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Abstract

The purpose of this research paper to show all the possible values of the pth- power of the integrable function

which make the integral means of the derivative of univalent function exists and finite.
Keywords: univalent function, Integral means, self conformal maps.

1. Introduction

Let ¢ be univalent function to define the integral means

1
L) =5 [lo@Pde ©<r<, M

|z]=r

. d
whered®8 is the angular measure laz],

r

One can estimate this kind of integral when r—1 to obtain

1
lim ([ l@'@IPde 3 = maxie’ @)L
|z|=7
As known that
0/ =0 - l2)™ s 121210, @

is a trivial estimate forl_; (r, @")which obtained by the Koebe distortion theorem, and the first nontrivial result
was obtained by [Brennan 1978] through the application of Carleson’s method [ Carleson 1973]

Li(re)=0((1-r)"1") as r—>1-0, 3)

for some absolute constant  { >0.
[CH. Pommerenke 1985] proved that,

1 21 ' B
L) =5 [ lo'ee®| a0 =oa-roeon. @
0

So, the integral means always exist. But how they behave depending on p if r—1.
This paper addresses the following integral means:

2T
1 _ 1 1] ioN\|"P
I_,(r,¢") =5 |’ (re®)| “do, (5)
0

exists for —1.1697 <p < g

Then we tried to put some restrictions on univalent function to show how the range of the pth-power integrable
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function has increasedtobe 4/3 <p <5.
In this regard, we have found how can prove that the boundedness condition on ¢ needed for expanding the
values of the pth-power integrable function as shown by comparing between theorems (2.3), (2.4).
For further information we refer to see [Carleson 1993], [Duren 1970], [Krantz 1990] , [Pommerenke 1990]
which were a primary source in this research paper.
Here, we need to recall two comparison theorems from the theory of differential equations which we shall use in
proving the next theorem in this paper.
Lemma 1.1.[Sazrski 1965] Let p, g be continuous functions in [a,b), such that p(x) €R, q(X) >0 for a< x<b,
suppose u is twice differentiable andu” < pu' + qu, v’ =pv' + qv,
if

u(a) <v(a) and u(a) < v'(a), then u(x) <v(x) fora <x <b. (6)
Lemma 1.2. Let q(x) be continuous and positive (q(x) >0) on [a ,b), suppose u is four times differentiable
andu™® < qu,u™® = qv, u®(a) < v®(a) for k =0,1,2,3.
then u(x) < v(x) for a<x <b.

2. Main Results

Theorema2.1. If ¢ is an univalent function in unit disk D then, as r—1-0,
21
I, (r,¢") 1] a6 < 1.1697 < <2 7
=— | < ® -1 >
PEP)=or ) T re®) P for p<z O
0

Proof. Let p = —1 — a, (@ = 0) with an application Distortion theorem (3.7) to obtain,

1 21 1 2m

2 , 61~ P _ , 6~ |11a

an |<p (ret )| do an |<p (ret )| do
0 0

21
1 . )
= o [l e)|de ey e
0

2
1 .
= 0(1 - T')_Saﬂf |(p’(7"€le)|d9
0

I*

Apply Hélder inequality on the Integral means 1™ yields

1 2n 2m % 21 i
Ef |’ (re'®)| do < f|(p'(rei9)|pd6 J-|<p’(rei9)|qd6
0 0 0
1 1-6 2
Let B = T,: q= 135 ,such that
1 (2 ; =2 28 %s
ardo 10/ Cre)]|d0 < ([7|¢'(re®)|"a0) * <f§”|cp’(re”)lmd9) ®)

Estimate two integrals on the right-hand side in equality (8) by lemma (3.3), theorem (1)in [Pommerenke 1985]
to obtain
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-a —B(1+9)
2

f @' (re'®)| b = o((1—r)) = 0 -1 s

21
J- |(p,(rei6)| dé = 0(1 - r)_?l(1+5)ﬁ—%+‘§
0

Let 8 > — % +p+ G —-p+ 4p2) cf. theorem (3.6) and choose p = %such that

When(0<$<1),0ne can suppose that 3=0.0364 to yield p>0.0168898.

21
=>J-|(p’(‘rei5)| do = 0(1_T)_?1(1+5)ﬁ_%+§
0

o(1- 7,-)__1(1.0364)(0.0169)—0.5+0.0182

= 0(1 — r)~0.00875758-0.4818
= 0(1 — r)~049055758

= 0(1 —r)-0491
Hence,

27
f | (re™®)| "do = 0(1 — )41 0(1 — )3
0

1

2r 1
jf |(p'(7'ei9)|_pd9dr = j 0(1 — r)~3@-0491 dr
00 0

If —30—-0.491+1>0 =a<0.1697.

By assumption, p = —1 — a= p>-1.1697, this impliesto —1.1697 <p < %

We deduce the following theorem to get more on the values pth- power integrable function.

Theorem?2.2. Ifg is an univalent function in D with | ¢(z)|< 1 for all z and
@(a)= b for some a, be D then,

2
ff l@'|Pdxdy < oo, exists for —1—a</1<§,
D

Proof. An application of Distortion theorem (3.7) and Schwarz-Pick lemma (3.2) yield

! 2 1 p2m
J J l@'|PdOdr = J j lo' |~ %rdrdf
5 7o o Jo

1 2T
=fj o' [%|¢'| rdrde
0 0

1 pr2m
= J f 0((1 = r)=)*l¢'|"* rdrde;
0 Yo

o 1- o)
= f f 01— T)_a(l—;]zlz)_l rdrdg;
0 Yo
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fl 2r 1
< 0(1—7)“ ~1rdrde
| oa -G

fl 2T 1
= 0(1 —r) % ———rdrdf
, ou-r g

L rdr
= CJ; (1-—r)a1

- CJ.I dr
=), =t

1- r)—a+2 1

1
= _ ) a+l =
fo a-n ar [ —a+2

if—a+2>0=A= —1-0>-3 =>-3 <1< §

0

Brennan’s conjecture stated that,

4
ff lo'|*Pdxdy = jf |¥'|Pdxdy < oo; whenever 3<P < 4.
D Q
Hence, 2—p= LA =p=2—A :% <p<5.

Theorem 2.3. Ifg is holomorphic and univalent in unit disk D, then

—2.914
)

I(r,@") = O((1—r) asr—1-0 9

Proof. : Suppose that ¢'(z) = (,/cp’(z))zsuch that(<p’(z))% =F(2) = Y% a,z"
2
be holomorphic function in unit diskand | ¢’ (2)I=IF(z)! .

21 21
' 1 ! (3 pi0 1 NE i6
I(r,") = o |’ (rei)|do =5 |[F(re®)|"do; z=re (10)
0 0

An application of Parseval formula (3.1) yields

21 21 oo
1 . 1 12
— / 6 — 6 —
I(r) —Ef |’ (re®®)|de —Ef |F(re?®)|"do = Z|an|2r2" (11D
0 0 n=0
Differentiate equation (11) to obtain,

I'(r) = Z 2nla,|?r?-1
n=0

I"(r) = Z 2n(2n — 1)|a,|?r?"—2
n=0
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I®@) = Z 2n(2n — 1)(2n — 2)|a,|?r?"3
n=0

I®(r) = Z 2n(2n — 1)(2n — 2)(2n — 3)|a, |?r?"*

And

F'(z) = i na,z

F'(z) = Z nn—1)a,z" 2
n=0
IF" @12 = ) n?(n—1)?ay|?|z12"*
n=0

M) < K|F"(rei9)|2

Compare the coefficients between 1 (r)and |F"(r|F"(z)|2e"9)|2to find K as follows:

2n—4 2 2 2n-4

2n@n-1)@2n-2)2n-3)an| r <K n(n-1) lan| r
4(2n—1)(n—1)(2n—3)=K n(nfl)2
4(2n—1)(2n—3)<K n(n—1)

4(1—%)(2—5)31{

So, K=16 is smallest such constant as n—oo,

D) = Z 2n(2n — 1)(2n - 2)(2n — 3)|@,, |2r2n—* < 162 n2(n — 1)2|a, |2|z|2"*

n=0

- 16 (27 .
D) = Z 2n(2n - 1)(2n — 2)(2n — 3)|a, [2r2"—* < El |F"(rei®)|’do  (12)
0

n=2

LI < Ef2ﬂ|F"(re"9)|2d6?
T 2m),

Differentiate F(z) = (¢’ )% twice with an application of Schwarzian derivative
2

(50} = (%) - 2(2) 1.y

!

|F"(2)] < 1| "2 1| '|1
— 2 —_ 2
F"(z = Sle Sl

. |s¢,|]
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2 2
. m]

,12+ 36
T —ro)

1 @’
Fll 2 < — 12
7)) _4|<p|“—q),

4

2

~Len|l®
_4(') (p’

where {S} sﬁzjz (cf.[Nehari 1949],[4,pp.261-263])".

12

@
T A=z

3

Fr < L) ’I[1325'25]— 3313125
V4 =32 [ (1—7"2)4 - (1—7‘2)4
2
amo 3313125 [,
[T @rae < 22 Lot reas,
0
0

Finelly

I®(r) <331.3125(1 — )~ ().
Then
v(r):A(lfr)_B; where A is a constant and p >0,
Satisfies the comparison equation

v®(r) = (1 —r)331.3125~*v(1) (14)

Differentiate v(r) four times yields

B(B+1)(B+2)(B+3)=331.3125,

Such that

17(7') — A(l _ r)—2.914-
is the solution of the equation (14). If we choose A sufficiently large, thenj® (ry)>v® (r,)for k=0,1,2,3.at
TO S r< 1

I(r) < v(r), Vr rn<r<l
I(r) < v(@) = A —r)~2914
I(r) = o(1 - r)—2.914
Theorem 2.4. If ¢ is bounded and univalent in D then,

4f_f_up’_(z)ldxdy =0(1—1r)7047 (15)

Let 8 >0. From Cauchy-Schwarz inequality, we get the bound

Proof.:-

21T 21 21
f |<p'|d9$(f |<p'|26d9)%<f ¢’ [2d0)
0 0 0

Iy Iz
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Estimate two integrals in the right-hand side as follows:
L(r) = ["l¢' *d6 = 0(1 — ) "see lemma (3.3)
Define,
27
L) = [ lo' Pdo,
0
where| o |26 = F(z). Rewrite
21 e}
L) = [ RGP = 21 ) leol? 77"
0 n=0
Differentiate above equation yields
1" (r) < 8w Xos  n?lc, > r#n 2 (16)
As known
e 21
27rz:nzlcn|2r2"‘2 = j |F’(rei9)|2d9
n=1 0
21 112
= szf A )
0
Hence
. _ 3662 2 ,
2m S n?ley | 127 < 2 [ 9" 170l (17)
Combine an inequalities (16) and (17) yield
I,"(r) < 3652
L) — (A—-7)?
2
L, (r I,'(r L,"(r 14462
(ogl,(r))" = ()_<1()> PUNON (18)

L \L@®/) = L) ~ A -=r)?

Integrating twice yields;

I(r) = 0(1 — r)~1440°

Consequently, we obtain

21

1
f | @' [*3d6 = 0(1 — 1) 20(1 — ) 72"
0

1
=0(1- r)_5_7252 as r—->1-0.
3. Auxiliary results
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In this section we collect some brief recalls on the main topics involved with this work.
Lemma 3.1.(Parseval formula) ([Kammler 2000, pp.74)

Let @(z)be an holomorphic function in unit disk D such that it is represented there by Taylor series
expansion ¢(z) = Yoy a,z" then

[ee]

2m
1 :
Zlanlzrzn = Ef | ' (re‘9)|2d9
0

n=0

Lemma 3.2. [Krantz 1999] Let ¢ be holomorphic on the unit disk D, and assume that| ¢(z)< 1 for all z, and
@(a)= b for some a, b in D, then

o |<1—Ib|2
‘p(z)—1—|a|2

Lemmag3.3. [Pommerenke 1975] Let the an open subset of [0,2n] and 0<r<1. If ¢ € S, then

N2 D=2 K(p)(1 - 1) (M) if p>0,
’ i6 i0\|P do <
l [ Ge ) lole ) o < oL oP e <o

Such that

Mr(r) = maxger|@(re®)| ; 0<r<1; Tc[02m]
Theorema3.4.(Nehari’s Theorem)[Nehari 1949]

Let ¢ be a regular function (holomorphic and single valued function (1-1)in D and suppose its Schwarzian
derivative satisfies

So| <21 =12z1)% , |zl <1 (19)

Thene is univalent in D.
Remarka3.5. Inequality (19) is a necessary condition for univalent function by inversion of the function

Z+G

¢~ e6)
1= 1sIe'(s)

To replace a constant 2 by 6. This result was rediscovered by [Nehari 1949].

F(z) = =72+ Ay7% + Az + -

Theorema3.6.[Pommerenke 1985] If is holomorphic and univalent in unit disk D, then
L@¢e)=0((1—-7r)F) asr-1-0 for peR (20)

And

B>-+p+ [f-p+ap? (21)

Theorema3.7.(Distortion Koebetheorem)[Duren 1983]For each ¢ €S defined on unit disc D,

1—r 1+r
—= =o' (@) <

—_—, =r<1
A+r3° Sa-nsr A=

Equality holds if and only if ¢ is a suitable rotation of the Koebefunction.
4. Conclusion
This research paper revealed that:

1. The bounded condition for the univalent function ¢ play the main role in an increasing the values of the
integral means of the derivative of a univalent function once by a boundedness condition for the function ¢.

2. Wk addressed a generalization of earlier result by [Pommerenke 1985] as the follows
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21
I (r, ") lf o 11697 < p < 2 22
= — N — o0 —1. —
»00) =5n ) g Geny for P<3 22)
0

3. We shown that the rang of the integral mean
21
! 1 I p
1G9 =5 [ 10/1P dxdy,
0

Can be extended to be g < p <5 by putting some restriction on the function ¢.
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