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Abstract

In this paper we proves a generalised results of J.R. Morales , E.M.Rojas , B.K.Dasand, S.Gupta .Also the
results given by B.Samet and H.Yazid using altering distance functions and property P for the contraction
mappings.
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Introduction and Preliminaries

The fixed point theorems in metric spaces are playing a major role to solve many problems in a mathematical
analysis. So the attraction of metric spaces to a large numbers of mathematicians is understandable. Some
generalizations of the notion of a metric space have been proposed by some authors.

Altering distance function for self-mapping on a metric space established by M.S. Khan in 1984 and it can
be expanded by M. Swalesh, S. Sessa that they introduced a control function which they called as altering
distance function in the research of fixed point theory. The author Mier- Keeler type (g, 6)- contractive condition
to study of fixed point by using a control function with extended contractive conditions.

Definition 1 A function y: R, —» R, = [0,+0) is called an altering distance function if the following
properties are satisfied.

()Y =0 t=0.

() W is monotonically non decreasing.

(¢3) W is continuous.

By yr wedenotes the set of all altering distance function.

Using those control functions the author extend the Banach contraction principle by taking ¢ = Id, (the identity
mapping), in the inequality contraction (1.1) of the following theorem.

Theoreml.1 Let (M, d)be a complete metric space,lety € Wandlet Q: M - M
be a mapping which satisfies the following inequality

¥[d(Qe Qy)] < ad[d(x y)] [1.1]

forall x,y € M and for some 0 < a < 1.Then, shas a unique fixed point v, € M

and moreover for each x € M, lim Q"x = v,,.

n—oo

Fixed point theorems involving the notion of altering distance functions has been widely studied, On the other
hand, in 1975, B.K. Das and S. Gupta [3] proves the following result.

Theoreml.2Let (M, d)be a metric space and let Q: M — M be a given mapping
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such that,

(1) d(Qx, Qy) < ad(x,y) + Bm(x,y) [1.2]

forallx,y € M,a > 0,3 > 0,a + < 1 where

d?(x,Qx)+d(x,Qy) d(y,QX)+dZ(y.Qy)] [1.3]
1+d(x,Qx)d(y,Qy) '

m@w=[
forallx,y € M.
(ii) for some x, € M, the sequence of iterates (Q"x,)has a subsequence (Q“kxo)

Withlimy_,. Q™*x, = v, . Then v, is the unique fixed point of Q.

Definition1.2. Let (M, d) be a metric space for a self-mapping Q with a nonempty fixed point set E(Q). Then Q
is said to satisfy the property P If E(Q) = E(Q") for each ne N.

Lemma 1.3.Let (M, d) be a metric space. Let {y,} be a sequence in M such that

limp, 0 d(Yn, Yns1) =0 [1.4]

If {y,} is not a Cauchy sequence in M, then there exist an €, > 0 and sequence of integers positive (m(k)) and
(n(k)) with

(m(k))> (n(k)) >k, such that,
d (Y(m(k))'Y(n(k))) =g, d (Y(m(k))—1'Y(n(k))) < &, and

L im d (Y(mao)-oYatoye) = €o
i Jim d (Ymg0) Y(a)) = €o
i, 1im d(Y(ngo)-1 Y(aa)) = €0

k-

Remark 1.4.From Lemma 1.3 is easy to get

lim d (Y(m(k))+1’ Y(n(k))+1) =g

k—oo

In this paper we will study the property introduced by G.S. Jeong and B.E. Rhoades in [5] which they called the
property P in metric spaces

Main Result

Theorem 2.1 Let a complete metric space (M, d) , we have ¥ € ¥.Let Q : M - M be a mapping which
satisfies the condition:

d%(x,0x)+d(x,Qy) d(y,0x)+d*(¥,Qy)
YlAQx, Q)] < apld(x,y)] + p o [FEEIEEL YA e [21]

for all x,y e M,a >0,8>0,a+ 28 <1and m(x,y) is given by [1.2]. Then Q has a unique fixed point
Vo€ M, and foreachx € M lim,_,, Q™ x =V,

Proof:Let x € M be an arbitrary point and let {x,,} be a sequence defined as:
Xns1 = QX = Qn+1x
For all n >1, Now

Yld(xp, Xp41)] = YA (Qxp—1, Q)] [2.2]
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dz(xn—li an—l) + d(xn—b an) d(xn: an—l) + dz(xn: an)]

= lp[d(xn—l' xn)] * ﬁ lp [ 1 + d(xn—li an—l)d(xn: an)

dz(xn—li an—l) ]

¢[d(xnlxn+1)] S aw[d(xn—lﬂxn)] +B¢|:1 + d(x 1 Qx _1)d(x Qx )

+d(xn-1,Qxn) d(Xn,Qxn—1) dz(xnern)
+hwl g |
B 1+d(xn-1,QxXn-1)d (xn,Qxn) B 1+d(xn-1,QxXn-1)d(xn,Qxn)

dz(xn—lﬂxn) ]
1+ d(xn—ll xn)d(xn' xn+1)

<ayldxy_1,x)] + B ¢[

+ ﬂ ll) [+d(xn—1rxn+1) d(xp,xn) ++ﬁ l,b [ dz(xnvxn+1) ]

1+d(Xn—1,%n)d (¥ X 1) L+d(ep—1,%n)d (. Xn+1)
< apld(xp—q, X)) + B PLd (-1, %) + d (X, X))
P, xn11)] < (@ + B)pld(xXn-1, xn)] + B Yd (xn, Xp41)
Pld(xn, Xn11)] < (@ + Bld(x,-1, X))

lp[d(xn' xn+1)] < Ei! i_ gi lp[d(xn—lt xn)]
2
< [E?igi] ll}[d(xn—z»xn—l)] S
ILICHEN) B e BETENPS) [23]

sinceﬁ € (0,1) from (3), we obtain

1511?0 PYld(xn, xp41)] =0
From the result given that iy € ¥, we have
limy e d(Xp, Xpeq) =0 [2.4]
Now, we will show that (x,) is Cauchy sequence in M. Suppose that (x,) is not a Cauchy sequence, which
means that there is a constant €> 0 such that for each positive integer k, there exist a positive integer m(k)and
n(k) with m(k)>n(k)>k such that
d(Xmo), Xn) = €0 »  d(Xma-1%n00) < €o
From lemma 1.3 and remark 1.4 we have,
im0 d(Xm@o) Xna)) = €o [2.5]
ANd limy e d(Xm+1,%n00+1) = €o [2.6]
For x =xpqoandy = y,q,) from [1] we have

d(xm(k)+1,xn(k)+1) = lp[d(me(k):xn(k))]

d* (X Xnao)) + d(Xmauy Xni+1) d(Xnciy %) + 4% (Xngoy Xmao+1)
1+ d(Xmiy Xn) 4 CXnky Xni+1)

< a Y[d(xmepy, Xny)| + B Y

Using [4], [5] and [6] we have
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() = lim fyld(xngo xngosa)] < B Jim $]d(xngo-1m00)
<p ,f‘l?o YA (Emaey Xnaio) ]

<ay(e)

Since a € (0,1),we get a contradiction. Thus {x,,} is a Cauchy sequence in the complete metric space M,
Thus there exist v, € Msuch that

lim x, = v,

Setting x = x,, and y = v, in [1], we have
¥[d(xns1, Quo)] = Y[d(Qxn, Tvo)]

dz(xnf an) + d(xn: QUO) d(UOJ an) + dz(UOJ QUO)
1+ d(xnx an) + d(UOI QUO)

< a PldCn, vl + B Y

Therefore lim Y[d(xn11, QUo)] < B Y d(vy, Qvy)

i.e. Y d(vo, Qo) < B d(vy, Qvy)
since B € (0,1), then ¢ d(v,, Quy) = 0,which implies that d(v,y, Quy) =0
thus vy = Qu,.

Now we are going to establish the uniqueness of the fixed point, Lety,, v, be two fixed point of Q such that
Yo # Vg, putting x =y, and y = v, in [1], we get

Y d(Qvy, Qyo) < ap[d(vy,¥,)]

d?(vy, Qo) + d(vy, Q¥o) d (o, Quo) + d*(¥o, Qo)
1+ d(vy, Quo) + d(¥o, Qo)

By

ie. P d(Qvy,Qyo) < ald(vy,yo)]
whichimplies that y¥[d (vy, y5)] = 0,s0 d(vg,y,) = 0
ThUSUO = yo.

Corollary 2.2 Let (M, d) be a complete metric space and let Q : M — M be a mapping. We assume that for each
x,y €M,

d2(v0,Qv)+d®0,QY0) d(¥0,Qve)+d? (¥0.Q¥0)

gwmﬂwwmuSaﬁ“”wmmu+ﬁg[ SR | (udu 27

Where O< a + 8 < land ¢ : R, — R, is a Lebesgue integrable mapping which is summable on each compact
subset of [0, +o) ,non negative and such that

€
fll)(u)du >0, foralle>O0.
0

Then Q has a unique fixed point v, € M such that for each x € M, limQ™x = v,
n—oo
Proof: Let ¢ : R, » R, be a mapping as we define y,(u) = foulp(u)du,u € R,. Itis clear that ,(0) =

0.1,is monotonically non decreasing and by hypothesis ¥,is absolutely continuous. Hence y,is continuous.
Therefore, 1, € ¥, so by (2.1)becomes
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dz(vo' Qo) + d(vy, Qyo) d(¥o, Qy) + dz()’o: Qyo)
1+ d(vy, Quy) + d(¥o, Qo)

wo(d(va QY)) < m/’o(d(xv)’)) + ﬁ 11’0

Hence from theorem 2.1 there exists a unique fixed point vy, € M such that for each

x €M, limQ"x = v,.

n—-oo

Remarks 2.3.

i. If we take 8 = 0, then (2.1) reduces to (1.2), thus the Theorem 1.1 is a corollary of theorem 2.1.
ii. If we take ¥ = Ip in (2.1), then we obtain (1.2). Therefore the Theorem 2.lis a generalisation of
Theorem 1.2.

3 The property P.

In this section we are going to prove that the mappings satisfying the contractive conditions [1.1], [1.2], [2.1]
and [2.7] fulfil the property P.

Theorem 3.1 Let (M, d) be a completemetric space, we have i € W.Let Q : M - M be a mapping which
satisfies the condition:

Y[d(Qx,0y)] < ayld(x,y)]
forall x,y € M,and for some 0 < a < 1.Then E, # ¢ and Q has a property P.

Proof:From Theorem [1.1], Q has a fixed point therefore Eyn # ¢ for everyn € N,
Fix n > 1land we assume thatv € E,» we have to prove that v € E,, Assume that

v # Qu, from [1.1]

Yld(w, Qv)] = P[d(Q"v, Q"'v)] < ay[d(Q" v, Q" V)] <...... < a™Pld(v, Qv)].

Since a € (0,1), lim, o WY[d (v, Quv)] = 0. From the fact that, ¢ € ¥ we get v = Qv which is a contradiction.
Therefore v € Ej i.e. Q has a property P.

Theorem 3.2 Let (M, d) be a complete metric space, and Let Q : M - M be a mapping which satisfies the
contractive condition:

Y[d(Qx, Qy)] < a [d(x,y)] + B m(x,y)

forallx,y e M,a >0,8>0,a+ f < 1where

Cty) = d?(x,Qx) + d(x,Qy) d(y,Qx) + d*(y,Qy)
e yI= 1+ d(x, Q0d(y,Qy)

Then E, # ¢and Q has a property.
Proof:From Theorem [1.2], E, # ¢,therefore Eyn # ¢ foreveryn € N,
Fix n > 1land we assume that v € E,» we have to prove that v € E,, Assume that
v # Qv
d(v,Qv) = d(Q"v,Q""'v)
< ad(Q™ v, Q™v)
d?(Q"'v,Q"v) +d(Q" v, Q" 'v)d(Q"v, Q"v) + d*(Q"v, Q™" 'v)
1+d(Q"'v,Q"v) +d(Q™v, Q" 'v)
= ad(Q" v, Q™v) + bd(Q™v, Q" 1v)
n

Therefore d(v, Qv) = d(Q"v,Q™'v) <<= d(Q"'v,Q"v) <....< (=) d(v,Qv)
Which is a contradiction. Consequently v € E,, and Q has the property P.

+b

Theorem 3.3Let (M, d) be a complete metric space, let ¢ € ¥ and Let Q : M - M be a mapping which satisfies
the contractive condition:
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d?(x,Qx) + d(x,Qy) d(y,Qx) + d*(y, Qy)
1+ d(x,Qx)d(y,Qy)

Pld(@x,Qy)] < apld(x, )] + By

Then E, # ¢and Q has a property P.
Proof:From Theorem [1.1], Q has a fixed point therefore Eyn # ¢ for everyn € N,
Fix n > land we assume that v € E,» we have to prove that v € E,, Assume that
v # Qu, from [2.1]
Yld(v,Qv)] = ¥ [d(Q™v, Q" 'v)]
< ay[d(Q" v, Q"v)]
dZ(Qn—lv’ an) + d(Q”‘lv, Qn+1l7)d(QnV, an) + d2 (an’ Qn+1V)
tby [ 1+ d(Q™~1v,Q"v) + d(Q"v, Q"*1v) ]
= aPpd(Q""v, Q") + b Yd(Qv, Q"*1v)

Hence § d(v,Qv) = §d(Q"v,Q"™*'v) < - d(Q"v, Q") <....< (E)n wd(v, Qv)
P, Q) < (175) wdv.Q)

Which is a contradiction, thereforey d(v, Qv) = 0, since y € ¥
We conclude that d(v, Qv) = 0,thus v € Eq and Q has the property P.
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