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ABSTRACT

In the present paper we will try to find some fixed point and common fixed point theorems in usual metric
spaces for rational expressions motivated by Dwivedi et.al [28]
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1. Introduction and Preliminaries :

The Banch contraction principal [1] principal has been generalized by many mathematician’s viz. Chu and Diza
[6], Sehgal [25] , Sharma and Rajput [11] Das and Gupta [7] , Jaggi [14] , Jaggi and Das [15] , Charrerjee [3] ,
Fisher [9] , Kannan [16] , Ciric [5] , Reich [22] , and others . We are introducing non-contraction mappings in
usal metric spaces to extend this principal . As it is well known that a metric space (X ,d) is said to be usual

metric space, if d(x ,y) = | X-y | for all x,y € R. In the present paper we find a fixed point theorem for usual
metric space

2. Main Results:

Theorem?2.1: Let T be mapping of usual metric space X into itself. If T satisfies the following conditions

2.1.1. T%=1 ,Where | is the identity mapping .

2.1.2.| Tx-Ty|

=

| =T -Ix—r;-l+|x—:-|“+ﬁ |y=T=|. | =Ty | +|x—y|®
== Exd

wy | x—yl

somax{ [x—Tx|,|x—Ty|,|x- [}
For all x,yE X , such that x= vand &, 5,¥,8 = 0 with6a + 75 + 2y + 88 < 4 then T has a fixed point .
Futher , if @+ § + ¥ + & < 1 then T has unique fixed point.

Proof: Suppose x is a point in the usual metric space X.

Taking , y= % (T+1) (%), =Ty, u=2y-z

We have, |z-x|=|Ty-Ix|=| Ty-T2x | =| Ty-TTx|

ly=Ty | |y-Tex| 4 |y-T=|?  , |Te-Ty|.|y—a|+|y-T=|®

=a + 5 +}f|}-‘—Tx|

Far] ly-7x|

+émax { |y—Ty|, |y —ttx|, |y —Tx| }
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_y-ryldy—=|+|y-T=|® | 72—y |.| Ta—a | 4] y—T=|® o
= [y=ee] +h = +yly -7l
+omax{|y—Ty|, [y —x[,[y—Tx| ]
I'.x—l"_::l.ill"x—xl+i|l"x—x|5 [|1"x—}-|.|_}-—1"}'|].|I'x—x|+i|l":r:—x|! |T _ |
- ilrx—xl ‘;lfx—xl yiix—x
1 1
+6max{|}-'—i'"}-‘ S Tx—x|,= Tx—x|}
=al|y—Ty| +3 | Tx— x| 1Bl Tx—x| +2 [Ty —y| +3 [Tx—x[]
+}f%|Tx—x|é-‘max{|}-'—T}-' J% Tx—x|}
Now
Case-I
Max {a,b}=a
Wherea:|}-‘—T}-'|
b=%|5‘"x—x|
= of|ly—T1y[3
=ally—Ty| +2 | Tx—x[1480| Tx —x| +2 [y —Ty| +3 [Tx—x]]
sy 2| Tx—x|1+8 [|y-Ty[]
S| Txx [E+Z 4+ G+ |yTy|[{a+ Evopeanannns (2.1.1)
Case -l

Max{a,b}=b

Where a= | y— T}-‘|

b:%|Tx—x|
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= 8¢ |Tx—x}

=af|y - Ty| +% 1+80| Tx — x| +§ r— Ty +%

+y3l 1+6 | Tx—x]]
|TXX|{‘+ +2 +—}+|y-Ty|{a+§} --------- (2.1.2)
Note
(TX+X}—X| -|Tx—x| ----- (A)
|yTX|"=:|—(Tx+X} T_‘X.'| —|T_-x—x| _____ (B)

Now we will calculate |u-x |

[u-x|= | 2y-z-x| = | (T+)x-T-x | = | Tx-Ty |

—_ —_Tr —r | 2 — . . S—— ]
{a|x Tx| . |x—Ty|+|x—y| |y—Tzx|.|y—Ty | +| x—y]

+
= B

+y |2 -yl

|z—y|
womax{ |x—Tx|,|x—Ty|,|x -]}

|:::—1"x|.l;lzr:—l":v|-|%:|x—l":x|1 ‘—;lx—l"x|.|}'-l"}'|+i|x-l"x|5

1
Qe a-rx| vy lx—Txl

1 1
+emax{|y—Ty[S [x=Tx|, |x-Tx[}

=2 x| +B[ly = T¥| + 3| x = T[]+ 2

Case —I
Max {a,b}=a

Where a= | v— T}-‘|
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b:%|Tx—x|

ETE|-T_TX| +B[y—Ty| +% x—TX|]+}f%|x—TX| +8|y—Ty|

=2+ E 4L [xTx| +[B+8] [y Ty| oo oo (213)

Case-II
Max {a, b} =b
Where a= | V- T}-‘|

b:%|Tx—x|

= 6 | Tx—x|}

=2 |x—Tx| +8lly —Ty| +3 |x—Tx|1+y- | x—Tx|+8= | x - Tx]|

= [ETE+§+§+§]|X—TX|+ﬂ|}-‘—T}-‘| ----------------- (2.1.4)
Now we will calcutate |z-u]:

|z-u| = |zx]|+]|xu]|

Using (2.1.1) and (2.1.3)

={§+¥+§} | x-Tx | +{a+§+6} |y-Ty| +{ETE+§+§} | x-Tx| + {8 + &} |y-Ty|

BB B BN x|+ {a+ 2+ 6+ B+ &) |y-Ty|
= [T EEEE L |y Ty e+ £ 26} e 2.15)

Using (2.1.2) and (2.1.4)
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= e €+ 5+ 24 Do Iy Ty ot D penx |+ 54 54 3+ Ty |8

—|xTx|{ + + + 43 +E+ + }+|yTy|{nx+ -+ B}

= |- Tx [y Ty [ g+ 2y o (2.1.6)
Thus |z-u| = [2& + 28 +¥] |xTx| + [+ 22871 |y-Ty| -----------n-- 2.1.7)
But
|z-u| = | Ty-(2y-2) |
= | Ty-2y+z |
= | Ty-2y+Ty |
|z-u|=2|Ty-y|
=2|y-Ty| - (2.1.8)

Comparing equ. (2.1.7) and (2.1.8)
=2|y-Ty| =[2a + 28 +¥] | x-Tx| +[a+¥ +26] . |y-Ty|
=[2- a——E—EG]|yTy|{[Za+2ﬁ+}’] | x-Tx|

= [4-2a-38-48] |y-Ty| = [4a+4B+2y] | x-Tx|

= fo+4f+2y

= lyTy| = 4-2a—3F-46 | xTx]

= |y-Ty| = ky | x-Tx|

da+4842y

4-2x—30-48 =1

Where kq =

Because, 6ar + 75 + 2y + 846 < 4

Thus |z-u| = 20 + 28 +¥ + 8] |xTx| +[@+ 2 ].|y-Ty| ---=------ 2.1.9)
Now comparing (2.1.9) and (2.1.8)

=2|y-Ty| =[2a + 26 +y + 6] | x-Tx| +[a+¥ ].|y—Ty|
:[Z-Q—ﬁ].|y-Ty| =[2a + 26 +y + 8] | x-Tx|

5
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= [4-2a-36] | y-Ty| = [4a+4f5+2y + 28] | x-Tx |

do+af+2y+26
= |y-Ty| = E‘}T_;Ea |X-TX|

= |y-Ty| = k2| x-Tx|

sa+4f+2y+28

4—2a-3f =1

Where k5 =

Because, 6 + 7§ + 2y + 88 < 4

Now , let s= %(T+I) then for every x€ X | we have

|s2x—sx| =|ssx-sx| = |sy-y|

k
|05+ Dy =y |=|yTy| = eTx]

By the definition of k , we claim that sequence {5™(x)} is a Cauchy sequence inn X . By the completeness of
space, we get that sequence {S™(x)} converges to some element xgin X , i.e.l08,—0 5™(X) = X

Which implies sx g =X . Hence, Txg=Xg
So, X gis a fixed point of T.

Uniqueness:  If possible let ¥y # X be another fixed point of T. Then, Txg = X,
Sxg=%0,TYg = Yo and sy, = ¥

Also

|xu—}"n| = |Txn—T}"n|

x0—Txp .| x0—Tyo| + | xo=0|* | yo—Txo|.|30—Tyol + [ x0—30|2 | i |
+5 ¥ X0~ Yo

=
| xo—y02 | xo—0]=
+6{ |xo—Txol, |20 —Two |, [ 20— 10}
lxg—x0|.| 2o—vo| +| 20— | | yo—x0l.| o=y | +|26=10 |2 )
Za B sy | x0 =
— o o

|3t'|:-_.‘r'|:-|5 |3l'|:-_.‘r'|:-|"1‘

xu—}’u|; |xu—}’u|]

+6 { |xu—xu

¥

=ﬂ|xu—}’u| + 5 |xu—}"ul + vy |xu—}"u| + alxu—}’ul

=[a+f+y+d] |xu—}"u|
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= xu—}’u|:[ﬂ+ B+y+8] | x— o]
Which is possible only when xy = ¥ because &+ §+y+48 <1
Hence, x ¢ Is the unique fixed point of T.

Remark: If we put & =0 then the result of Dwivedi et.al [28], proved.
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