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Abstract

As a fundamental requirement, a natural number system must necessarily satisfy Peano axioms. These axioms
altogether justify whether or not a number system is a natural number system. In this paper, a set of axioms have

been proposed and established to augment and extend the existing Peano axioms for the natural number system.
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Introduction

Natural numbers are the heart of mathematics and related sciences. Besides from their obvious practical use as a
measure for counting, natural numbers are of great theoretical importance. They the form the basis for higher-
level number constructs, such as rational numbers, Jaeger (2011). Natural numbers also play important role in
theoretical computer science Turing [(1936), (1937)]. In particular, the concept of computable enumerable sets,

such as languages accepted by Turing machines, is intimately connected to natural numbers.

In mathematics there are two conventions for the set of natural numbers. Natural numbers may either be

described as the set of positive integers {1, 2,3, } according to the traditional definition; or the set of non-
negative integers {0,1, 2,3, } according to a definition first appearing in the nineteenth century (Wikipedia,

2013). Mathematicians use N or N to refer to the set of all natural numbers. This set is countable-infinite. This
is also expressed by saying that the cardinality of the set is aleph null, “&” To be unambiguous about whether
zero is included or not, sometimes an under “0 ” is added in the former case and a superscript * * ” or subscript “
17 is added in the latter case. That is, Ny ={0,1,2,3,---} or N* =N, ={1,2,3,---} (Wikipedia, 2013; Aitken,
2009).

Peano axioms state necessary and sufficient conditions that any definition of a natural number system must
satisfy (Joyce, 2005; Aitken, 2009). However, granted that these axioms may be necessary and sufficient are
there more properties or axioms for the natural number system not explored? If there are, are they sufficient and
necessary? These questions have given a prompting which establishes the basis for this paper. It is in this regard

that we have proposed two axioms somewhat sufficient and necessary as the Peano axioms.

This paper considers the set N* in relation to the partitions X and Y of Even and Odd numbers respectively

with a view to analysing the correlation between these two partitions. In more general terms, we have defined the

set of elementary events for N* with respect to these partitions as the random variable Z such that
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{2i-1}, VieN’

This implies that Z could be modelled to have a binomial distribution with probability distribution function

given as;
b(z;m, p){r:} p*q™

Where M represents a countable infinite number of trials

Historically the mathematical definition of the natural numbers developed with some difficulty (CC-BY-SA,
2013). Peano axioms, also known as Peano’s postulates (in Number Theory), comprises five axioms introduced
in 1889 by Italian mathematician “Giuseppe Peano” (CC-BY-SA, 2013; William, 2013). Like the axioms for
Geometry devised by Greek mathematician “Euclid” (c. 300 BCE), the Peano axioms were meant to provide a

rigorous foundation for the natural numbers (0,1,2,3, .. ) used in arithmetic, number theory and set theory. In

particular, the Peano axioms enable an infinite set to be generated by a finite set of symbols and rules. Certain
constructs show that if there is a given set theory, then models of Peano’s postulates must exist (Wikipedia,
2013; Aitken, 2009).

Peano axioms give a formal theory of natural numbers (Alozano, 2012; Carl, 1998; Groisser, 2001). The axioms

are:

i. There is a natural number “0 ”

ii. Every natural number “a” has a natural number successor, denoted by - S(a). Intuitively, S(a) is
a+l

iii. There is no natural number whose successor is zero.

iv. S is injective. That is, distinct natural numbers have distinct successors

v. If a property is possessed by “0 ” and also by the successor of every natural number which possesses it,
then it is possessed by all natural numbers. This postulate ensures that the proof technique of
mathematical induction is valid

Furthermore, it should be noted that the “0 > in the above definition need not correspond to what we normally
consider to be the number zero. “0” simply means some object that when combined with an appropriate

succession function satisfies the Peano axioms (Wikipedia, 2013).
Methodology

For our first axiom, the Natural number system is first partitioned into two sets of numbers. These sets are: the

Even and the Odd number sets. Next, Pearson’s correlation coefficient is used to verify the degree of correlation
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between these two partitions as well as draw-up other useful features. In our second axiom, we have established

the nature of the regression lines of each partition on one another and the implication thereof.
Axiom 1: The correlation of the Even and Odd partitions of N* (of equal cardinality) gives unity.

Proof 2: Let X and Y be the Even and Odd partitions of N* respectively, with equal cardinalities -

*

n:NT.Then X :{Zi} andY:{Zi—l} VieN’

Let r be the Pearson’s correlation coefficient. Then
n n n
N XY, =D X DY,
i=1 i=1 i=1
n n 2 n n 2
anf—(inj nZYiz—[ZYiJ
i=1 i=1 i=1 i=1

Such that r =+/aa’

Where

r=

n n n

Y. XY, =D X DY,

i=1 i=1 i=1

_ Sxi-(5x)

i=1

n n n

Y XY, =Y X DY,

i=1 i=1 i=1

S8

!

Now we substitute for X = {Zi} and Y = {2i —1} in a

n

n : (2i)2i —1)- an:(Zi)Zl:(Zi -1)

T e (fe)
) niznl:(m? ~2i)- 2inl i inl (2i-1)

n n 2
ny 4i’ —[2__1i

i=1
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Next, we substitute for X = {2i} and Y = {2i —1} in &’

n n
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Next, we evaluate the Pearson’s correlation coefficient - I . This gives

The proof above implies that there is perfect correlation between - X & - Y . It also establishes the following
corollary.

Corollary 1: Let X and Y be the Even and Odd partitions of N* respectively, with equal cardinalities -

*

N =——.Then,
2

. Cov(X,Y)=Var(X)=Var(Y)

ii. Cov(X,Y)=Var (X )var (Y)

Axiom 2: Let X and Y be the Even and Odd partitions of N~ with equal cardinalities. The linear regression

linesof X onY and Y on X are equal, and are respectively X =Y +1 and Y = X +1

Proof 2: From Axiom1 a=1 and - @' =1. We recall that the regression lines of a set of observations X on

another set of observations Y and vice-versa are respectively givenas X =aY +b and Y =a’X +b’

Also, b= X —aY
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It is evident from this second axiom that

i. The explanatory power of the model is very high. That is, 100%.

ii. The error term is zero. Hence, there is perfect stability.
Conclusion

The concept of correlation has been used in the analysis of two partitions of the natural number system.
Significant results have been established, and summarised as axioms. These established axioms extend the

existing axioms necessarily satisfied by a number system which is a natural number system. This implies that if

N" is natural number system as defined above, then, in addition to the Peano axioms above,

i. The correlation of the Even and Odd partitions of N* (of equal cardinality) must give unity.
ii. The linear regression lines of the Even partition ( X ) on the Odd partition (Y ) and vice-versa are

respectively X =Y +1& Y =X +1

It is expected that further research may unravel deeper theoretical and applied results.

References

Aitken,  (2009), Chapter 1: The Peano Axioms. MATH 378, CSUSM. SPRING.
(http://publics.csusm.edu/aitken html/m378/ch1PeanoAxioms.pdf)

Alozano, (2012), Peano Arithmetic. (http://planetmath.org/peanoarithmetic).

Carl, L. (1998), Peano’s Axioms. (http://ms.uky.edu/~lee/ma502/notes2/node7.html)

49


http://www.iiste.org/
http://publics.csusm.edu/aitken_html/m378/ch1PeanoAxioms.pdf
http://planetmath.org/peanoarithmetic
http://ms.uky.edu/~lee/ma502/notes2/node7.html

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) lL.i.!
Vol .4, No.7, 2014 NSIE

CCSA,(2013),PeanoAxioms. (http://www.priceton.edu/~achaney/tmvc/wikil00k/docs/ Peano_axioms.html)

Groisser, D. (2001), Peano Axioms for the Natural Numbers.

(http://www.math.ufl.edu/~groisser/classes/4211 f01/misc_handouts/peano axioms.pdf)

Jaeger, S. (2011), Computational Complexity on Signed Numbers.

(http://www.jaeger.info)

Joyce, D. (2005), The Dedekind/Peano Axioms. Clark University.

(http://www.alephi.clarku.edu./~djoyce/numbers/peano.pdf)

Turing, A. (1936), On Computable numbers, with an Application to the Entscheidungsproblem. Proc. Of the
London Mathematical Society. 42(2), 230-265.

Turing, A. (1937), On Computable Numbers, with an Application to the Entscheidungs problem: A
Correction. Proc. Of the London Mathematical Society. 43(2), 544-546.

Wikipedia, (2013), Natural Numbers. (http://en.wikipedia.org/wiki/Natural-numbers)

William,L.H.(2013),PeanoAxioms.EncyclopaediaBritannica.
(http://www.britannica.com/EBchecked/topic/447921/peano.axioms)

50


http://www.iiste.org/
http://www.priceton.edu/~achaney/tmvc/wiki100k/docs/%20%20Peano_axioms.html
http://www.math.ufl.edu/~groisser/classes/4211_f01/misc_handouts/peano_axioms.pdf
http://www.alephi.clarku.edu./~djoyce/numbers/peano.pdf
http://en.wikipedia.org/wiki/Natural-numbers
http://www.britannica.com/EBchecked/topic/447921/peano.axioms

The I1ISTE is a pioneer in the Open-Access hosting service and academic event
management. The aim of the firm is Accelerating Global Knowledge Sharing.

More information about the firm can be found on the homepage:
http://www.iiste.org

CALL FOR JOURNAL PAPERS

There are more than 30 peer-reviewed academic journals hosted under the hosting
platform.

Prospective authors of journals can find the submission instruction on the
following page: http://www.iiste.org/journals/ All the journals articles are available
online to the readers all over the world without financial, legal, or technical barriers
other than those inseparable from gaining access to the internet itself. Paper version
of the journals is also available upon request of readers and authors.

MORE RESOURCES

Book publication information: http://www.iiste.org/book/

IISTE Knowledge Sharing Partners

EBSCO, Index Copernicus, Ulrich's Periodicals Directory, JournalTOCS, PKP Open
Archives Harvester, Bielefeld Academic Search Engine, Elektronische
Zeitschriftenbibliothek EZB, Open J-Gate, OCLC WorldCat, Universe Digtial
Library , NewJour, Google Scholar

e INDEX ({@‘ COPERNICUS

ros I NTERNATIONAL
INFORMATION SERVICES

@ vimsice soumaocs @

£z 8 Elektronische
@O0@ Zeitschriftenbibliothek

open

-

|

o » (..L()R( H()\\\L\I\H{SII\
— UniverseDigitalLibrary —



http://www.iiste.org/
http://www.iiste.org/journals/
http://www.iiste.org/book/

