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Abstract

The purpose of this paper is to present a comiired point theorem in a metric space which gernezal
the result of Bijendra Singh and M.S.Chauhan usiregweaker conditions such as Weakly compatible
mappings and Associated sequence in place of atipiljty and completeness of the metric space.
More over the condition of continuity of any onetloé mapping is being dropped.
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1. Introduction
G.Jungck [1] introduced the concept of compatibbgps which is weaker than weakly commuting maps.
After wards Jungck and Rhoades[4] defined wealkasscbf maps known as weakly compatible maps.

1.1 Definitions and Preliminaries

1.1.1 Compatible mappings
Two self maps S and T of a metric space (X,d) aaéd to be compatible mappings if

lim d(STx,TSx,)=0, whenever < is a sequence in X such thhtm Sxﬂ:”m Tx,=t for some

n-oo n - oo n - oo

tex.
1.1.2 Weakly compatible

Two self maps S and T of a metric space (X,d) said to be weakly compatible if they commute at
their coincidence point. i.e if Su=Tu for som&Xuthen STu=TSu.
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It is clear that every compatible pair is weaklyngatible but its converse need not be true.
To know the relation among commutativity,compatipiand weakly compatibility refer some of the
research papers like Jungck,Pant,B.Fisher,Ssrava others.

Bijendra Singh and M.S.Chauhan proved the follgutmeorem.

1.1.3Theorem (A): Let AB,S and T be self mappings from a completric space (X,d) into itself
satisfying the following conditions

AX)O T(X) andB(X) UUS(X) . (1.1.4)

One of AB,S or T is continuous ... (1.1.5)

[d(Ax BY]"< k[ d Ax Sk @ By Jy (d By 5X d A}y 116
+k,[d(Ax Sy d AxTy+ @ By Ty(d By §

where 0<k +2k, <1,k k= C

The pairs (A,S) and (B,T) are compatibleonx ... (2.2.7)

Further if

Xis a complete metric space (1.1.8)

Then A,B,S and T have a unique common fixed pioieX.

Now we generalize the theorem using is weakly cdiblgamappings anéssociated Sequence.

1.1.9 Associated Sequence: Suppose AB,S and T are self maps of a metric spdgh satisfying the
condition (1.1.4). Then for an arbitrary 03X such that Ay = Tx; and for this point % there exist a point
Xoin X such that By Sx and so on. Proceeding in the similar manner,avedefine a sequence&yin

X such that ¥»=AXo= TXon+1 and Yo =BXons2 = S¥ns1 for n= 0. We shall call this sequence as an
“Associatedequencef x “relative to the four self maps A,B,S and T.

Now we prove a lemma which plays an important heleur main Theorem.

1.1.10 Lemma: Let A,B,S and T be self mappings from a compleggrim space (X,d) into itself satisfying
the conditions (1.1.4) and (1.1.6) Then the asdedisequence fyrelative to four self maps is a Cauchy
sequence in X.

Proof: From the conditions (1.1.4),(1.1.6) and fromdleéinition of associated sequence we have
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[d(y2n+11 yZn)]2 =[ d( A)sn’ B>§n—1)]2
<k[d(Ax,, Sx,) d By, Tx )+ € Bx, S (d Ax Tx]
+k,[d(Ax%,, S%) ¢ Ax, Tx )+ @ Bx, Tx) (dBx, SX

= kl[d(y2n+1’ y2n) CK %n’ Mn—l)-}_o]
+K, [ Yoners Yon) K Yoz Yo )+ O]

This implies

d(y2n+1’ yZn)s kl CK%N }én—])-'- l&[ ('( )51%1 ym)+ d ¥1’ ¥+ )]
d(y2n+1’ y2n)S h d %n’ )én—l)

where h:u <1
1-k

2
Forevenyjint eger p> 0, we get

d(¥or Yo p) S A0¥0 Yor)+ A Yors Ye2)t oo oAy X
< h'd(y, %)+ H7d(Yy, Y+ +HPd(y,y)
<(h"+ ™, ) d(yLy)
<h'(1+h+ P+ +1P7) d(y.y)

Since h<1,,h- 0 asn> «, so that d(yy..)— 0. This shows that the sequencg}{is a Cauchy
sequence in X and since X is a complete metricesgaconverges to a limit, sajix.

The converse of the Lemma is not true, that is,8,Bnd T are self maps of a metric space (X,d)
satisfying (1.1.4) and (1.1.6), even if foyOX and for associated sequence gfcenverges, the metric
space (X,d) need not be complete. The followingwepla establishes this.

1.1.11. Example:  Let X=(-1,1) with d(x,y)+x— y|

} if —1sx<i —1 if —1<x<—
AX= Bx= 81 1 1 Sx= Tx i

—  if —=<x<1 —-Xx if =<xx<1

10 10 5 0
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11 . 1 1-4 "
Then A(X) =B(X)=<=,— while S(X)=T(X)=<x=-U|=,— sothat the conditions
{8 10} {8 [5 5 j}

AX) OT(X)and B(X)S(X) are satisfied .Clearly (X,d) is not a contplmetric space. It is easy to

1
prove that the associated sequencg B AX»,BXs,..,AX%n,BXon1...., cONverges to the pointé

1 1 1
if . —1< X<— and converges to the poin]{-a if — < x<1,in both the cases it converges to a

10

point in X, but X is not a complete metric space.

Now we generalize the above Theorem (A) in theofeihg form.

1.1.12. Theorem (B): Let A,B,S and T are self maps of a metric spatd)(satisfying the conditions
(2.1.4),(1.1.6) and

the pairs (A,S) and (B,T) are weakly compatible
...... (1.1.13)

Further

The associated sequence relative to four self mABs S and T such that the sequence
AXg,BX1AX2,BXa,..,AXon,BXon 41, ... .. convergestolzX.as n- . .. (1.1.14)

Then A,B,S and T have a unique common fixed pointX.

Proof: From the condition (1.3), B({)] S(X) implies there exists [1iX such that z=Su. We prove
Au=Su.

Now consider

[d(Au Bx,.)]" < k[ d Au Sy € Bx, Tx)+ (d Bx, Ppu(d AuTy

+ho[d(Au Sy ¢ AuTx,)+ € Bx, T¥) (d Bx, $u
letting n— o, Bx,,, T%.., - Z then weget

[d(Au 2] < k[ d Au ¥’
[d(Au 2] @- k) <0

Since 0=k, + 2k, <1, where k, k> Qwe get d(Au,z)=0,this implies Au=z.Thus Au=Su=z.

Since the pair (A,S) is weakly compatible and  Bu=z implies ASu=SAu or Az=Sz.

Since A(X)L] T(X) implies there exists MX such that z=Tv. We prove  Bv=Tv.
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[d(Au BY] < k[ d Ay Sp € BvT¥ (d Bv Bu(d Au)iv
+k,[d(Au SO ¢ AuTw @ BvIv(d Bv Ju
since Au= Si= zandz Tv weget
[d(z BY) < k[ d z BY’
[d(z BY]"(1- k)<O and sin cels J 2k< 1, kR
wegetd z By=0 or B¥ .z Thus Bv Fv. z

Again since the pair (B,T) is weakly compatible an@8v=Tv=z implies BTv=TBv or Bz=Tz.

Now consider

[d(Az 2] =[ d Az B’
<k[d(Az Sy d Bv T+ @ Bv Bz(d Az)v
+k,[d(Az Sy ¢ AuTw @ BvTv(d Bv }u
since Az= Sz andBvy T ,z weget
[d(Az 2] < i d Az )}
[d(Az 3]°(1- K)<O and sin ceds K 2< 1, .k ke |
weget d Azy=0 or Az .z T Az= Sz 2

Again consider

[d(z B3] =[ d Au BY’
<k[d(Au S) ¢ Bz Tz @ Bz pu(d Au)fz
+k,[d(Au SO ¢ AuT @ Bz Tz (d Bz fpu
since Au= S B¥ Tv z Az Sz zandBz ,Tz weget
[d(z B3] < i d z BY
[d(z BJ]"(1- K)<O and sin cel< |k 2, 1, .k, (
wegetd Bz)=0or Bz= z Thus Bz Tz .z

Since Az=Bz=Sz=Tz=z,we get z in a common fixed pofA,B,S and T.The uniqueness of the fixed point
can be easily proved.
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1.1.15. Remark From the example given above, clearly the pairs (A,S) é8,T) are weakly
compatible

1 1
as they commute at coincident poinés and —O But the pairs (A,S) and (B,T) are not compatibl

. 1 1 . . 1 . 1
For this, take a sequencg=X — + for r=1, then lim Ax,=lim qu:—andhm ASX,=—
610 10”) now oo 10 n-e 8

) 1 )
also lim sAx,.=—. So thalim d(ASx,SAXx, # 0. Also note that none of the mappings are

n-o 10 n-o

continuous and the rational inequality holds foe trelues ofO<k, + 2k, <1, where k, k> 0.

1
Clearly 1—0 is the unique common fixed point of A,B,S and T.

1.1.16 Remark Theorem (B) is a generalization of Theorem (Avlstue of the weaker conditions such as
weakly compatibility of the pairs (A,S) and (B,Tin place of compatibility of (A,S) and (B,T); The
continuity of any one of the mappings is beingpged and the convergence of associated sequence
relative to four self maps A,B,S and T in place domplete metric space
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