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Abstract

In this paper, we introduce the concept of e- chainable intuitionistic fuzzy metric space askin to the notion of e-
chainable fuzzy metric space and prove a common fixed point theorem for weakly compatible mappings in this
newly defined space.
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1. Introduction

Alaca et al.[1] using the idea of intuitionistic fuzzy sets, they defined the notion of intuitionistic fuzzy metric
space as Park[17] with the help of continuous t-norms and continuous t- co-norms as a generalization of fuzzy
metric space due to Kramosil and Michalek[11].Further, they introduced the notion of Cauchy sequences in
intuitionistic fuzzy metric spaces and proved the well known fixed point theorems of Banach[5] and Edelstein[7]
extended to intuitionistic fuzzy metric spaces with help of Grabiec[8].

Turkoglu et al.[31] introduced the concept of compatible maps and compatible maps of types («) and (B) in
intuitionistic fuzzy metric spaces and gave some relations between the concepts of compatible maps and
compatible maps of types («) and (B).

Gregory et al.[9], Saadati et al.[25], Singaloti et al.[24],Ciric et al.[6], Jesic [10], Kutukcu [13] and many others
studied the concept of intuitionistic fuzzy metric space and its applications. Sharma and Deshapande [27], [28]
proved common fixed point theorems for finite number of mapping without continuity and compatibility on
intuitionistic fuzzy metric spaces. In the study of fixed points of metric spaces Pant[18],[19],[21] has initiated
work using the concept of non compatible maps in metric spaces. The common fixed point theorem of
compatible maps we often require assumptions on the completeness of the space or the continuity of the
mappings involved besides some contractive conditions but the study of non compatible maps can be extended to
the class of non expansive or Lipschitz type mapping pairs even without assuming continuity of the mappings.
Aamri and Moutawakil [4] introduced the property (E.A) and thus generalized the concept of non compatible
maps.

Sharma, Kutukcu and Pathak [30] introduced the property(S-B) in intuitionistic fuzzy metric spaces and proved

fixed point theorems on intuitionistic fuzzy metric spaces.

99


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) l'~.i.!
Vol .4, No.7, 2014 NSIE

In 2006, cho, jungck introduced the notion of e- chainable intuitionistic fuzzy metric space and proved common
fixed point theorems for four weakly compatible mappings. In a similar mode, we introduced the concept of e-
chainable intuitionistic fuzzy metric space and proved common fixed point theorems for four weakly compatible
mappings of e- chainable intuitionistic fuzzy metric space.

2. Preliminaries

Definition 2.1[26]. A binary operation *: [0, 1] x [0, 1] — [0, 1] is a continuous t-norm if it satisfies the
following conditions:

(1) * is associative and commutative,

(2) * is continuous,

(3)a*1l=aforalla€][0,1],

4 a*b<c*dwhenevera<candb <dforalla,b,c,dEe ][0, 1],

Two typical examples of continuous t-normare a * b =ab and a * b = min (a, b).

Definition 2.2[26]. A binary operation ¢: [0, 1] x [0, 1] — [0, 1] is a continuous t-norm if it satisfies the
following conditions:

(1) < is associative and commutative,

(2) ¢ is continuous,

()avl=aforallae][0,1],

(4)adb<c<¢dwhenevera<candb<dforalla,b,c,de]l0,1],

Two typical examples of continuous t-normare a ¢ b =ab and a ¢ b = max (a, b).

Definition 2.3[1]. A 5-tuple (X, M, N, *, %) is said to be an intuitionistic fuzzy metric space if X is an arbitrary
set, * is a continuous t-norm, < is a continuous t-co norm and M,N are fuzzy sets on X2 x [0, o) satisfying the

following conditions:

i MQ,y,t) +N(x,y,t) <1forallx,y € Xandt > 0;

(i) M(x,y,0)=0forallx,y €X;

(iii) M(x,y,t)=1forallx,y€Xandt>0if and only if x = y;
(iv) M(x,y,t)=M(y,x,t) forallx,y € Xandt > 0;

V) M(Qx,y,t)*M(y,z,s) <M(x,z,t +s)forallx,y € Xands,t > 0;
(vi) forallx,y € X,M(x,y, .):[0,0) - [0,1] is left continuous;
(vii) lim@,o M(x,y,t)=1forallx,y € Xandt > 0;

(viii) N(x,y,0) =1forallx,y €X;

(iX) M(x,y,t)=1forallx,y€eXandt > 0if and only if x = y;

X) N(x,y,t) =Ny ,x,t) forallx,y € Xand t > 0;

(xi) N(x,y,t)$ N(y,z,s) =2 N(x,z,t +s)forallx,y € Xand s,t > 0;

(xii) forallx,y € X,N(x,y, .):[0,0) > [0,1] is right continuous;
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(xiii) lim; o, N(x,y,t) =0 forallx,y € Xandt > 0.

Then (M, N) is called an intuitionistic fuzzy metric space on X. The functions M(x, y, t) and N(Xx, y, t) denote the
degree of nearness and the degree of non-nearness between x and y w.r.t. t respectively.

Remark 2.1. The concept of triangular norms (t-norms) and triangular co norms (t-co norms) are known as the
axiomatic skeletons that we use for characterizing fuzzy intersections and unions, respectively. These concepts
were originally introduced by Menger [15] in his study of stastical metric spaces. Several examples

For these concepts by many authors [12], [34].

Remark 2.2.[2],[3]. Every fuzzy metric space (X, M, =) is an intuitionistic fuzzy metric space of the form

(X,M,1—M, %) such that t-norm * and t-co norm ¢ are associated as x ¢y =1—((1 —x)* (1 —
y))for allx,y € X.

Example 2.1.[14].Let (x ,d) be a metric space. Define a * b=min {a, b} and t-co norm a ¢ b = max (a, b) for

t d(x,y) . . T
TriG) Then (X, M, N, %, $) is an intuitionistic

allx,ye X, t >0, My(x,y,t) = Tt

and Ny(x,y,t) =

fuzzy metric space.

Definition 2.4.[20] Two maps A and S are called R-weakly commuting at a point x if d(ASx,SAx) <
Rd(Ax,Sx) for some R > 0. A and S are called point wise R-weakly commuting on X if given x in X, there
exists R > 0 such that (ASx, SAx) < Rd(Ax, Sx).

Definition 2.5.[33] Two maps A and S of a fuzzy metric space (X, M, =) are called R-weakly commuting at a
point x if M(ASx, SAx,t) < M(Ax,Sx,7) for some R, > 0.

Definition 2.6.[32] A pair of self mappings (f,g) intuitionistic fuzzy metric space is said to be R-weakly
compatible if there exists a positive real number R such that M(fgx, gfx,t) = M(fx, gx, %) ' N(fgx,gfx,t) <
N(fx, gx,5) for all x in X.

Definition 2.7.[23] Two maps A and S are called R-weakly commuting of type (Ag) if there exists a positive real
number R such that d(AAx, SAx,t) < Rd(Ax, Sx, %) forsome R,t > 0

Definition 2.8.[22] Two maps A and S of a fuzzy metric space (X, M, =) are called R-weakly commuting of
type (Ag) if there exists a positive real number R such that M (AAx, SAx,t) = M(Ax, Sx, %) for some R,t > 0, X
in X.

Lemma 2.1[1]. Let (X, M, N, %, $) be an intuitionistic fuzzy metric space and for all x,y € X,t > 0 and if for
anumber k € (0,1) suchthat M(x ,y ,kt) = M(y,x,t) and N(x,y,kt) < N(y,x,t)then x = y.

Definition 2.9. Let (X, M, N, %, ¢) be intuitionistic fuzzy metric space. A finite sequence

X = X,,Xq,Xg, X3 ... Xy =y IS called e- chain from x to y if there exists a positive number € > 0 such that
M(x;x;-1t) > 1—€and N(x;,x;_, t) < 1—€forallt>0&i=1,.. n. Anintuitionistic fuzzy metric space

(X, M, N, =, %) is called e- chainable if for any x,y € X, there exists a e- chain from x to .
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3. Main results

Theorem 3.1. Let A, B, S and T be self maps of a complete e- chainable intuitionistic fuzzy metric spaces (X,
M, N, , $) with continuous t-norm * and continuous t-co norm ¢ defined by t = t > t and
1-t) ¢ (1-t) < (1 -t)forallt €[0,1] satisfying the following condition:
(3.1) A(X) € T(X) and B(X) € S(X),
(3.2) Aand S are continuous,
(3.3) The pairs (A, S) and (B, T) are weakly compatible,
(3.4) There exist g € (0,1) such that
( M(Sx,Ty,t) * M(Ax,Sx,t) * M(By , Ty, t) \

M(Sx,Ty, t))
*

M(By,Sx,t) «* M(Ax , Ty, t) * | ——————
(By,Sx,t) » M(Ax , Ty )*(M(Ax’Ty‘t)

M(Ax,By,qt) =

)

And

( N(Sx,Ty,t) $ N(Ax,Sx,t) ¢ N(By , Ty, t)
N(Sx,Ty,t))

N(By,Sx,t) ¢ N(Ax,Ty,t) ¢ <N(Ax,Ty,t)

N(Ax,By,qt) <
(N (By,Ty, t))
N(Ax,Sx,t)

\ )

Vx,y € Xandt > 0.Then A, B, Sand T have a unique common fixed point in X.

Proof : Since A(X) € T(X), therefore for any x, € X, there exists a point x, € X such that Ax, = Tx; and
for the point x, , we can choose a point x, € X such that Bx; = Sx, as B(X) € S(X). Inductively, we can
find a sequence {y,} in x as follows y,,_; = Txy,_1 = AXpp_p and y,, = Sx,, = Bx,,_, forn=0,1,2..
By theorem of Alaca et al. [1], we can conclude that {y, } is Cauchy sequence in X. Since X is complete,
therefore sequence {y,,} in X converges to z for some z in X and also the sequences {Tx,,_1}, {Ax,,_,} and
{Sx3,}, {Bx,,_1} also converges to z. Since X is e- chainable, there exists e- chain from x,, to x,,,, that is

there exists a finite sequence x, = y;,¥; ...y, = Xp41 such that M(x;, x;_1 t) > 1—€ and N(x;,x;_4 t) <
1—€forallt>0and i=1,2....1. Thus we have

M(xp, Xp4q t) = M(yl,yzl t/l) * M(yz,y3 _ t/l) . % M(yl_l,yl‘ t/l)
> (1—€) * (1—€) *..x (1—€) = (1—€) and

N(tn %na1,8) < N(yuy2,t)) ¢ N(yays, 1) 4.0 N(v23, Y/,
<(1-6)$ (1-€e)¢.4(1-e) < (1-¢€)

form>n

M (X, X £) 2 M (%, Xns1, Y/m — n) * M(Xns1, %ns2, Y/m — n) % * M(Xmo1, X, Y/ m — n)

> (1—€) * (1—€) *..x (1—€) = (1—€) and

N(xn, xm,t) < N(xn,an, o — n) ¢ N(xn+1,xn+2‘ o — n) o N(xm_l,xm_ tm — n)

<(1-6)¢(1-€)$.$(1-e) < (1-€)

Therefore, {x, } is a Cauchy sequence in X and hence there exists x in X such that x,, = x. From (3.2),
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Axyy_, = Ax, Sx,, = Sx as limit n — co. By uniqueness of limits, we have Ax = z = Sx. since pair (A, S)
is weakly compatible, therefore, ASx = SAx and so Az = Sz. From (3.2), we have ASx,, — Sz. Also, form
Continuity of S, we have, SSx,, — Sz. from (3.4), we get

M(SSx5p , Txpp_1,t) * M(ASXyy, ,SSXppm, t) *
| M(Bx2n—1,TXon—1,t) * M(BXpp_1 ,SSX2p, t) *

)
M(SSx3n , TXon—1, t)) l}

> { M(AS yTxyn_ 4, t
M(ASxzy , Bxyn-1, qt) —{ (ASxpn , TX2p—q )*(M(ASXZn,TXZn D

L <M(Bx2n_1 yTxon_1, t)
M(ASxyy, , SSXom, t)

And

( N(SSx2, , TXopn_1,t) & N(ASx5, ,SSxpn, ) &
N(Bxzn-1,TXn-1,t) ¢ N(Bxzp_1,S5%x5p, t) &
N(SS8x59, , TX3p_1,t)
N(ASxzp , TX2n-1, t))
| (N(BXZn—1 yTxon-q, t)) |
{ N(45%,,,55%,,0) )

N(ASXxyy ,Bxyp_1,qt) < { N(ASx,p, , TXxpn_1,t) & <

Proceeding limitas n —» oo, we have
(M(SZ z,t) * M(Sz,Sz,t) * \
i M(z,z,t)*M(z,Sz,t) * i
M(Sz,z,t)
M(SZ.Z;qt) Z{M(SZ’Z'I:)*<M(SZ,Z,I:)> }
( M(z,zt) ) |
M(Sz,5z,t)
And
(N(Sz,z,t)ON(Sz,Sz,t)O\
| N(z,z,t)$ N(z,Sz,t) ¢ l

N(Sz,zt)
N(Sz,zt) ¢ <m>

L Gersn) )

Sz = z,and hence Az = Sz = z. Since A(X) S T(X), there exists v in X such that Tv = Az = z.

N(Sz,z,qt) <

From lemma (2.1), we get

From (3.4), we have
{M(SxZn ,Tv, t) * M(Axyy, , Sxop, t) * ]
M(Bv,Tv,t) * M(Bv,Sx3p,, t) *

M o, 1) M(Sx3,,Tv, t) £
| ———————— ~ | %
Xan AV E\ Ml T, £)

| G

M(Ax,, ,Bv,qt) =

And
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N(Axy, ,Bv,qt) <{N(Axy,,Tv,t) ¢ <

Letting as n — oo, we have

( |
M(z,Bv,qt) = {lM(Z,Tv,t) <M(Z v t)) l}

M(z,Bv,qt) ={M(Bv,z,t}

And

(
I
N(z,Bv,qt) S{N(Z,TVJ)O(

N(z,Bv,qt) <{N(Bv,zt}

(N(Sx2n ,Tv,t) & N(Axyy, , Sxop, t) & )
N(Bv,Tv,t) $ N(Bv,Sx,,, t) &

I
\

N(Sxy,,Tv,t)

< N(Bv,Tv,t) )
N(Axyy ,SXon, t)

M(z,Tv,t) * M(z,z,t) *
M(Bv,Tv,t) * M(Bv, z,t) *

M(z,Tv,t)
M(Bv,Tv,t)
( M(z,z,t) )

M(z,z,t)*M(z,zt) *
|M(Bv,z,t)*M(Bv ,Z,t) *

)

|

={|M(z,z't> <Zgig> |}
I )

M(Bv,zt)
<M(z z,t) )

N(z,Tv,t) $ N(z,z,t) ¢ \
N(Bv,Tv,t) & N(Bv,z,t) ¢ i

N(z,Tv,t)
N(z,Tv, t)) }
N(Bv,Tv,t) |
( N(z,z1) )

N(z,z,t) ¢ N(z,z,t) ¢
NwmzoéNwsz¢L

N(z,zt)
NG,z t)¢ (ﬁ)

t N(Bv,z,t)
( N(z,zt) )

N(Axy, ,Tv,t)

)

I
)

By Lemma (2.1) , we have Bv = z and therefore, we have Tv = Bv = z. Since (B ,T) is weakly compatible,

Therefore TBv = BTv and hence Tz = Bz. From (3.4)

(Axyy ,Bz,qt) =

And

(

M(Bz,Sxyp,t) * M(Ax,, , Tz, t) * <

< M(Bz,Tz,t) )
M(Axyy ,Sxop, 1)
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N(Sxzn, T2 t) & N(AXyp , Sxan,t) & N(Bz , Tz, t) ]

N(Sxyn ,Tz,t)
N(Bz,S%yp,t) ¢ N(Axyy , Tz, ) & & }
I
)

N(Axy, , Tz, )

f

N(Ax,, ,Bz, qt) S{I
N(Bz,Tz,t

t (vere50)

Letting as n — oo , we have

M(z,Tz,t) *M(z,z,t) * M(Bz,Tz,t)
M(z,Tz,t)
M(Z,TZ,t))*
M(Bz,Tz,t)

( M(z,zt) )

(
|
M(z,Bz,qt) > {M(Bz'z't)*M(Z.Tz,t)*<

M(z,Bz,t) *M(z,zt) * M(Bz,Bz,t)

M(z,Bz,t)
M(z,Bz, t))
(M(Bz ,Bz, t))

(

_ {IM(Bz,z,t)*M(z,Bz,t)*(
[
k M(z,zt)

i.e M(z,Bz,qt) ={M(z,Bzt}and

N(z,Tz,t)$ N(z,zt)$ N(Bz,Tz,t)
N(z,Tzt)
N(Bz,z,t)<>N(z,TZ,t)<><N(Z T2 t))<>
N(Bz,Tz,t)
( N(z,zt) )

f 1
N(z,Bz,qt)S{ }
l )

N(Bz,z,t) $ N(z,Bz,t N(ZB”)

N(Bz, Bz, t)
L (Nezo)

N(z,Bz,t)$ N(z,z,t) $ N(Bz,Bz,t) }
N(z,zt) J
i.e N(z,Bz,qt) <{N(z,Bzt}

Which implies that Bz = z.
Therefore, Az = Sz = Bz = z. Hence A, B ,S and T have common fixed point z in X.

Uniqueness: Let w be another common fixed point of A, B ,Sand T. Then from (3.4),

M(Sz,Tw,t) * M(Az,Sz,t) * M(Bw ,Tw, t)

M(Sz,Tw,t)
M(Bw,Sz,t) * M(Az ,Tw, t) *
M(z,w,qt) = M(Az,Bw,qt) =

\
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M(z,w,t)*M(z,zt) * M(w,w,t)

( )
[ M(z,w,0)\ |
Z{M(z,z,t)*M(z,w,t) (M(z wt)) }

M(w,w,t)
<M(z,z,t)) J
i.e M(z,w,qt) ={M(z,w,t}and

N(Sz,Tw,t) ¢ N(Az,Sz,t) & N(Bw,Tw,t)
N(Sz,Tw, t))

N(Bw,Sz,t) ¢ N(Az,Tw, t) ¢ (W

N(z,w,qt) = N(Az,Bw,qt) <

\

( N(z,w,t) $N(z,z,1t) ¢ N(w,w,t)
! N(z,w,t)
={N(z.z,t)<>N(z,w,t)<>< ><>
I
\

Nw,w,t) Mo
(Feo)

)
l}
I

i.e N(z,w,qt) <{N(z,w,t}

Therefore, Az = Sz = Bz = z. Hence A, B ,S and T have common fixed point z in X.

Uniqueness: Let w be another common fixed point of A, B ,S and T. Then from (3.4),

By lemma (1.1), z = w. Hence A, B, S and T have unique common fixed point z in X.
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