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Abstract:

Degree of best one-sided approximation of multivariate function f that lies
in weighted space (L, ,-space) by construct an operator L], which is dependent on
multivariate Lagrange Interpolation L,, that satisfies:

If = Lalloacy < D BIGOT, () S paD,_ o Dlief ()M (y|x¥, )y
UEA, x

Where the domain X = [—1,1]¢ has been studied in this work. The result which
we end in it for the function f € Wp{‘a(ﬂ),ﬂ C X(i.e. f lies in Sobolov Space)
that the degree of best one-sided approximation of derivative of a function f
which lies in the Sobolev space W}"(2) is minimized when the domain of f is
restricted into rectangle domain Q in X¢ where:

Q =[1%,[a; — b;] and §; = b; — a; > 0 ,direct theorem is proved in this work
by construct a new form of modulus of continuity and with benefit from
properties of simplex spline M (y|v?, .......v™) . Finally we shall prove invers
theorem of best one sided approximation of the function f by using an operator
L} (x), the same result of best approximation of the function f and the relation
between best and best one sided approximation.

1. Introduction:-

Throughout this paper, we use the weight function w,( x) = e~ =1 % which
is non-negative measurable function on R%.For 1 < p < oo the weighted space
is define by:

Lpo={fIf:X = R,|f(x)w(x)| <M,a =1} Such that for the functionf,

1

1fllpa = [[21fGOIP e~ dx]? < oo, also
10


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) lLiA
Vol.4, No.9, 2014 IIS E

1fllooe = {sup{lf (x)e~*|,x € X }} < o0, X = [-1,1]%, f:R?* — Rand
degree of best one sided approximation of the function f € Ly, ,(x, is defined as:

E‘n(f)p’a[_l’l]d = ZLZ IS + By |lpecxy (Where P2 is the space of all
prepd

polynomials of degree n and d variables and P, (x) < f(x) < B (x) ) and

degree of best approximation of is defined as:

En(f)pap-1172 = ﬂ If = Bullpacx) - For @ € R we have x* =

PnePg

n+d-1
n

which have total degree n ,a natural basis for P% is formed by {x%,0 < |a| <

n}.LetY = {x,,x,, ...} be a sequence of pairwise distinct points in R? also that

X% e xy® Now for n € N there are ¢ = ( ) monomials x*

Yy = {x0, %1, .. x5y} If N = dim Pfll and if there is a unique polynomial P € P4
such that:

P(x;) = f(xx),1 < k < N for each f: R* — R then we say that the Lagrange

interpolation problem is poised with respect to Yy in P% and we denoted for the
polynomial P byL,,(f, x) ,we call the (possibly infinite) sequence Y poised in
block if for any n € N, the Lagrange interpolation problem is poised with

respect to Yy in P% where N = dim P% .For P4 we have a whole block of
monomials of degree n in several variables called the monomials x%, |a| = n, if

we arrange the multi-indices |a@| = nin lexicographical order, we can number

the monomials of total degree n as qgn], qffl] and P4 is spanned by :

[n] [n]

|q1 ,...,qrg o}

1
Chl TR T

From this block wise viewpoint, it is only natural to group the interpolation
points Y according to the structure and we rewrite them as:

Y = {x£0]|x{1], ...,x(gl] |x£2], ...,x£§]| x{n], ...,xg%]

"

We refer that whenever Y is poised in block, the pointe x;, x,, ... can be
arranged in such a way. If Y is poised in block, the nth Newton fundamental

polynomial, denoted by }}[n] € Pﬁ , 1 <j < r2and is uniquely defined by the
conditions:
11
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i

™ (xi("‘)) =0,k <nand P™ (x["]) = &;,i = 1,...,n¢. Also we introduce
the vectors:

P™(x) = [x%]\qjzn » P"(x) € RV, N = dim P&

This means that for each level there are ¢ Newton fundamental polynomials of
degree exactly n which vanish on all points of lower level and all points of the n
th level except the one which has the same index Next, we recall the definition
and some properties of simplex spline as in [1], givenn + 1 > d + 1 knots

v0, ...v™ € R%the simplex spline M (x|v°, ... v™) is defined by the condition:

fRdf(X)M(xlvo, L vMdx = (n— d)! fsnf(“o 0+

f € C(RY) Where S,, = {oc= (c,..,%g): ;= 0,Xo+ - +¢z= 1} .To exclude
cases of degeneration which can be handled similarly, let us assume here that the
convex hull of the knots, [v?, ... v™] has dimension d. Then the simplex spline
M(x|v°, ...v™) is a nonnegative piecewise polynomial of degree n — d,
supported on [v?, ... v™]. The order of differentiability depends on the position
of the knots; if, e.g., the knots are in general position (i.e. any subset of d + 1
knots spans a proper simplex, then the simplex spline has maximal order of
differentiability, namely n — d + 1. The most important property for our present
purposes is the formula for directional derivatives namely, D, M (x|v°, ...v™) =

o ujM(x|v0, wovITL It p™) where y = Yooy vj,Zz-;O u; in
particular for 0 < i,j < n.

D,i_,i = M(x|v°, ..., v, v, L v™) — M(x|v0, ..., v/ 7L v/t L v™).Now

let x°,x?, ... be poised in blocked, we introduce the vectors

xm =[x, ..., xg?] And x = [x% x1, ...] so we define the finite difference
in R% which denoted by 4, [x°, ..., x™ 1, x]f, x € R as:

Aolx]f = f(x)

Apeg [x0 o, x™ x] = A, [x0, o, x™ L x]f —

d

S Anlx0, e, x4 2P £ P ().,

12
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If d = 1and if we have ordered points x, < x; < :-- < x,, € R then there exists
one fundamental polynomial, given by:

P () = $X0)-Xn-1) o the classical divided difference of a function of
1 (en=x0)...(Xn—=xn-1)

one variable is defined:

A 120, o, x™] = fIx°, o, x™](x,, — %) ... (X, — x,,_1).Als0 in [1] we
establish a representation of our finite difference in terms of simplex splines let:

A ={u=(po q, tn) E N1 < p; < 78,0 =0,...,n} be an index set each
u € A, define a path among the components of x?, ..., x™ which we denoted by

xH, xt = {xﬁ?, ...,xﬁ:)} we note that u, = 1 by definition thus the path
described by x* starts from xfo),passes through x(?, s xﬁ::) and ends at

xlg’;),the collection {x*: u € A,} contains all paths from the sole point xfo)of
level 0 to all the pointe of level n .For any path x¥, u € A, we define the nth
directional derivative along that path as:

DY = Dx(n)_x(n—l)Dx(n—l)_x(n—z) Dx(l)_x;(Loo)’M € A, And we will need the

Hn Hn-1 Hn—-1 Hn-2 K1
wy — 1yn-1 plil (.@+1)
values m, (x*) = ;=g P, (xm1 JUEAN,.

In this search we introduce a new form of modulus of smoothness in
multivariate case as the following:

AF(f,.) = A4 A2, A () Where A7 is the usual oc;th forward
difference of step length t; with respect to x; , xe Z¢,t > 0.

Also, modulus of smoothness is defined as:

wulf, 1 X) = sup 105, 1)
0<t<h

In this search we define a new form of difference as:

Ag (f,x) =nlf(Xg v0 + - oy v™) — d! f(g v° + -+ o, v™)Where n —
d<t

s, (f, 1, X) = sup ||Beg (F,5)|
= sup[fsn’a(n! —dDf (<o 0 + -+ o V), (x)dx]

13
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Itis clear thatf ;. f(x)wa(x)dx = I(f, D)lls,a < N0, )l < N pa-

In [3] suppose that A € Z%(where Z_ is positive integer numbers) be abounded
and satisfy if € Aand B < o Then € A, we define P, = span{x?,o € A}
and we assume that Q is rectangle in R% with side length §; in the i-th direction
,f € Lp,a(Q)I'Q - Q .

Also In [3] we define:

w/l(fi h, X)p = Zocea/l (‘)oc(fJ h, X)p' EA(fJ 'Q)p,a = ﬂ ”f - P”p,a(ﬂ)-

PeP,
And If () Satisfies:
(if x,x + he; € Q for some h > 0 and some i,then x + te; € Q forall0 <t < h)
and Q € UT' Q; where each Q; is rectangle and for each i, there is a rectangle
R; with one of its vertices o such that:
Xx€€EQ;NAIMPlies X + Ry © O oo (1-2).

2. Auxiliary Results:
Theorem 2.1:[1]

Let the interpolation problem is based on the points x?, ..., x™ be poised.
Then the Lagrange interpolation polynomial L, (f,x) € Pfll Is given by:

rd ,
Ln(f, %) = X XL Anlx0, o, x4 xP1F. PV ()

Theorem 2.2:[1]

For n € N and f € C**1(R%) we have:

La(fi) = f0) = ) BIOm,(e) [ paD, o Diinf (M (I, x)dy
UEA,

Theorem 2.3:

For f € L axy, X = [—1,1]% we get:
wx(D°f,8,X)pa < Cpwec(f, 8, X)coa-
Proof:

By using properties of norm, properties of partial derivative and by

14
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Assume F(x) = $io(—1D)**(F)D? f (x + it) we get:
w(D°f,8,%), = sup {{[ax(Df, )|}

0st<é

<c¢ sup 1A (D% £, x) |l 43

0<t<$

= cp sup {J | XD (5)Df(x + it) [e” % dx}

0<t<é X

=cp swp {J TiZo(-D"*(})Df(x + it)sing(F(x)) e~ dux}

0<t<é X

= cp sup {J D7 EEo(-D)"**(7)f (x + it)sing(F(x)) e~ dx

0<t<é X

= Cp sup {Z‘fzo(—l)”“(f)f(x + it)sing(F(x)) e~ dx}

0<t<é

= Cp Sup {IG& |(—1)i+°<(°i<)f(x +it)| e~}

0st<é

= ¢, sup (15 (, e}

0<t<é

< ¢p sup {swp |A7(f, x)e” |}
0<t<d x€X

= ¢p sup (1850l

0<t<d

= Cpwu(f,6,X),,

Theorem 2.4:

For n € N and f € Ly, 4(x)We have:

15
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Zuen, J gaD oo Dinf OIMGIxH. ¥)we(1)dy < ¢ 0(f¥1%,),6,X),

Proof:

Suppose that Dx_xm)D,’Zuf(y) = F(y) and by using (1-1) and theorem 2.3 we
Un

have:

Tuen, S paD_ o Dinf OIM It e (y)dy =
Luen, FOOMyIx*. x)w, (y)dy

= Yuen,(n — ! [ F(oo v° + -+ ¢ v™)d

= Yyuen, (! [ F(oxq v + - oy v™)d & —d! [ F(o¢q v + -+ o, v™)d o)
= Suen, Ous, (F18) = Zyen, 0, (D, oD f (),

< Cp Lpen, Pus, (F V124, 6, X).

< ccp Zuen, @(f (1%, 6.X)

= ¢, Zuen, (fO1%,8,X) .

Theorem 2.5:

Forf €L,,[-11]andx; € X = [-1,1],i = 1,2,...,nand [x; — x;;4 =%
we have:

Pl[n] (x) — (x_XO)---(x_xn—l) < (Zn)n

(xn—x0).(Xn—xn—1) ~

Proof:

2

Xj—Xi

—1 X—Xj -
P = [T 7= < TR

= [~ 2n = 2n)™
Now, we construct an operator L} (f, x) as we mention before as:

16
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For the polynomial P/™ (x) = (x=x0)-(x~Xn-1) it 5 clear that PM(x) is

(xn—x0)...(Xp—xn—1)

algebraic polynomial of degree less than n.And for Pj["]

P (x) =0k <n And B™ (x™) = 5,,i=1,....nl 1< j <7
Is the n Th Newton fundamental polynomial Pj["] € PZ and:

pIM () = [, P e

is

d d(Xng—Xig) [n] (k) .
Assume that ¥ = | | ‘pd P. \ =
ssume tha (x) s=1 ||Z c PIETI]( ) VTH(QTM)” 3 ( 1 (xls )) l

1,2, ...

Now, we define L} (f, x)-opearator as:

LE(f,%) = Ly(f, ) F Zmene B QI () = L (f, ) lloo.a (Kim).
Where:

Nt ={12,...m3%m=(my, .., my),Xpn = [Npm, Npp 41] X ... X
[le—l’ Nm1_1+1]

Theorem 2.6:

Y(x)>1,x € [-1,1].

Proof:

As in theorem (2.5) we have:

d
Cp,a [Ti=1 (s — i)

Y(x) =
U U e PEcom o] ()

-1
T1d cp,a [1izo (es—x;)
- H5=1

sup | yen,, Phr (rdm, (XIPY (x9)
xxMeXx

17
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ST

Cpd H?;()l (xs—x4)
(xs—xos)...(xs—xns_l)
p’a(xns —xos)...(xns _xns—l)

_ 11d
- Hs=1

c

d TS0 (es—xi)
> |
= Hs—l (xs—xos)"'(xs_xns_l) )
Zn

= ngl 1 _ l—[glzl omn — an > 1.

1
on

Theorem 2.6:

For f €L, qqathen Ly(f,x) < f(x) SLj(f,%), x €X = [-1,1]%

Proof:

La(f, %) = Ln(f, %) + Zmend P CONf = Lullo axym)
2 Ly + If = Lulloo,acx,y)
2 Ly +|f — Ly
= f
With the same way we can prove: L, (f, x) < f(x).
Then L,(f,x) < f(x) <L} (f,x) ,x € X = [-1,1]%.

Theorem 2.7:

For the polynomial Pj[”] (x) we have:

Cp,d H?z_ol(xs_xis)
[n]( (k)
(Pln (xis ))

=0.
p.a

lim,,_,

Proof:

By using properties of limit we get:
lim Cp,d H?gol(xs - xis) lim Cp,d H?gol(xs - xis)

e BECECRT B T O

pa
18
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n-—1 i — Y.
. Cpa [1i5 (xs — X;.) Tlll_)r{)locp a 1756 (X X;.)
lim =
n—oo (x—x0)..(x—%xn_1) llm (x=x0)..(x—%xn_1)
(xn=x0)..(Xn—Xn—1) p.a n-oo (Xp—x0)...(Xpn—xp—1) p.a

. -1
Cp,drlll_)rgon?zo (xs_xis) de llm (xn_xo) (en—xn- 1) hm Hz 0 (xs xls)

(x—x0)...(x—xn—1) i r—x) 1)
n-oo(xn—x9)...(xn—xn—-1) p,a n-oo 0 n-1 e

Cp d l—)OOTLZ

%Lngo(x x0)-.(X—Xn—1) pat

3. Main Results:

Theorem 3.1:

For the function f € L, ,;_ ;¢ We have:

En(f)p,a[—1,1]d =c ZMEA;L T(f(xu)J S)p,a-
Proof:

By using theorems 2.6, 2.2, properties of norm and theorem 2.7 we get:
En(f)par-111¢ < I (f, 0) — Ly (f, 0)llpa

= 2| Zmena Y @If = Lu(f Dlleoaceml,

_, 21—[ Cpa TS0 (s — x3) ('(k)))||f—Ln(f»x)||oo.a(Xm)

[n] [n]
st || Zuea, Bl om0 || (A (x

b,x

d

-1
_ 1—[ cde?o(xs—xlS

s=1 meNd ||ZH€Au Y (x)r[ (xll)” P[n (k)

z Z](X)ﬂ (x”)fRdD SQD;#f(y)M(ﬂxu’x)dy

UEA,

0, (

19
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d n—1
=2([ ] > pd : wp| Y BTG [, _ 0 DI OIM O, 1)

s=1

meN® ||Z.“EAM P.Z;] (X)T['u(x“) ”oo,a (P[ln] (Xg()) xeX ueh,

d

- 1 u d n
s=1 N ”ZyEAu PZE (X)T[#(XM)” (P[n] ) x€X peA, .

<

-1
epallizo (¥s=%i) [n)
d Sueusup |Poy (O, (x#) [ paD (n)D wf M (y|x*, x)dy|
meN S en, PL ](x)n#(x“)“ ( [an(x(_k))) uehysup i w R

ls

2¢c, H§=1Z

d

o TS5 (s — 1)
= 263 Hz I A ey v ZS“P
|Zuen, B ComCem|| A (x))

s=1 meNd is )/ nen, x€X

M oy, () .sup

xeX

J pa D, wDeuf MG

d

Cpa g (s — x;.)
=7 P : P ) (24
; anN [£uen, Pl COm )] (PT (x) 2 [P coman],

JgaD,_ (n)D uf VM (y|xH, x)d

2¢c3

Hl S is
Hg=1 ZmENd| b o O ()P[n]( (k)) Z#EAH “P (x)”u(x”)“ Z“EAH

|Zuen, Pin muG||

< 2, 1_[ Z Ccpa lli2 o(x(sk)))xls)z

s=1 meNd HENA

J Rde—xfc',?l

JpaD,_ (n)Dxuf M (y|x",

" pa

< 2¢y

ZHEA”

b,«x

S/ RULMNG Dh.f(y)M(y|x",

cpallice (xs—xi)
Hd: 2 d p, S
s=144meN (Pl[n](xi(:)))

< Cpa ZyeAullw(f: ) leo,

20
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=< Cp,d ZMEA# T(f; 6)00,0_'
= Cpd ZMEA# 7(f,0)p,a-
Now, we discuss the best on sided approximate of derivative of the function

f e Wp{‘a[—l,l]d and minimize degree of this approximation when domain of

the function f is restrict to rectangle domain Q in X where Q = [1%,[a;, b;]
and 5i:bi_ai > 0.

Theorem 3.2:[3]

If Q satisfies (1-2) and Q < Q is rectangle with side length vector § then for
f € Ly,,(Q):
If = 9llpa) + Zxean 8*NID*Gllp,a (V) = cwp(f, 8, D)y q-

Theorem 3.3:

For f € Wy, [—1,1]% we have:

Ea(D*f) ar1j¢ < NT(f, 8)p,q Where § < —

— pati’

Proof:

Since L,,(f,x) < f(x) <LL(f,x) ,x € X =[-1,1]¢
Then either DLy, (f,x) < D*f(x) < D*L},(f, x)
Or, DL, (f,x) < D*f(x) < DL} (f,x) where a € R?
So, by using Bernstein equality in multivariate case and theorem 3.1 we get:
En(D*f)pai-11t < IDYLE(f, ) = DLy (f, )l pa
= ID*(La(f, %) — Ly (f, ) llp,
< en||ILy(f, %) — La(f, Ollp,a
< en® Lyen, 7(f, pa-

The other cases:
21
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And since f lies in weighted space then D*(f) lies in weighted space.
So, by using properties of norm and theorems 3.2.
There exist g € W, [—1,1]¢ such that:
En(D*f)pa) = En(DFpace) < ID*f = DULL(f, )y
= ID*f — DLy (f, %) — g () + g lpa
<ID%f = g(llpa + lg(x) = DLy (f, )l p,a
<c(ID*f =gllpa + En(9, Dpa)
<c(IDf = gllpa + Zacoa t® ID*(gC)lp,e)

< Ca)A(Dafi t, Q)p,a :

In this section we try to estimate invers theorem of one sided in multivariate
case by benefit from invers theorem in multivariate case and relation between
best approximation and best one approximation.

Theorem 3.4:[4]

For f € Ly 4[-11],1 < p < cowe have:
En(fewa < En(Heoa < 2En(foa
It's easy to prove above theorem in multivariate case

Theorem 3.5:[2 J(Invers Theorem)

Let w,, be Freud weights for k = 1,...,d ,d = 1 be an integer then for
0 <6 < 1then:

K:(@.p,f,8) < c8"{||wg, ||, + Eosmss-1(m + D" En(f, @)}

Theorem 3.6:

For f € L, 4(—1,11¢ We have:
K:(@.p,f,8) < c8"{||wg, ||, + Bosmss-1(m + D" En(f, @)}

22
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Proof:

By using theorems 3.4 and 3.5 we get:

En(HNova < En(f)one Then:

orflond, s Y s

osms<é~1

<o log ]l + D m+ T En(F.0),)

0osm<6~1

So, we have:
K.(q,p.f,8) < c5r{||qu||p + Yosmes1(m + DL EL (f, )}
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