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Abstract

In this paper, we obtain a unique common fixed ptheorem for two self maps satisfying psi - varphi
contractive condition in partial metric spaces bing rational expressions.
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1. Introduction

The notion of partial metric space was introduce®hG.Matthews [3] as a part of the study of detaral
semantics of data flow networks. In fact, it is elidrecognized that partial metric spaces playnapoirtant
role in constructing models in the theory of congpioin ([2, 5, 7 -12], etc).

S.G.Matthews [3], Sandra Oltra and Oscar Valeraj@] Salvador Romaguera [6]and I.Altun, Ferhan Sola,
HakanSimsek [1] prove fixed point theorems in @adutietric spaces for a single map.

In this paper, we obtain a unique common fixed pdireorem for two self mappings satisfying a
generalizedy -¢ contractive condition in partial metric spacesusing rational expression.

First we recall some definitions and lemmas ofipbmetric spaces.

2. Basic Facts and Definitions
Definition 2.1. [3].A partial metric on a nonempty set X is a functiprX x X — R" such that for all x, y, z
O X:
(P) x=y < p(X x)=pX y)=py. )
(P2) P(X, X)<p(X, Y), P(Y: V)< P(X, Y),
(Ps) P(X, y) = p(y: ),
(P)) P(X, y)<p(x, 2) +p(z,Y) - p(z, 2).
(X, p) is called a partial metric space.
It is clear that |p(x, y) - p(y, 2p(x, z) forallx,y, z[] X.
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Also clear that p(x, y) = 0 implies x = y fromjand (p).
But if x =y, p(x, y) may not be zero. A basic exaenof a partial metric space is the paif,(B), where
p(x, y) = max{x, y} for all x, y O R".
Each partial metric p on X generatggopologyt, on X which has a base the family of open p - balls
{Bo(x,e) /x LJ X, e>0}forallx L Xande >0, where B(x,e)={y U X/p(x,y)<p(x, X) +}
forall x [ X ande > 0.
If p is a partial metric on X, then the functioh: X x X — R* given by

P(x, y) = 2p(x, y) = p(X, X) = P(Y, ¥) 21
is a metric on X.
Definition 2.2. [3]. Let (X, p) be a partial metric space.

(i) A sequence {#} in (X, p) is said to converge to a pointk X if and only if p(x, X) = r'}”g pP(X, %).

(i) A sequence {}¢ in (X, p) is said to be Cauchy sequencerm]mwp(xm, Xn) exists and is finite .

(i) (X, p) is said to be complete if every Cauctgguence {3 in X converges, w.r.ta,, to a point
x J Xsuchthat p(x, x) :mILmoop(xm, Xn).

Lemma 2.3.[3].Let (X, p) be a partial metric space.
(a) {xn} is a Cauchy sequence in (X, p) if and only iisita Cauchy sequence in the metric space JX, p
(b) (X, p) is complete if and only if the metricage (X, f) is complete. Furthermore,

M 5, 30 = 0 if and only if pex, ) AIM - px, x) = 1M~ pe, x,).

mpn oo

3. Main Result
Theorem 3.1.Let (X, p) be a partial metric space and let TXf— X be mappings such that

M v Ty MEY) -oMxy), O xy L X

1+ p(fx, TX)

where M (x, y) = ma{p(fy'”) 1+ p(fx, fy)

, p(fx,fy)} and y: [0, o) — [0, o) is continuous,
non-decreasing witly (t) = 0 if and only if t = 0 an@:[0, ©) — [0, «) is lower semi continuous with
oty =0ifand only if t = 0,
(i) TX) U f(X) and f(X) is a complete subspace of X and
(i) the pair (f, T) is weakly compatible.
Then T, f have a unique common fixed point of thierfa in X.
Proof: Let xo[ X. From (i), there exist sequencespand {y,} in X such that
Yn=MXw1=Tx, N =0, 1, 2,3,
Case(a): Supposg ¥ Y,+1 for some n.
Then fz = Sz , where z 3.%. Denote fz =Tz =.
v(p(To, a)) =y (p(Ta, TZ))
<y(M(a, 2)) —p(M(a, 2)).
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1+p(fa,Ta)

M(a, z) = max{p(fz,Tz) 1+ p(fa.2)

, p(fa,fz)}

= max{p(a,a) 1+p(Ta,Ta) p(Ta,a)}

1+p(Ta,a) '

= p(Ta, o), from (p).
Therefore
v(p(Ta, ) <y(p(Ta, o)) = o(p(Ta, o))

<y(p(Ta, a)).

It is a contradiction.
Hence & =To=o.
Hence «is a common fixed point of f and T.
Let p be another common fixed point of f and T sudt éh# .

v(p(@ B)) = y(p(To, TR))

1+p(a,a) 1+p(a.a)
< (max{p(ﬁ B———= T p@ B (ﬂ,ﬁ)}] ¢(max{p(ﬁ B———= @)’ (ﬂ,ﬁ)}]
= y(p(o, B)) —o(p(o, B)), from (p)
<y(p(o, B)).

It is a contradiction. Henae = f.
Thusa is the unigue common fixed pointof T and f.
Case(b): Suppose#/ynsfor all n.
V(PO Yne1)) = W(P(TX0, TXn41))
SY(M(Xn, X0+1)) = @(M(Xn, Xo+2))
=y(max{p(¥n, Yn+1, PO Yn-)}) = e(max{p(¥n, Yn+1), PO, Yn-)})-
If p(Yn, Yn+1)is maximum, then
VP Yord)) = WP Yned)) - 9(P(Yn: Yne1))

<y(P(Yns Yn+1))-
It is a contradiction.

Hence p(Y, Yn.1) iS maximum.

Therefore

V(P Vns Ynr1)) < W(PVn Vo) - 0(P(Vns Yn-1) (3.1)
<y(P(¥n, Yn-1))-

Sincey is non — decreasing, we have P+ < p(Yn, Yn-1)

Similarly p(yhs+2, Yn+1) < PV Yn+1)-

Thus p(%, Yn+D) <P Vo), N=1, 2,3, ...

Thus { p(%, Yn+1) } is @ non - increasing sequence of non-negatat numbers and must converge to a real

number, say, & 0.

Letting n—» o in (3.1), we get

y(L) < wy(L) - (L) so thatp(L) <0. Hence L = 0.

31



Mathematical Theory and Modeling
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online)
Vol.2, No.4, 2012

Thus

im oy, ynen) = 0.

n-oo

Hence from (p),

M py,, v = 0.

By definition of §, we have f{yn, Yns1) < 2PV Ynia)-
From (3.2), we have

r|1l_r,g ps(ym yn+1) =0.

www.iiste.org
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(3.2)

(3.3)

(3.4)

Now we prove that {§} is Cauchy sequence in metric space (¥, @n contrary suppose that.Jyis not

Cauchy. Then there exists &n 0 for which we can find two subsequenceggy, {y nw} of {y n} such that

n(k) is the smallest index for which n(k) > m(kk3>
P°(Ymar Yno) = €
and
PV Yng-D) <&
From (3.5) and (3.6),
& <P (Ymy Yngo)
<P Y YD) + B Yngo-1 Yow)
<e+ P(Ynw-1 Yng)
Letting k— o0 and using (3.2), we have

k“EnOO pS(Ym(k)1 Ya) = &

From (p), we get

N | ™

k“_'tnm PV Yng) =

Letting k— o and using (3.2) and (3.7) in the inequality

| B(Ym()-1 Yni) — PYm@gr Yngo) 1< P Ymggs Y-
we get

k“EnOO P°(Ym(k)-1: Yngey) = &-
From (p), we get

i £
I(IIEnm P(Ym(k)-1 Yog) = 5

Letting k— o0 and using (3.2) and (3.7) in the inequality

| BYm@) Yngo+2) = BYm@y Ynw) |< P Ynr Ynio+2)
we get

lllin Wty Yaggrd) =&
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From (p), we get

1 &
M oy, Yowe) = = (3.12)

N

VPYmk) Yw+D)) = WE(MXnk) TXa+1))
SYMXmk ) Xag+2)) — @M Xy Xn(+1))

1+ P(Ymgg-1r Ymiiy)
1+ P(Ym(o-1: Yne)

= \V[max{p(ym(k)! Ym(+1) PV mo-1s yn(k))} J

1+ PVingoar Ying)
= @ MaxXy PV Ymur) 7 v PWmor Yoao) { |-
(0 Imnl 14 PVing1s Yng) (01 7nl

Letting k— o and using (3.12), (3.2), (3.10) and (3.8), we get
15 =) - 45) < +3)
2 2 2 2
It is a contradiction.

Hence {y} is Cauchy sequence in (X{)p
lim -

Thus mnoe P (Yn» Ym) = 0.

By definition of g and from (3.2), we get

im ey, ym = 0. (3.13)

mn oo
Suppose f(X) is complete.
Since {y} [ f(X) is a Cauchy sequence in the complete mefpiace (f(X), ), it follows that {y}
converges in (f(X), D.

Thus Lml) P*(Yn, @) = O for somey L f(X).
There exists \E X such thaty = fw.

Since {y.1} is Cauchy in X and {y} — aq, it follows that {y,+1} — a.
From Lemma 2.3(b) and (3.13), we have

p o) = M por o= M pyyay= M - pey, v =o. (3.14)
p(Tw, o) PTW, Tx+1) + P(Ths1, @) = P(TXae2, TXns)

<
= p(TWv TX‘1+1) + p(TXHlv (1).
Letting n—oo, we have

Sincey is is continuous and non - decreasing, we have

y(p(Tw, o) < M y(pw, Tx.0)
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= lim | max Irp@.1w) o,
b \v( PYns Yaer) Lp@.y) p@.y,)

-lim ¢(maX{p(yn, Yoet) % p(a, yn)H

=y(0) —9(0) = 0.
It follows that Tw =a. Thus Tw =a = fw.
Since the pair (f, T) is weakly compatible, we h&ve Ta.
As in Case(a), it follows that a isthe unique common fixed pointof T and f.

Example 3.2. Let X = [0, 1] and p(X, y) = max{x, y} for aII,xy[ X. Let T f:X—> X, f(x)=x/3

and T(x) = %/6, v :[00:) —[0,0) by wy(t)=tand ¢:[0,0) — [0,:0) byo(t) = /2 . Then the conditions
(ii) and (iii) are satisfied and
v(p(Tx, Ty)) =p(Tx, Ty)

X2
= max{—,
=

< max{i,z}
6 6

%p(fx, fy) < %max {p(fy,Ty)

oS,

1+ p(fx, TX)
1+ p(fx,fy)

: p(fX,fY)}

v(M(X, ¥)) = o(M(x, ).

1+ p(fx, TX)

Where M(x, y) = max{p(fy,TY) 1+ p(fx,fy)

p(fx,fy)}
Thus (i) is holds.
Hence all conditions of Theorem 3.1 are satisfied @is the unique common fixed point of T and f.
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