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Abstract

The main objective of this paper is to find the order and its exponent, the general form of
all conjugacy classes, Artin characters table and Artin exponent for the group of lower

unitriangular matrices L(3,Z,), where p is prime number.
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Introduction

The group of invertible n x n matrices over a field F denoted by GL(n,F). Let G be a
finite group, all characters of G induced from a principal character of cyclic subgroups of G
are called Artin characters of G. Artin induction theorem [1] states that any rational valued
character of G is a rational linear combination of the induced principal character of its cyclic
subgroups. Lam [5] proved a sharp form of Artin's theorem, he determined the least positive
integer A(G) such that A(G)y is an integral linear combination of Artin character, for any
rational valued character y of G, and he called A(G) the Artin exponent of G and studied it
extensively for many groups.

In this paper we consider the group of lower unitriangular matrices L(3,Z,) and we found
that the order of this group is p* as in theorem (2.2) and its exponent is p in theorem (2.4).
Furthermore we found forms of all conjugace classes in theorem (2.8), the Artin character in
theorem (2.12) and finally from the principal character of its cyclic subgroups we found the

Artin exponent of this group and denoted by A(L(3,Zp)) which is equal to p? in theorem
(2.13).

81 Preliminaries

In this section, we recall some definitions, theorems and proposition which we needed in
the next section.

Definition 1.1 : [4]
A rational valued character y of G is a character whose valued are in Z, that is y(x)€Z,
for all xeG.

Definition 1.2 : [2]
Let H be a subgroup of a group G, and ¢ be a class function of H. Then ¢1¢, the induced
class function on G, is given by

o7 (g)= ﬁ S ¢ (xgxY)

where ¢° is defined by ¢°(h) = ¢(h) if h e Hand ¢°(y) =0if y ¢ H.
Observe that 1€ is a class function on G and ¢1°(1) = [G:H] &(1).
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Another useful formula for computing $1°(g) explicitly is to choose representatives
X1, X2, ..., Xm for the m classes of H contained in the conjugacy class cq in G which is given by

¢ T¢(9)=|Cs (g)\Z‘C o]

where it is understood that ¢1°(C,) = 0 if H N CI(g)=&. This formula is immediate from the
definition of ¢1° since as x runs over G, xgx * =x; for exactly | Cs(g)| values of x. If H is a
cyclic subgroup then

o T¢ (g) = ICGEQ;I Zd)( ) (1)

Definition 1.3: [5]
The character induced from the principal character of a cyclic subgroups of G is called
Artin character.

Definition 1.4 : [5]
Let G be a finite group and let ¢ be any rational valued character on G. The smallest
positive number n such that,
ny=> ad
C

where aceZ and ¢ is Artin character, is called the Artin exponent of G and denoted by
A(G).

Theorem 1.5 : [3]
Let 1 denote the principal character of G and deZ, then d is an Artin exponent of G if
there exists (uniquely) integers axeZ such that

q
d']-:zakfuk

k=1
where i, ..., L are the Artin characters.

Theorem 1.6 : [3]
For a subgroup H in G, A(H) divides A(G).

Proposition 1.7 : [5]
Let G be an arbitrary finite group, and {H1,Ha,..,Hq} be a full set of non-gonjugate cyclic
subgroups of G, then A(G) is the smallest positive integer m such that:

ml, =3 oL, 16 (1.2

With each ax €Z.

82 The Order and its Exponent, The Conjugacy Classes, Artin Character
and Artin Exponent of L(3,Z,)

This section concerns on an important class of groups, the group of lower unitriangular
matrices L(3,Zp). After describing important features of this group and investigating their
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conjugacy classes we move on to evaluate its Artin Exponent and constructing the table of its
induced characters.

Definition 2.1: [6]

Let L(n,F)=|. . . | be the group of nxn lower unit triangular matrices with

* x . 1

entries in F under matrix multiplication, that is L(n,F) consists of matrices such that L(n,F) is
a subgroup of GL(n,F).

Theorem 2.2:
The order of the group L(3,Z) is pe.
Proof:
1 0O
L(3,Zp): x 1 0;xy,2€Z,
y z 1

Order of the group L(3,Z) depending on choices number of X, y and z.
Since X, y and z can be chosen arbitrary from Z,, p choices for x, p choices for y, and p
choices for z, thus |L(3,Z,)| = p-p-p = p°.

Theorem 2.3:
Every element, excepted identity element e, in the group G = L(3,Z,) has order p, that
1 if g=e
is,VgeG,WehaveO(g):{ . g .
p if g=e
Proof:
If g=e, theno(g) =1.
1 0 O
VexgeGhasthefom =0, 1 O] wheregs, g gz € Z,, and g1, g2, gz are not all
9, 9; 1
zero.
1 O O i 1 0O O
9°=| 2g 1 0|,9°=| 3g 1 0
20,+9,0; 29, 1 139,+39.0; 30; 1
1 0 O]
In general, g" = rg, 1
r(g, +599s) rg; 1]
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1 0 O 1 00
Let m be the order of g, then g"=¢ = mg, 1 0|=/0 1 0
m(g, +79,0;) mg; 1] |0 0 1
We get, mg; =0 mod p
mgz=0 mod p
m(g, +75-9,95) =0 mod p
Since Z,, is a field and g1, g2, g3 are not all zero, then m = p.
Theorem 2.4:
Exponent of the group G = L(3,Z,) is p, i.e. exp(G) = p.
Proof:
Let I.c.m(a,b) be the least common multiple of a and b.
By theorem (2.3), exp(G) = l.c.m(1,p) = p.
Theorem 2.5:
The Center of the group G = L(3,Z,) is the cyclic subgroup
1 00
Z(G)=4|0 1 0|,reZ,;and|Z@G)| =p.
r 0 1
Proof:
1 0 O 1 0 O
Let gheG,where9=|09;, 1 Olandh=|h, 1 O
9, 9, 1 h, hy 1
1 0 0 1 0 0
g-h= h,+09, 1 0|, h-g= h,+09, 1 0
h,+9,+0,h; hy+g; 1 h,+9,+0,h; hy+g; 1
If g1=03=0,then V h e G, wehave g-h=hg.
1 00
Hence,g € Z(G)and Z(G)=4| 0 1 0},0,€%Z,
g, 01
1 00

Since, Vg2 €7y, g=|0 1 0|eZ(@G) and |Z,| =p, then [Z(G)| =p.

9, 01
So, any finite group of prime order is cyclic, then Z(G) is cyclic.

Remark 2.6:
We classify the elements of the group L(3,Z,) into three disjoint sets:
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o 0

(1) Let W =<x,=|0 1 0|,ie 7, we called Wy set of all elements of kind x, we note
i 01
that Wy = Z(G). )
1 0 0]

(2) Let W, =<y,=|0 1 0},j#0;r,jeZ, ; we called Wy set of all elements of kind y.

Lro) 1]
100

(@) Let W, =3z, =s 1 0|s=0rsteZ, ; wecalled W, set of all elements of kind z.
rt 1

(4) Wy, Wy and W, are disjoint sets, i.e., Wy "Wy = ¢, Wy "W, = ¢ and Wy "W, = ¢.
Proposition 2.7:

Let 1<m<p-1,then
(1) Vi=0,1,..,p—1;(x)™ are elements of kind X, thatis (x;))™ € W.
@ Vvj=12,...,p-1;(y)™ areelements of kind y, thatis (y;)" € W,.
B)Vs=12,...p-land Vt=0,1,....p—-1; (zs)™ are elements of kind z, that is (zs;)"eW.,.
Proof:
(1) Since, Wy = Z(G) is cyclic, then V xj € Wy

100 100" [1 00
(2) y;=/0 1 O|and (y;)"=|0 1 0| =/ 0 1 0} where mr,mje Z,
rj 1 rj 1 mr mj 1
Since, m = 0 and j = 0 then mj = 0, therefore (y;)" € W
100 10 0] 1 00
@) z,=|s 1 0jand (z,)"=|s 1 0| = ms 1 0]
rt 1 rt 1 m(r+=4ist) mt 1

Since, m # 0 and s# 0 then ms = 0, therefore (zs;)"eW.,.

Theorem 2.8:
The group G = L(3,Z) has exactly p% + p — 1 conjugacy classes:
100
(1) Vi=0,1,...,p—1; we have classes of the form C,=x=/010 and |C, |=1.
i 01
1 00
(2) V j=1,2,....p-1; (y;)";we have classes of the form C,=4y;=/0 1 0};r=01..,p-1
rj 1

and ‘Cyj‘ =p.
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BVs=12 ...,p—-—1and V t=0,1,..., p—1; we have classes of the form

1 00
Czs‘t =4z,,=|s 1 0|;r=01..,p-1; and ‘Czs,t =p-
rt 1
Proof:
(1) By theorem (2.5), Vi=0,1,..., p—1; the elements x; € Z(G), then these elements form a
conjugacy classes of their own, and |C, |=1.
(2) To find a conjugacy classes of y;, we consider an arbitrary element
1 0 O 1 0O O
g=|{09, 1 O|ecG anditsinverse 9 =| —0, 1 0},
g9, 0O 1 0.9; -9, —0; 1
1 0 0
Then@yg " =| 0 1 0},
r+jg, j 1

If j=kand y; is conjugate to yi, then gy;g "= yk
1 00 1 00

=| 0 1 0]=]0 1 0f=j=kthusvj=12,..,p-1 C, arealldistinct
r+jg, j 1 rr-k 1
In Cyj ,r=0,1,...,p-1, ‘Cyj‘: p.
(3) To find a conjugacy classes of zs, we consider an arbitrary element

1 0 O 1 0O O
9={0, 1 O0|cGanditsinverse 97" =| -0, 1 0]
9, 9 1 9.9; -9, -0 1
1 0 O
Then gzs,tg‘l = S 1 0]
r+g,t—-g,s t 1
If s1#s2,t12t;and Zg  isconjugateto Zg ; ,then gzslytlgflz Z, 1,
1 0 O 1 0 O
= S, 1 O0j=|s, 1 0| = s =5, and t; =t

r+g,t,—g.,s, t 1 rt, 1
Thusvs=12,...,p-landVt=0,1,..,p-1; Czs, are all distinct.

Czs,t

In Czst,rzo,l,...,p—l, then =p.

To show that the conjugacy classes C, , Cyj and C, are distinct:
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We have C, < W, Cyj cWyand C, < W, then C, mCyj =¢, C, nC, = ¢ and
Cyijzst = ¢. Hence C, , Cyj and C, are distinct.

To find the total number of the conjugacy classes:

Number of conjugacy classes in (1) = p

Number of conjugacy classes in (2) =p—1

Number of conjugacy classes in (3) = p(p — 1)

Then the total number of the conjugacy classesis p+ (p—1) +p(p—1) =p?>+p—1.

To show that these are all conjugacy classes of the group G = L(3,Z), we add up the elements
contained in those conjugacy classes, we get:

P+ -+ (P-DIE=p’=IGl.
Thus, this theorem gives all conjugacy classes of the group L(3,Zp).

Proposition 2.9:
The order of the centralizers, | Cs(g)| of g in the group G = L(3,Z,) are:
(1) Vi=0,1,.,p-1;|Cs0x)l =p

(2) Vj=1.2,...p-1; ()" [ Calyp) | = p°.
B)Vs=1.2,...,p-landvVt=0,1,.,p—1; |Cs(zs)| = p*

Proof:
G
By theorem (2.10), |Cq (g)|=u and by theorem (2.2), |G| = p®.
,
3
(1) By theorem (2.8), Vi=0,1,...,p—1; |C, | =1, then |CG(X‘)|:|C_|:pT:p3'
Gl _p*_ .
(2) By theorem (2.8), ¥ j=1.2,...,p - 1; ‘cyj‘: P, then ‘CG(yj)‘:H:?: p?.
Yj
(3) By theorem (2.8), Vs =12, ...,.p—-1and Vt=0,,.,p - 1, sz =p, then
G p°
‘CG(zs’t)‘:%z?z pZ.
Remarks 2.10:
1 00
(1) Let x,=|0 1 O, wherei=0,1,..., p— 1, we note that x; € Z(G), by theorem (2.5),
i 01

Z(G) is cyclic group of order p, and we have
Z(G) = {e = xo, X1, X2, ,...,(x2) "1} = {Xo, X1, X2, X3,.....Xp_1}.

Since every element excepted e in Z(G) is generator, then
Z(G) = <X1> =<Xp> = ... =<Xp_1>.
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2V j=12,.,p — 1, we take the first element in the conjugacy classes Cyj as a

100
representatives and denoted it by vy;, theny,=|0 1 0|,s0 Vm=12,..,p-1;
0 j 1
(Y)™ = Ym. Then <y1> = {e =Xo, Y1, Y1, Y5 »---(¥1) " 3 ={X0, Y1, Y2, Va,-..¥p 1}
Since o(y;) = p, then every element in <y;> is generator, that is <y1> = <y,> =...= <y, _ 1>.
(3) In the same way, we can show that, V k=0, 1,..., p— 1; we have

<Z1k> = <Zyk > =<Z33k~>=...=<Zp_1,(p-1k>-

Since conjugacy cyclic subgroups give the same Artin characters, then when we

construct Artin characters table of L(3,Z,) we need only to compute @ induced from non-
conjugate cyclic subgroups and by remark (2.10) they are: <x¢>, <x1>, <y1>, <Z;0>, <Z11>,
<Z17>,...,and <zj, p-1>.

Proposition 2.11:
Intersection of non-conjugate cyclic subgroups <x¢>, <X;>, <y;>, <z;0>, <Z11>,

<z17>,..., and <zy, ,_1> with all conjugacy classes of the group L(3,Z,) are:
Let i,t,k=0,1,...,p—1 and j,s=1,2,...,p—1; then
X ifi=0
(1) (i) <x,>NC, = o} o
Yol ifi>0
(2) (i) <x,>NC, ={x} (i) <x, >mCyj =0 (iii) <xl>mCZSJ =
] {X,} ifi=0
3) (i) <y, >nC, =
@) () <y {d) £ i50
{X,} ifi=0
) if i>0
{Lelement} if t=sk

i) <z,, >NC, =
(i) <z,>NC,, {q) if t sk

Proof:
Let i,t,k=0,1,...,p—1 and j,s=1,2,...,p—1.
(1) (i) Since <x¢> = {Xo} and C, ={x;}, then <x,>NC, ={X,} and V i > 0,

<X, >NC, =¢.

(i) <x>NC, =¢  (iii) <x,>NC, =9

(i) <yl>mCyj ={y;} (iii) <y1>mCZm:¢

4) (i) <z, >NC, :{ (i) <z, >r\Cyj =¢

(i) Since <x¢> < Wy and Cyj cW,, then <X, >mCyj =¢.
(iii) Since <x¢> < Wy and CZM c W,, then <X, > mCZSVt =¢.
(2) (i) Since <x1> = {Xo, X1,..., Xp-1} = Wx and C, ={x;},then <X, >NC, ={x}.
(ii) Since Cyj cW,, then <X, > mCyj =¢.
(i) Since C, < W,, then <x,>NC, =¢.
(3) (i) Since <y:> = {Xo, Y1, Y2, ¥3.--,¥p - 1} then <y, >NC, ={X,} and V i > 0,
<y, >NC, =¢.

123


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org

ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) iy
Vol.4, No.10, 2014 ||SIE
1 0O
(ii) From theorem (2.8), C,=¢y,=/0 1 0[;r=01,..,p-1¢.
rj 1

Theny, eC .y, €C, .Y, eCyp_1 and thus <y, > mCyj ={y}.
(iii) Since <y:> have no elements of kind z, then <y, >NC, =¢.

(4) (i) <z1> = {X0,2110(21)% (2143, - . ..(z)" '} and by proposition (2.7),(z1)™ € W..
Then <z,, >NC, ={X,}and vi>0, <z, >"C, =¢.

(i) <z1 x> have no elements of kind y, then <z, > mCyj =0.

100
(iii) From theorem (2.8), c, ={z,,=|s 1 0[;r=041,..,p-1
rt 1
1 0 O
And from proposition (2.7), (z,,)" = m 1 0leC, .

m(r+o1tk) mk 1
Then z,, €C, , (Zl,k)2 €C,, . (Zl,k)3 €C,, (Zl,k)pil € Czp
Therefore, Vs=1.2,...,p-1; <z, > mCZw ={lelement}.

{Lelement} if t=sk
Thus <z, >NC, = . .
' N if t=sk

—-1,(p-1)k *

Theorem 2.12:
For any prime number p, Artin characters table of the group G = L(3,Z)) is:

geG C,, C,, C,, C., C. | C, C.. C.. - .
|Cql 1 1 P p p p P P P P
ICe@| | P’ p° p° p’ p’ p’ p’ p’ p’ p”
@, p® 0 0 0 0 0 0 0 0 0
o, p p 0 0 0 0 0 0 0 0
o, p 0 p 0 0 0 0 0 0 0
@, p 0 0 p 0 0 0 0 0 0
@, p’ 0 0 0 p 0 0 0 0 0
@,, p 0 0 0 0 p 0 0 0 0
@, . p? 0 0 0 0 0 p 0 0 0
D, p? 0 0 0 0 0 0 p 0 0
o, , p’ 0 0 0 0 0 0 0 p 0
@, . p’ 0 0 0 0 0 0 0 0 p
Proof:
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The order of classes |C,| and the order of the centralizers |Cg(g)| following from theorem (2.8) and

proposition (2.9) respectively.

By proposition (2.11) the intersections of cyclic subgroups of L(3,Z,) with its conjugacy classes are ({1e.} in the

following table means set contain only one element)

(@) CXo CX1 CY1 CZ1 0 Czl.l CZ1,2 CZ1,3 000 Czl,k eee Zy,p-2 21p-1
<Xo> {le.} ) o o o o ) ) ¢ o
<X:> | {le.} | {le} o o o o ) o o o

<y:> {1e} ) {le.} ) ) ) () ¢ ) )
<Z,0> {1e} ) ) {1le} ¢ ) () () ) )
<z;,> | {le.} ) o o {1le} o ) ) ) o
<z;,> | {le.} ¢ o o o {le.} ) () ) o
<z;3> | {le} ¢ o o o o {le.} ¢ ) o
> [er | 6 | 6 | 6 | 6 | o | 6 | | o | o
<o [Ged| 6 | 6 | 6 | 6 | & | & | 6 | & || ek | o
<z1p-1> | {le.} ¢ o o o o ) ) ) ) ) {le}

Let V = {Xo0,X1,Y1,210,21,1,21,2,.--,Z1ks---+Z1, p- 1}, frOm the intersection table above, we see that

VheV; <h>nC, ={lelement}.

1 element if h=
AIso,VheVandxo;tgeV;<h>ng:{{ } g

if hzg’
We using formula (1.1) to compute Artin characters, then we get:

P’ s
|C (Xo)| 1 @D=p if h=x,

|<h>| 21=11s

e heV, 1, T°(x,)= .
%(1):p2 it hx,

p’ )
1) = f h=
e heVv, 1, T°(x)= |G( 1)| p() b %
[<h | 0 if h=x,
p2
1) = if h=
o heVv, 1, T¢(y)= ||Géyl|)|z— p() b &
0 if hzy,
e VheVandVk=0,1,...,p-1;
p® :
1) = if h=z
- |G;1k|)\21_ SO=p
0 if hzz,

Theorem 2.13:

For any prime number p, Artin exponent of the group G = L(3,Z;) is A(L(3,Zp)) = p.

Proof:
From Artin characters table of the group G = L(3,Z;) in theorem (2.12), we note that
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P+ @, | (p+1)p>) |0 |0 0|0 |00 0 0/o0
o, 1 1/o0lojojo]o 0 0o
(Ap) o, 0Ol1|lo|o]o0]oO 0 0|0
Upo,, p olo|1]o0]o0]foO 0 0|0
(1p o, p olojo|1]0]0 0 0|0
Upo,, P olojojof1]o0 0 0o
(Up)o, P o|lojo|o|o]|1 0 00
Upo,, p olojo|lolo]fo 1 0|0
(o, | P olojolo|o]fo 0 110
(po, P ololojo|o]o 0 01
summation 1 1 111 1 1|1

Then

p-1
p’-le =—(p +)@, +@, +p>, +pD D,

And by using (1.2) in proposition (1.7), Artin exponent of L(3,Z,) is A(L(3,Z;)) = p.
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