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Abstract

Let P, denote the set of all partial transformation semigroup in a finite set X,, = {1, 2, 3, .., n} that is the set of all
mapping from X,, — X,,. The aim of this paper is to study the elements of partial order - - preserving
transformation semigroup and arranged the elements in their respective conjugacy classes with the aids of
unlabelled graph.
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1. Introduction

The number of conjugacy classes of transformation semigroups have been studied by Ugbene,l. J, and S. O
Makanjuola [1] applied the use of path structure, that is the circuit and proper path decomposition. Indeed, the
alternative approach was adopted here is to effectively use unlabelled graph to arranged the elements of partial
transformation semigroup in their respective conjugacy classes.

The general study of partial order - preserving transformation semigroup was initiated by Umar [2], [3], he

(I Howie am.
[4], stated that a mapping in full transformation semigroup is called order - preserving if foralli,j € 1,2, 3, ..,
n}, i <j = ia < ja. The semigroup of partial order — preserving transformation semigroup of X, will be
denoted by PO,,. Ricard F.P. [5], studied the elements of conjugacy class of Symmetric S,, and full
transformation semigroup T,,.

showed the order of partial order decreasing transformation semigroup is Y'7_, (

2. Preliminaries

The following theoretical definitions and results come from [4], [6], [7] ,[8]. For more background in graph and
semigroup the reader is referred to [9],[6],[7].[8].

Let X,, be a finite set and denote by T;, the set of all functions « : X,, — X,,.then T, is the full transformation
semigroup on X,, with operation of composition of functions.

Let X, ={1,2,3,...,n}. Then a (partial) transformation semigroup is defined if a: Dom € X,, — Ima is said to
be full or total if Doma = X,,. otherwise it is called strictly partial. The set of all partial transformation of n
object forms a semigroup under the usual composition of functions. It is denoted by B, when it is strictly partial,
T,, when it is full or total and I,, when is partial one — one,

A transformation o : Dom € X,, — X,, is said to be order - preserving if i < jin Doma, i <j = ia < ja.

In any group , the elements a and b are conjugates if a = chc™?, for some ce G.

Result 1 ([5]), (Theorem 6.2.1). The relation a -~ B if ci(a) = o/(B) , for some i, j is an equivalence relation.

3. Methodology

The following notations will be used
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Two line notation

2 - oon
Leta € Ty, thena = ( A) 72 n(3) o n)) For instance. If « € Ts, andm(1) = 5, m(2) = 4,
/1 2 3 4
n(3)=1r@) =275 =3 tena=(; 2 3 2 2

Directed Graph notation

Consider an element a € T, where @ = (i, , k, ..., 1) in one — line notation. Draw n vertices and labeled then
, j, k, ... ,l.Indicate m(i) = j by drawing a directed line segment from to j .

1 2 3 4 5

1 2 3 4 5) € Ts, the directed graph is shown in the figure 1.

For instance, if (

S Y
&) &)

Figure 1

Since the conjugacy is equivalence relations, so the distinct conjugacy classes partitions
group G. This means that G has n conjugcy classes, Cy, Cy, C, Cs, ... Cy, then C; N C; = @ for i # j

and U; C; = C;. Two elements of PO,, are in the same conjugacy class if and only if they have the same graph
structures.

3.1 The conjugacy classes of PO,

Whenn =1,

The conjugacy class, C; = {(D}, consists of elements of the form;
<

The conjugacy class, C, = {(E)}, consists of elements of the form;

We see that PO, has two conjugacy classes.
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3.2 The Conjugacy Classes in PO,

The conjugacy class, C; = {(1 2

1 2)}, consists of elements of the form;

T

The conjugacy class, C, = {(1 2) (1 2)}, consists of elements of the form;

11 2 2
>
e —%7

1 E) (i ;)} consists of elements of the form;

o D

The conjugacy class, C, = {(1 2) (1 E)} consists of elements of the form;

The conjugacy class, C; = {(

e —0

The conjugacy class, Cs = {(1 E)} consists of elements of the form;

We see that PO, has five conjugacy classes;

3.3 The Conjugacy Classes in PO5.

The conjugacy class, C; = {(1 ; g)} consists of elements of the form;
<
@ ¢
>
[

The conjugacy class, C2={G 2 3) (1 2 3) (1 2 3)},consistsofelementsoftheform;

3 3 3
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. (1 2 3 1 2 3 : .
The conjugacy class, C3—{(1 1 2) (2 3 3)},conS|stsofelementsoftheform,

e —0

* D

The conjugacy class, C4={(1 i ;) (1 g g) G ; g) (% 3 g)}

consists of elements of the form;
>
® —

The conjugacy class, C; =

consists of elements of the form;

The conjugacy class, C6={(1 2 3) (1 2 3) (1 2 E)} consists of elements of the form;

1 1 2 - 2 3 3
o ——»0
[
. _ 2 3 1 2 3 1 2 3 : :
The conjugacy class, C; = {( ) (1 - 3) (_ 5 3 }. consists of elements of the form;
< >
R N
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The conjugacy class, Cg = {(1 - 2) (1 3 _) (_ 1 3) (2 - 3)},
consists of elements of the form;
e —0

The conjugacy class, Co = {(i i ;) (1 2 E)} consists of elements of the form;

e —O

[
. (1 2 3 1 2 3 1 2 3 : )
The conjugacy class, Cw—{(1 - _) (_ 5 _) (_ - 3)}, consists of elements of the form;
<
[ [
[ ]

The conjugacy class, C;; =

consists of elements of the form;

The conjugacy class, C;, = {(E E E)} consists of elements of the form;

We see that PO; has twelve conjugacy classes;

3.4 The Conjugacy Classes in P0O,.
1 2 3 4

1 2 3 4)}, consists of elements of the form;

The conjugacy class, C; = {(
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The conjugacy class, C, =

Gii) G222 Gsss) Gaa ok

consists of elements of the form;

The conjugacy class, C; = Lo 34 L2 34 L2 o34
{1(1 21 31 42) 1(1 21 31 43) 1(2 22 32 43)
(2 3 3 3) (2 4 4 4) (3 4 4 4)}’

consists of elements of the form;

The conjugacy class, C, = Lo 34 L2 o34 Ly a4
{1(1 21 31 44) 1(1 22 32 42) 1(1 23 33 43)
(1 4 4 4) (2 2 2 4) (3 3 3 4)}’

consists of elements of the form;

. 1 2 3 4 1
The conjugacy class, CS—{(1 1 2 2) (3

(ol e

SO
N—
I
(@)
o
>
@,
n
—
n
o
=
@©
@D
3
[1°)
>
—+
17
o
=
—
=0
@D
—
o
=

3

The conjugacy class, Cs =
1 2 3 4 1 4 1 2 3 4 1 2 3 4
) {(1133)(1144)(2233)(2244)}’
consists of elements of the form;
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o ><.
>
O N
. (1 2 3 4 1 2 3 4 . .
The conjugacy class, C7—{(1 1 2 3) (2 3 4 4)}, consists of elements of the form;

® «—0

. X -
The conjugacy class, Cg =

| GIiDGIinEiinezsy
consists of elements of the form;

The conjugacy class, Cy =
1 2 3 4 1 2

{gl 21 33 44) gl 22 32 44 1 2 3 4
(1244)(1334)( )}

consists of elements of the form;

o e

The conjugacy class, C;q =
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3
_ {(—111)(2—22)(33—3)(
consists of elements of the form;

The conjugacy class, C;; =
1 2 3 4y (1 2 3 4y (1 2 3 4y (1 2 3 4
{(11 ;3 41) (11 ) 41) (11 73 I) (1_ ;3 42)
((12 3 42)) ((12 ;3 4_)) ((1_ >3 43)) ((13 2 3 43)1
333 ) = 444 4 4) 4 4 4

consists of elements of the form;
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The conjugacy class, C;, =
1 2 3 4 1 2 3 4 1 2 3 4
{1(_213142) 1(_213143) 1(22_3243)
G323 Gial Gaglk

consists of elements of the form;

The conjugacy class, C;5 =
1 2 3 4 1 2 3 4 1 2 3 4
{1(—213144) 1(1 2—3242) 1(2 2—3244)
(13—3)(33—4)(144—)}‘

consists of elements of the form;

The conjugacy class, C;, = {(i

The conjugacy class, C;s =
1 2 3 4\ (1 2 3 4y (1 2 3 4 (1 2 3 4 (1 2 3 4
{1(_213343) 1(_213444) 51 2_3142) 1(2 2_3343) 1(2 2_3444)
(11—3)(22—3)(34—4)(114—)(224—)}’

consists of elements of the form;

The conjugacy class, C;, =
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
{(— 2 2 3) (— 3 4 4) (1 - 1 3) (3 - 4 4)
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consists or elements 0 e torm;
o ‘<.
° s )
The conjugacy class, C;; =
1 2 3 4 (1 2 3 4 (1 2 3 4 (1 2 3 4
{(1_ 5 f) (1_ 53 f) (1_ i f) (1_ >3 f)
b1 d Gl bosd Gogy
(11 73 44) (11 ;3 42) (11 ;3 44) (12 ) 44)
ol t(#th1f3 °) (1 2 2 9 (1 3 3 9 (2 2 3 h
consists or elements O e torm;
@ «—O0

The conjugacy class, C18={(_ 1 2 3 5 3 4
® «—0O
o ><.
The conjugacy class, Clgé . L2 34 Lo o34 Lo 3 o4
) ( ) G340 G352k

{(i124 1 — 2 3

consists of elements of the form;

The conjugacy class, C,q =

Cisd G229 G229
G239 G520 G235

consists of elements of the form;
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Theconjugacydass’%l? 3 4y (1 2 3 4\ (1 2 3 4y (1 2 3 4
C330 G235 Gz220 G530

consists of elements of the form;

The conjugacy class, C,, =

gLy
2 — — 2

G329

consists of elements of the form;

The conjugacy class, C,3 =

(: 3 4y (1 2 3 4y (1 2 3 4\ (1 2 3 4
(% 2 3 41) (11 ;3 4_) (11 5 3 Z) (1_ ;3 42)
(1_ ;3 ) (12 53 Z) (1_ ;3 43) (1_ > 3 Z)
(3—3—)(——44)(—4—4)(4——4)}

consists of elements of the form;

The conjugacy class, C,, =

2
GZiDGEIIDEIID
consists of elements of the for3m; * 23 z2 4

The conjugacy class, C,5 =
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{(1i 2E 3i 3) (1i 2E 3; 43) (1i 2i 3E 43) (1i 25 ; E)
EI%H; Ef%%zg Ez%‘ézg E%agig
Lo s & 4734 Fa3 4 473 n
1—4—)(2—3—)(13——)(14——)}
consists of elements of the form;
(o~ °
e —0
The conjugacy class, C,g =
1 2 3 4 1 2 3 4 1 2 3 4
Eg_ 2" 3 43) (g_ 2t 3 43) (g_ 2% 3 4_))
-7 - _ )
consistsofelementsoftheforlm; * ! 3 b2
o [

@ < >'4:>

The conjugacy class, C,, =
1 2 3 4\ (1 2 3 4 1 2 3 4
) ( ) C 13D

-1 - 3

{((1_ 2 31 42) (1 2 3 4) (1 2 3 4)
- - — - )
consists of elements of the fom%; 2 4 3 4
® °

The conjugacy class, C,g =
Crsdbrsdbsidbesd
CZ2;0622)C2239C35270

G22HCziHCy?

consists of elements of the form;

The conjugacy class, C,q =
120
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consists of elements of the form;

The conjugacy class, C3q = {(1 E f)} consists of elements of the form;
[ [
[ o

Therefore, we see that PO, has thirty conjugacy classes.
3.5 The Conjugacy Classes in POs.
The conjugacy class, C; =

1 2 3 4 5 1 2 3 4 5 1 2 3
{(11111)(22222)(333

consists of elements of the form;

w
w Ul
~—
Yoy
B
BN
W
L
NS |
~—
~~
Ul =
Ul N
Ul W
(G2
U1l Ul
—
-

The conjugacy class, C, =

{(1 2 3 4 5) (1 2 3 4 2 3 4 5) (1 2 3 4 5)
1 1 1 1 2 1 1 11 1 1 1 4 2 2 2 2 3
(1 2 3 4 5) (1 2 3 4 2 3 4 5) (1 2 3 4 5)
2 2 2 2 4 2 3 3 3 4 4 4 4 2 5555
(1 2 3 4 5) (1 2 3 4 2 3 4 5) (1 2 3 4 5)}
33 3 3 4 3 4 4 4 5 5 5 5 4 5 5 5 5/7

consists of elements of the form;

The conjugacy class, C; =
{(1 2 3 4 5) (1 2 3 4 5) (1 2 3 45
1 1115 1 2 2 2 2 1 3 3 3 3
(1 2 3 4 5) (1 2 3 4 5) (1 2 3 4 5)
1 55 55 2 2 2 25 3 3 3 35

consists of elements of the form;
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The conjugacy class, C, =

consists of elements of the form;

The conjugacy class, C; =

Gii1239G333d(

4 5 . .
c 5)} consists of elements of the form,

/

W R
BN
U1 W

The conjugacy class, Cg =

consists of elements of the form;
o )

The conjugacy class, C; =
[(1 2 3 4

1 1 2

3 4
3 3
3 4
2 3

consists of elements of the for
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The conjugacy class, Cg =

G ipaiiiaisineiity
(12345)(12345)(12345)(12345)
(%%%H)(ﬁ%%i‘é)(%%%ZE)(%%HE)
}
consistsofelemzentszoffc}he:‘}om?; 22555 333505 333 ad
o bl o
04———.

The conjugacy class, Cy =
Gr1i1426G55296G353553)
(12345)(12345)(12345)( 2 3 4 5
1 2 5 5 5 1 3 3 55 2 2 2 45 3 3 4 5

consists of elements of the form;

The conjugacy class, C;q =

consists of elements of the form;
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The conjugacy class, C;; =

Gi229G713

consists of elements of the form;

N OB
BSout
N—
VoY
W =
NN
Bow
Ul
Ul Ul
N—
ot

The conjugacy class, C;, =
1 2 3 4 5
{(1 1 2 2 5) (

consists of elements of the form;

=

The conjugacy class, C;3 =

(13396338
consists of elements of the form; 11233 33455

The conjugacy class, C;, =
G1::9G35sd

consists of elements of the form;

e —@
The conjugacy class, Cy5 =
Gi339G2239G355539G5;

consists of elements of the form;
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The conjugacy class, C;, =
1 2 3 4 5
{(1 1 2 4 4) (

consists of elements of the form;

The conjugacy class, C;; =

G130 13400i389G5389Gs349
(12345)(12345)(12345)(12345)
SRS R ER R R R RS

b

consistsofelemzentszofltlhe?om?; 22335 223 et 22355

The conjugacy class, C;g =
G1359G333963319G3896531D)

consists of elements of the form;

The conjugacy class, C,9 =

G13349G2249G2338 02343
G235 G2a2dG3309Gz233080

consists of elements of the form;
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The conjugacy class, C,q =

consists of elements of the form;

D
o
A
o

The conjugacy class, C,; =

consists of elements of the form;

The conjugacy class, C,, =

—~
TN
N =
NN
W
[Sa 0
U1 Ul
N—
——

consists of elements of the form;

A

~

The conjugacy class, C,3 =

@rrineriegariinariinertey
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 45 1 2 3 45
(2222—)(222—2)(22—22)(2—222)(—2222)
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 45 1 2 3 45
$1118 03358 di:180:118G3118
(4444—)(444—4)(44—44>(4—444)(—4444)
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consists of elements of the form;

The conjugacy class, C,,

))\)))}

1N Min ;in M S0 g

Y g | v |+ ow | < n
M T N ™ N nen 1N
N TN N NN | NNy

T o N N o0
— |

)\))))
W lin [n [N FHE R

J g o T T F o0
M —Hn aen ecnn | N Faq 0
N TN NN e In® g

o N N N

— e —  — e T T

7 TN TN TN TN
1 Nin gin Sin 0D S5 3
¥ O A Ny | ¥ Fgon

o™ _313235343_

N NN
S\ NN |

oA 1 N

— —
— — N

TN N N N N
N Nin sin <0 10 | 4 8
< _4142444445

M= | |n |l <min

2

1
2

1

2

2

2
4
2
4
2
3

T ol e N N 0|

N — — —

TN N N N N
1 | in nln oNin |10 /5 8

n
FNE AT Ng ¢ F Mg
M —MN —MN N N N

NN | N Nay N ™

3 - 555

1 2 3

— — N
= — — — —

consists of elements of the form;

The conjugacy class, C,s

/N /N

< on

< N wn
333233
212223

— |
— N ™
(((

TN NN
N | in N ¥ o
mn n
Al IR |
< |

M~ nn

NN N

o N Y
— — —
— <
N N —
N Jin tnin n
Ve

+ | N |
M —m [T

NN AN [P

NN e (P E
S

e T Rt
N —

— ™
)\))(
N Nin in o

)

AR S B o
M —en N on
N NN |

‘el Rl

N—
— —

1 2 3 45
3 4 — 4 4

(

he

consists of elements of

«—@

The conjugacy class, C,q

127


http://www.iiste.org/

www.iiste.org

Mathematical Theory and Modeling

J LN
ST

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online)

Vol.4, No.11, 2014

2
™M ;o
m | Z
S}
N
N
'l w2
| @
I
— N
N~ — o
= — n_mu
—
S}
(2]
1%]
L
(72}
[
[}
o

The conjugacy class
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consists of elements o

The conjugacy class, C,q

)} consists of elements of the form;

2 3 45
1 2 2 2

(
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The conjugacy class, C59 =
1 2 3 4 5 1 2 3
{(1 1 2 2 —) (1 1 2

335 -5
consists of elements of the form;

The conjugacy class, C3; =

GIIEDGIIDGIiing]
(1155—)(22—33)(224—4)(
(1 2 3 4 5) (1 2 3 4 5) (1 2 3
consists of eIer%went_s ofzthesforrg; 33 4 33
o @ <« @

The conjugacy class, Cs, =

45)(12345)1
(12345)(1234_53(11213_4253(1_2345
4 4 — 554 - 455U 4245 5

The conjugacy class, C53 =

GairidGiradbiegg
S1i:8a15i8d3188;
7545 L2345 (12345
C 2558 G340 35544

consists of elements of the form;

~—
Vo
==

vt | ul
e~ u
/N N
N RN -

[

[N o e
W WU WW W,
GBI W
—

W NN NN Ny

o1 Ul

N—

345)
1 4 4
345)
3 — 3
345)
3§ S
355)}’
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The conjugacy class, C3, =
Eg 2i 33 43 SE)) (9 ; 3; 4i 5§) (9 2i 3E L:2L Si;L)( 2 3 4 5
congistsgof gler:ents_ofthg for3m;5 - S -he

Q @ <« @
o o
The conjugacy class, Cs5 =
12 3 45 (1 2 3 45 (123 45 (12345
{(11—23)(1—123)(112—4)(1125—)
(12345)(12345)(12345)(12345)
R - A O
(2335—)(2—455)(345—5)(34—55)}’
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consists of elements of the form;
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consists of elements of the form;
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The conjugacy class
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The conjugacy class, Cy4
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The conjugacy class, C,s =

(C1229G225;

consists of elements of the form;
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The conjugacy class, C,e =

(C12539Gs4s )

consists of elements of the form;

The conjugacy class, C,; =
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consists of elements of the form;

The conjugacy class, C,g =
1 2 3 5 (1 2 3
{(123i4)(123§
GZ2i9G3239C 1545

consists of elements of the form;


http://www.iiste.org/

www.iiste.org

Mathematical Theory and Modeling

mag
ST

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online)

Vol.4, No.11, 2014

The conjugacy class, C4q

n | nwn
<t n g

N <o |

434_

(
(

consists of elements of the form;

The conjugacy class, Cs,
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The conjugacy class, Cq

consists of elements of the form;

The conjugacy class, Ceq
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consists of elements of the form;
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The conjugacy class, Ceq
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consists of elements of the form;

(
(

))))))))
N [ih Fin |[1n |[1n |0 NN NN 10

FOOF I g T N |
M len |en lenen™ N Ten [en |
N N N NN NN

A A A A N A
M N N N

TN N N N N N N
1 lin [0 |[in |10 <IN DN 1NN 1D

Tl | |+ T I3 I
M | Fninmenm | M N ;|
NN NN NN N e

T A A1 N o o
M

))))))))}

NG [ [DWin [In [0 <0 |7 5

Ylg s 1¥ 75 I¥0¥ v mg |
Dl jen [ onwn 10000 o«
Nl g ;N NN N oy

1111111_1_1_1_1_1_
N— e e N e N

))))))))

W ol v [LDWw [n [ [0 |

NG T I | FFEF 0

M Iy o™ M~ [ ntn | N

N N =N N N NN nd

‘el el Ral Rk el Ral Rall
O

©~
&)
TN AN N N N N N/
a1 lin nin [0 nin M i |0 0
o
w,4 I I+ 9% I+ I I 3xFTm
&
SoNm v ;o [n ;[
N Il |N =N =N NN || N
o
oA | o |~ N v
T({(((\((\((

140

)
3 4 5

consists of elements of the form;
1 2 3 4 5
2

The conjugacy class, C7,
1

(
(


http://www.iiste.org/

Mathematical Theory and Modeling
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online)

Vol.4, No.11, 2014

www.iiste.org
J LN

ST

consists of elements of the form;

The conjugacy class, C;, =

) I (o ) I G ) B
1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 /1
%553%%%%1%%%52%%
@%525@5%25@3515@
1 2%1 5 d23 4207245284
95%33%%523%5;;99
GZ22:200C352:5)6Gzs 2220
consists of elements of the form;
o [ )

o
e

The conjugacy class, C;53 =

G

NG

2
3
5

{(12345)(123ii)(li3i5)(izi4f)(i2Bi

1 - — — =) - 2 -

consists of elements of the form;

o o
The conjugacy class, C,, =
(GO I G ) I G ) I G ) B A
) I o) B G I G- I G-
(G I A I R ) B G I G
Cz2fpeziryceiiyydziiyd iy
consists of elements of the form;

141

S N
2 3 4 5 1 2 3 4 5
5%1?%%%1?
551?%555?
5%1?%5523
S{J%%%gi%
-5 - -/ \- 45 - -

<

| w1
N—r

vi| v1] »

N— N


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) l'~.'r!
Vol .4, No.11, 2014 NSIE

The conjugacy class, C;s =

consists of elements of the form;

We see that PO< has seventy five conjugacy classes.

4. Conclusion

The number of conjugacy classes of PO,, generate the sequences 2,5,12,30,75, ..., A00080 of the Online
Enclopedia of Integer Sequences. (QEIS) . It was discovered that the unlabelled graph can be used to determined
the conjugacy class of partial order - -preserving transformation semigroup.
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