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Abstract: - There is several generalization of Banach coritnacprinciple. Recently Bhaskaran and
Lakshmikantham generalized this result and prowspleal fixed point theorems in ordered metric spéte.

this present work, we proof some coupled fixed ptiirorems in ordered metric space.
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Introduction

The Banach contraction principle is one of the faleoesults of analysis. It is widely consideredtlas
source if metric fixed point theory. Also, its sificance lies in its vast applicability in a numbef
branches of mathematics. Generalization of the alpminciple has been a heavily investigated brasfch

research.

The fixed points of mappings in ordered metric gpare of great use in many mathematical problems in
applied and pure mathematics. The first resulhia tirection was obtained by Ran and Reuringsifi],
this study, the authors present some applicatibtiseir obtained results of matrix equations. If [Rieto

and Lopez extended the result of Ran and ReurBig®{ non decreasing mappings and applied thsilte

to get a unique solution for a first order diffietial equation. While Agrawal et al.[4] and O’Regaand

Petrutel [5] studied some results for generalizedtractions in ordered metric spaces. Bhaskar and
Lakshmikantham [6] introduced the notion of a cedpfixed point of mapping® from X » X into X

They established some coupled fixed point resuits @plied there results to the study of existearoed
uniqueness of solution for a periodic boundary @ghnoblem. Lakshmikantham and Ciric [7] introduced

the concept of coupled coincidence point and ptoseupled coincidence and coupled common fixed
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point results for mappings F fror x ¥ intoX and gfrom Xinto® satisfying non linear

contraction in ordered metric space.

In this paper, we drive new coupled fixed pointateans for mapping having the mixed monotone prgpert

in partially ordered metric space.

1. Preéliminaries

We recall the definitions and results that willieeded in the sequel.

Definition 2.1 A partially ordered set is a seaRd a binary relatiore , denoted by(¥, =) such that

forall a,b,ce P

(i) a=a, (reflexiviy)
(i) a=tandb=cimplies a<c, (transitivity)
(i) a=tandb=<"a implies a="h (anti — syrmmetry)
Definition 2.2 A sequencé:xz,} in a metric spacéil d) is said to be convergent to a point i,

denoted bylim %, =% , if lim, . dix,.x) = 0.

Definition 2.3 A sequencdsx,} in a metric spacd¥, d) is said to be Cauchy sequence if if
lim, od(®,, 2,0 = 0. foral nm =t

Definition 2.4 A metric space is said to be conwiéevery Cauchy sequence in X is convergent.

Definition 2.5 Let ¥, <C) be a partially ordered set aritk: ¥ « ¥ — ¥. The mapping F is said to has the
mixed monotone property iF(x% ] is non — decreasing in and is monotone non-increasingnthat is,

forany =y € X,
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9,5 EX, % =¥, = Flu,v) <Fx,v)
and

Yuy:EX y1 Sy, = Flxy) 2 Flxy.)

Definition 2.6 An elementx ) € ¥ » ¥ is called a coupled fixed point of the mappiRg ¥ x¥ » X

if
¥ =F(xyl and y= Flv.x)

Theorem 2.7  Let [¥,<) be a partially ordered set and suppose thereseaistetric d on X such that
(3,d) is a complete metric space. L&t:¥ %X — ¥ be a continuous mapping having the mixed

monotone property on X. assume that there exists & [ 0,11 with
A(F(x ), P, ) <2 [d(xy) + duv)]

For all x = u and v =v. if there exist two elements, , v, € X with

then there existx, v € ¥ such thatx = F(x, v and y = F(3y,x).

2. Main Results
Theorem 3.1  Let (¥, =) be a partially ordered set and suppose theresexistetric d on X such that

(¥, 4) is a complete metric space. L&t:¥ %X —= ¥ be a continuous mapping having the mixed

monotone property on X. assume that there exists & [ 0,17  with
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dleFlxy)d{uFuyy) du ,F(x,y]).dl:x,F[uv])J dz, u)} (3.1.1)

d(F(X, .')":' F(uJ "'rj) =0 max [ Ak ! Afw)

For all x=uvandy<w if there exist two elementss;,ygEHX with 3, < Fix,v,) and

vy = Flvg,%g), then there existx, v € ¥ such thatx = F(x ¥) and v = F{w x).
Proof

Let 5,35 € ¥ with
¥ = F(¥gye) & ¥ = Flyp¥;) (3.1.2)

Define the sequencéz,}] and{y,} in X such that,
¥ne1 = FlEn¥n) & Yna = Flyn ) (38.1.3)
Forall n=0,1,2,.. ......
We claim that{x,} is monotone non decreasingd {v,} monotone non increasingi. =,
¥y S=Hpr and v, Z=v,, foralln=0,1,2,... .. (3.1.4)
From (3.1.27and (3.1.3) we have
¥ = F(xg¥o) . ¥o ZF(yp%)  And 3 =F(x¥o) , 7= Fl¥o %
Thus x; =%, ¥y =y, i€ equation(3.1.4) true for somen =10.

Now suppose that equatiaft.1.4] hold for some n.
Le ) 2y Sxpyy and yg 2 yap
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We shall prove that the equatiaig.1.4) istrue for n+1

Now %, =x,.4 and v, =¥, then by mixed monotone property of F, we have
¥tz = FlEnanined Z Fm %) 2 FlE¥n) = Znas
and
Yns2= F¥nsr¥nes) S F¥nXas) SF(3aXn) = Van

Thus by the mathematical induction principle ecprati.1.4) holds forall n in N.

SO Hp =¥y Sy = o S S H S
and
YoZ¥1Z ¥z Z e Z ¥ Frar

Sincex,_; =%, and v, =¥, ,from(3.1.1) we have,

; dixpXn—1)
<
A(Flxn, ¥ ). Fl2g_1,¥0-1)) < o max {d(xn_i L) LI CM ) R .

o
ke o Rl o o
d{xgkn—1d

d (x‘nF[xn*ynJ)' d (xn—l*F["n—rYn—lj) }
|

Al 4% ) = @ max{d(xy, %41, 0,d (20,8, 40
If we take mzx.iz squalto d(x,, % 410
d(s, %, ) = ad(%,%,,-) , which contradiction of the hypothesis,

This implies, di(x, w,.4) << 0o.d(x=, %, 4] (218)
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Similarly sincey,_; = ¥, andx,_, <x, andfrom(3.1.1) we have
A0y ¥nag) = oy, vy ] (3.1.6)

By adding (3.1.5) and (3.1.6) we get,

A% %nar) + A¥ndnar) S 0dlEa ) + ad¥niny)

A% Znar) + AVn¥nnl S o (dlz % 0) + dinyaa))
let us denote d(x,.2,41) + dlyn ) by dy  then
dp = o dyy
Similarly it can be proved thatd, _; = x1d,_;
Therefored, < aw?d,_,

1n =

By repeating we getd, < ad, ; < c?d,_, = ... <aPd,
This implies that,

lith,edy = 0
Thus lim d(xg4p2,) = lim d(yaem) = 0
For eachm = n we have
A, w2, 0= Al 2,00 — AlZ, 1 Fyped+ + Ay, 4.0

and
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Wnym) = Al yne) + d0nendneed = oot im0, ¥

By adding these, we get

(% %) + dn¥e) <7 %
This implies that,

im (A0x0) + dlymym) )= 0
Therefore{z:,} and {zr,1 are Cauchy sequence in X. since X is a complet&ienspace, there exist
% ¥ = X such thatlim,_, %, =% andlimy,_, . ¥, = .
Thus by taking limitasn =+ =2 in (3.1.3) we get,
¥=limp, % = WMp, o F_p¥not) = Flimy,o(%0 0, ¥n ) = Fl2 )
and
y=limy . o¥n = My, o F(¥a1. % 1) = Flimp (Va1 %0 4] = Fly%)

Therefore x= F(xy) and ¥ = F(v.x)

Thus F has a coupled fixed point in X.

Theorem 3.2
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Let (¥ =) be a partially ordered set and suppose theresexistetric d on X such thdi, d] is
a complete metric space. L&t: ¥ =¥ = ¥ be a continuous mapping having the mixed monoposaperty

on X. assume that there existsa < [ 0,17  with
A(F(z ), F{u, v)) < o max {d(u,F(z v)),d(z F(u, v))} (3.2.1)

For all x=vandy<w if there exist two elementsxz,,v, ¥ with ;=< Fx,v,] and

vg = Fl¥g. %), then there existx, v € X such thatx = F(x,¥) and v = F(y, x).
Proof

Let x5, € ¥ with

=p = F(XU_}'[J) and o = F(yo,}‘:u) (322)

Define the sequencéz,} and{w,} in X such that,
¥ni1= FlEnyn) aNdynyy = Flynz,) (3.2.3)
Forall n=0,1,2,... .......
We claim that{x,} is monotone non decreasing:d {v,} monotone non increasing.«,
Hy £Hyy, and vy, =wn,; foral n—0,1,3, 0000 (3.2.4)
From {2z.2.2)and (2.2.3) we have
®g S F(xo.¥0) . ¥o 2 Flyoxe) and =z = Flxgyo) . = Flyo.xo)

Thus ;= 3x;, yvy;=v, Iieequation(:.2.4) true for somen = 0.
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Now suppose that equatioi.2.4) and hold for some n.
Le , Bn=Xgyy and yy 2y
We shall prove that the equatids.2.4) istrue for n+1
Now x, =x,,, and ¥, =wv.., then by mixed monotone property of F, we have
¥naz = Fl¥ngaVaer) 2 Fl¥n¥ia) 2 Fln il = Zna
and
Vniz= Fmirinen) = Fn e = FGin¥n) = Yun

Thus by the mathematical induction principle ecuratiz.2.4] holds forall n in N.

SO Hp=ry e = e Sy S Mg S
and
VoZViZ V22 v o Z ¥ Vgt 2o

Sincex,_y=x, and y,_i=y, , from(2.21) we have,
A(F(xy, ), Flotn_ ¥ 1)) < @ ma d{zy, g, ¥n) ) d (50, Flg 10 41))]

Ay 41,5 ) = @ max{d(e, g, %y44) .0

This implies, d(xz, %,.,) < % A%, %) (3.15)
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Similarly sincey,_; = ¥, andx,_, <x, andfrom(3.1.1) we have

Ay Vns) € A7 Va1 (3.16)

By adding [3.1.5] and [3.16) we get,
Ay 2 4y) + dlypine) = ad(x,x, 4] +ad(ypyn.)

A% Fne) + Aynin) = o (dxa_1) + Al yno))

Let us denote h — ﬁ and dix,, 2,410 + 40y i) by d,  then

dy= ad,y

Similarly it can be proved thatd,, _; = hd,_,
Therefored, = h%d,_,
By repeating we getd,, =hd,_; =b%d,_, = ... = h"d,

This implies that,

litymdy = 0

Thus 1111_:12;0 Al ) = r]il—zn-:ln Alyp ) = 0
For eachm = n we have
Ay n ) = Al %40) — Al Ee2) + o+ dlsgg%2,)
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and
j-()"n!}"'m) = d(:’rnJYn+lj + d(.Yn+1J.Yn+2j T o + d(Ym—lJYm:

By adding these, we get

- o
d(x‘ruxmj + d\YﬂJYm.J i:ﬁ. Co

This implies that,

in (d,35) + d(yym))= 0
Therefore{x,} and{y,} are Cauchy sequence in X. since X is a complet&ienspace, there exist
%y £ ¥ suchthatlim, , .x, =% and lim,_, ¥, = v
Thus by taking limitasn - oo in (3.1.3) we get,
x=limp, %, = limp, o F(%_1.¥a-1) = Flimy, o(#n 1.¥n1) = F(x ¥)
and
Y= liMy,e¥n = liMy ,F(¥y 1% 1) =Flim, ,o(¥n 1% 1) =F(x.x8)

Therefore ®x= Fixy)and y = F(y,x)

Thus F has a coupled fixed point in X.
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