébk e H € HLZ(Q)‘ € L2(Q)
+T(l-a) by (u* —u**)-SDu" e"
(1_ )kz_; ( ) 0™t LZ(Q)‘ L2(Q)
— _ _ Cr B n n
+¢ LyLg I(1-a) i 'B)ZAxrb, (u"-u)-ax, $D/u ‘ el
L2()
L’ by using assumption (a) and since the term

I'l-«o

( )ZA =, ‘ "I, >0, we obtain
rl-p)4 L2(Q) L2(Q)

0 . k-1
n n n n n —
by [ 2@ b,'lje LZ(Q)+kZ=;b'< e H € HLZ(Q)
(=) Z by (u* —u**)-SDsu"
k=1 LZ(Q)

+e Lyls I'(l-a)

ZAxrbr (u—u)-Ax, SD/u"

(—)

L*(Q)
by using lemma 6.1, we have

1
b,

1 n
Fl-a)ia

n

e

n k k-1 Cryao,n
by, (u -u )—ODtu

<[’
L2@Q) L2(Q)

L*(Q)

} : (19)
L* ()

{F(l—a)

+e Lyls I'(l-a)

ZAx,br (u"-u"*)-ax, SD/u"

1“(1 P) =

we can solve the quantity ‘bln ‘ , as follows

1} ds |s 1 ‘(n—s)l“tl_
W(t-s) | T -0 1
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1 <T | La l_a|sT .
b, (t, —t,) " —(t, -t,)

Then (19) become

e, SH |y T A=) 1 i b, (u" —u“’l)—%Dt"un
(@) (@) rl-a) o @)
+T e L, L, T(l-«) AX, b (u"—u"")-Ax, SD/u" (20)
97C F(l ﬂ)zl ( ) ° LZ(Q)

0 ‘o’ by subtracting (10) from (12) and taking V" =v =e° we get

e’ e%=0,

by using Cauchy-Schwartz inequality (13), gives
2

fe°

L)

Equation (20) become

e"|, rl-a) by (u* —u**)-SDSu"
L(Q) (1— ); ( ) 2@)
AQQ)
+T e L,Le T(1-@) T ﬂ)ZAxr b (u” —u"*)-Ax, SD/u" » (21)
A(2)
To estimate the term |A (l)| , We use assumption (a), (b), we get
1 &% 1 @k-ufY 1 %1
A@)|=T F(l—a)| - ds — —u,"ds
o)ty & sl o,
1 &% 1 1% 1
=TI (1-a) —u,ds — —u,/'ds
r(l-a)i A, (th—s) t F(l—a)t'[ (t, —s) t L2(@)
1 0% 1 % 1
<T F(l—a)| —u,ds — —u,/'ds
‘F(l—a) I (t,—s) F(l—a)t! (t,—s) @
ty n
<T At | | —— ds|| 2t
0, (t,—s) Aty g
"1
= [
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_(tn _tn )170( +(tn _tn—l)lia H utrt] 12(Q)
2—-a
<T {Dg{(Atn) . Lz(g)}
2-a
¢ (At) t? L™ (L2()
<g (At)” (22)
To estimate the term |A(2)| , We use assumption (a), (c), we get
(U r —u r—l) 1 X,
AQ)|=TeL L. T'l-« AX d AX ————u’ds
halT ol S, | e, [ o
r(l_a) < T K n
=T elL, L, ——||) AX, u,ds —AX, u,ds
v r(l_ﬂ) rZ:]; X‘rfl (Xn _S)ﬁ X:!-l (Xn _S) L2(Q)
| f
<g |AX u,ds — AX urds
n ﬁ X n X
n _S) Xna (Xn S) LZ(Q)
“ 1 u —u“|
<& (AX )2 ds||| =—
n x'!l(xn _S)ﬂ Xl
<& (AX )2 Xj ! ds ‘ "
n ) ( ] —S)ﬂ x [|L2(q)
<& (M, ) |- (x, =%, )7 +(x, —xnfl)lfﬁ‘ | ug )
<g max{(Ax ﬂ” ue }
1<n<j L (@)
-5
<& (AX H XX (L2 ()
e (ax)’ (23)

Combining (22) and (23) into (21) then the proof is complete.

7. Conclusion

In this paper, we paid attention to study of Perona-Malik equation by the concept of the Caputo derivative for the

first-order time and space derivatives of orders (0 <a< 1) and (O <p< 1) , respectively on a finite domain.

Therefore we defined the left Caputo time-space fractional Perona-Malik equation on a finite domain. The new
equation can be solved analytically by using the finite element method and we show that the order of the error
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estimate in L? — norm is proved of O ((At )Zfa +(Ax )Sfﬁ).
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