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Abstract

In this paper reliability characteristic of a complmanufacturing system incorporating queue inisers
studied. The considered system consists of thréé&s namely A, B and C connected in series. Unit A
consists of a main unit;and an active redundant uni, anit B consists of a main unit land a cold
redundant unit fand unit C consists of two units’ and ¢ connected in parallel configuration. Considered
system can completely fail due to failure of anytlé subsystems. It is also assumed that the sysiem
fail due to catastrophic failure. General repadilfty is available for units cand ¢ whereas there exits a
maintenance section with one repairmen for repgitime units a &, by and B. Various reliability
characteristics such as steady state behaviotabi#y, reliability, and MTTF and cost analysiave been
obtained using supplementary variable techniqueGuntble-Hougaard copula methodology.

Keywords: Supplementary variable technique, reliability, MTTdsymptotic behavior, markov process,
Gumble-Hougaard copulgrofit function, queue.

1. Introduction

In modern engineering systems standby redundaneged for improving the reliability and availabjliof
components/units. Liebowitz (1966); Mine et al (8p@nd Subba Rao (1970), while studying redundant
system have assumed that a unit, immediately &fiieire, enters repair. Gupta et al (1983) and Byret

al (2008) have assumed that the repair times ofaited units are independently distributed. Thigplies
that there exist a fairly large number of indepenidepair facilities which would take up each wast and
when, it fails. However, one can see in many peattituations, it is not feasible to have morentbae
repair facilities, in which the units that fail queeup for repair.

Queuing Theory plays a vital part in almost alldstigations of service facilities. Queuing models
provide a useful tool for predicting the performared many service systems including computer system
telecommunication systems, computer/communicatietworks, and flexible manufacturing systems.
Traditional queuing models predict system perforoeannder the assumption that all service facilities
provide failure-free service. It must, howeverdonowledged that service facilities do expericiadeares
and that they get repaired. Trivedi (1982) argies tailure/repair behavior of such systems’is ownly
modeled separately using techniques classifiedrnnediability/availability modeling. In recent yesrit has
been increasingly recognized that this separatfogpedormance and reliability/ availability modets no
longer adequate. Also Altiok’s (1997) focused oe ferformance Analysis of Manufacturing Systems.
Mangey & Singh (2010) analyzed a complex systerh witmmon cause failures using Gumble-Hougaard
copula methodology. Barlow & Proschan (1975) ghe statistical theory of reliability and life teggi

Keeping above facts in view, the present papelsdeith the reliability characteristics of a comyple
manufacturing system having 3-units A, B and C,nemted in series, incorporating queue in serviget U
A consists of a main unitand an active redundant unj &nit B consists of a main unit land a cold
redundant unit bwhereas unit C consists of two unitg’and ¢ connected in parallel configuration. The
system can completely fail due to failure of anytbé subsystems. Initially when the system starts
functioning, the main units of subsystem A and B aoth units of the subsystem C are operationaleiwh
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the main units aand h of the subsystems A and B fail, The units in standbe switched on
automatically and failed units are taken up foraiego maintenance section. An unusual situation is
discussed here that when main units and standly ahiA and B fail and they are taken up for repair
maintenance section, where repairmen is busy iaineg of other machine of the system. At this afion

a queue is generated at the maintenance sectidmer8astudy is focused on the issue that all the daits
after failure are in the queue waiting for repdiris also assumed that the system can fail due to
catastrophic failure. Once the system is failed thueatastrophic failure (CSF), two types of repaie.
constant and exponential are involved to repairsgrstem. Hence the joint distribution is obtainathwhe
help of Gumble-Hougaard copul&eneral repair facility is available for the repair of units ¢ and ¢
whereas there exists a maintenance section withrepagrmen for repairing the unitg, &, b, and b.For

the units ¢ and ¢ failures follows exponential time distribution Wéirepairs follow general time
distribution and for the units;aa, b, and b failure and repairs both follows exponential tidistribution
with Poisson arrivals. System specification andditéon diagram is shown by figures 1 and 2 respelgt
Table 1 shows the state specification of the system

The following reliability characteristics of intesteare obtained.

0] Transition and steady state probabilities.

(ii) Mean operating time between successive failurediffarent failures.
(iii) Availability of the system.

(iv) Profit analysis.

2. Assumptions

(2) Initially the system is in good state.

(2) Subsystems A, B and C are connected in series.
(3) System has two states nhamely good and failed.

(4) For the units’ cand ¢ failures follow exponential time distribution wailrepairs follow general time
distribution.

(5) For the units’ g &, b; and b failure and repairs both follows exponential tidistribution with Poisson
arrivals.

(6) There are two types of repairs from stajéoS5 ,one is constant and other is exponential.
(7) Subsystemjaa, b; and B can be repaired only at maintenance section.

(8) A special situation is discussed here that wdilkfour machinesaa, b, and b are in queue for repair
at maintenance section because of repair of otlaehime.

(9) Once the system is failed due to catastropailcire two types of repairs are involved to rephi
system i.e. constant and other is exponential.

(10) Joint probability distribution of repair ratiEslows Gumbel-Hougaard copula.

3. Notations
Pr Probability
P, (t) Pr (at time t system is in good stage S
P (t) Pr {the system is in failed state due tofdikire of thei™ subsystem at time t}, whete2,
57,14
K Elapsed repair time, wheke x,y,z u, q, g.
/]i Failure rates of subsystems, whege, &, by, by, ¢, ¢, CSF.
7/ Arrival rate of unit's @ &, b;, b,to the maintenance section.
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U Repair rate of unit's &, by, b,.

¢ (k) General repair rate df system in the time intervak,(k+ 4), wherei= ¢, ¢,, CSF andk=v,
arl

F’3 (t) Pr (at time t there is a queug, (&, by, b») in the maintenance section due to servicing of

some other unit and all four machiaeswaiting for repair.

P (j,k,t)  Pr(attime t systemis in failed state dueh@failure of" unit whenk” unit has been
already failed, where9, 11.j=g, v. andk=v, g.

K1, Ky Revenue cost per unit time and service pesunit time respectively.

Let U, = e and U, = @4 (I then the expressmn forJomt Probablllty accoglto Gumbel-Hougaard
family of copula is given ag.¢ (1) = expl ? + (log g (1))°)"

4. Formulation of the Mathematical M odel

Using elementary probability considerations anditlimg procedure, we obtain the following set of
difference-differential equations governing the dgbr of considered system, continuous in time and
discrete in space:

d o :
[amal + Ay, F Ay F Ay, F AL A +ACSF}PO(t) =I,U (HRMdi + @ By(t)+ @ Po(t) +
0

[ P00 e
_%+/1a2 +)|C}Pl(t) =AM+ T(pc(r)Plz(r,t)dr - (2)
_iﬂp}P(t):A R) ®
_0'[ 2 a1

3~

%+_I+(,u+zp)}P(t) zp[P(t)+P(t)+P(t)+P(t)]+(M) © e (4)
2ua Pw=1R0 ©
ot e 0
2w =P ®)
_0'[ | 5 a4
% A, }Pe(t) = AR+ Irpc(r)ag(r,t)dr -
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[0
_a +y }P7(t) :/]b2 P (t)
.. (®)

% + @, (V) +Ac2 :|P8(t) = /10l Po(t) + Igpcz (g)Pn(g,V,t)dg

5 ,
—+—+¢ (9) |R(9,v.1)=0

| ot 0Jg

20,01, [Pul) = AR+ qu ()P (v, O
:% +% - (v):Pll(v,g,t) =0

:% +§_r+(pc(r):Plz(r,t) =0

:% +§—r+(pc(r): P,(r,t)=0

. )
_a+a+¢’csp (l)}Pu(Lt) =0

Boundary Conditions:

P,(i = 0,t) =[P, (t) + P, (t) + Py (1) + P,(1)]
R O1) =1, R()

P, OV,t) = A, Py(t)

Ro(0.1) = A, R (1)

R1(0.9.t) = A, R (1)

R (0.t) = AR (1)

Ps(Ot) = AR ()
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Ra(01) = Ace R (1)

.. (23)

Initial condition:

P, (0) =1, otherwise zero. .. (24)

5. Solution of the Mode

Taking Laplace transforms of equation (1) throug®) (subject to initial and boundary conditions dmeh
on solving them one by one; we obtain the following

Pup = Po(s) + P1(S) + Pa(s) + Ps(S) + Ps(S) + P1o(5)

1 A A A,

2 a

TKEO U 5 A A5 (9] 5] [54 A+ -ASa (9]

A A,
L = + R ] ... (25)
[s+ A, +@ (V) =4, Sp, (9] [s+A, +@,(9)— A, Sa.(9)]

Poomn = P2(S) + Ps(S) + P7(S) + Po(s) + P11(S) + P12(S) + P13(S) + P14 ()

Ao Aq 1 Ao Aa 1
- 2 _ + 2 +
[s+¢lls+ Ay, +Ac = Ac S (I K(5)  [s+ylls+ A, ] K(s)

Ap, b, 1, A Ac,Dy_(9) 1,
[s+¢lls+A, +¢—AcSp (I K(S) [s+A, +@ (V)= A, Sg, (9] K(9)

A A, D(p01 () 1 N AcAa Dy (9) 1
[5+ 4o+ (@)~ Sg (91 K(S) " [5+1a +c - Ao S (9] K(9
/]c/‘bl Dy, (Sz 1 + Acsr Da. (s) . (26)
[S"‘/]b2 +l//—/]CS¢C(S)] K(S) K(S)

Where,
/1a1/1a2 _
[s+@lls+ s, +Ac —AcSp(9)]

K(9) =5+ Ay + Ay + Ay + Ay + A + A +Acg —UAl

Ao e, Ay Ao,
+ + — + —
[s+@lls+Aq] [s+A, +¢=AcSq(9)] [s+Plls+ A, +¢ ~AcSq (9)]

1D4(9)
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1/13 /]cl%l V) /102 %, (9)

+ — - - —
(S+(/I)4} [s+ /102 + (acl V) _/102 S%Z (9)] [S"'/]c1 + %2 (9) _/101 S%(S)]

—Acss 5%32 (s

.. (27)
A A A A A
M (s) = ¢l B2 — + 278 4+ b
[s+¢lls+ Ay, +Ac =AcSp. (9] [styllst A, ] [s+ A, +¢ =Ac Sy ()]
A, A 3
+ 2 p,(9++—Y - (@)
[s+ylls+ A, +i = AcSg ()] (s+¢)
_1-Su(s)
D,(s) = S+ ... (29)
% (1) =expl® +(log e (1))°)"] .- (30)
6. Asymptotic Behaviour of the System
Using Abel’s lemma in Laplace transforms, viz;
lim sf(9 = lim (9 = f(say
s-0 t- o0 .. (31)

provided the limit on the right hand side existe time independent operational probabilities fpramd

down states are obtained as follows:

— A A A A A
Pu(9) = [t 2+ T oy Ty fo - @

+
KO ¢, A, A, +¢-A a4 () @, (0)

5 A.A. M A A M
Pdown = i[_ +M (o) Aaz AblAbz + ¢’c ", + c”'c, Vg, +
K©) ¢ Y lﬂ(ﬁbz +Y—-Ac) @ (V) @, (9)

avae
AcseM ] ... (33)
Ao, Ay tW-Ac *
where,
M (0) = lim_M(s)
s-0 .. (34)
Mﬂ = |im LW(S)
s-0 s .. (35)
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Sy (s) = s+l
4
.. (36)

6.1Particular Case
A particular case is also discussed as given below:

When all repairs follow exponential time distritarti In this case setting,

§<q (s) = L,Di ,éy(s) = andg%sp (s) = exr{| 6 +[|Og¢csp (I)]g]l/f;g
s+q Stu s+exd|€+[|og¢c§(|)]el

and (26), we can obtain the Laplace transformsadbus state probabilities of the system.

in equation (25)

7. Numerical Computation

7.1 Availability of the considered system

For the numerical computation let us consider tlees:

Ao =03y =54 =44, =94 =5, =6Ac =8Acg =7 =5and¢c =¢; =¢
= U =1and xy=z=l=v=g=u=1.

Putting all these values in equation (32) and @gkiverse Laplace transform, we get

Pup=.1686680814&3239654661 0087687990738 799220, 048453424568 191257 09122411851 62°
843181 4158882739 75709030 024223125888 114879434 005458900298°2035%¢7. 206382288167
6305220 55(.5063484832t)-.02881439167%45305228jn(.5063484832t)+.1082411055%F8)1.1331028150*1
(8950046305225 5063484832t)-.9533452524 50046305220 50634848321))+.1082411055%F0)
*1(.1331028150*1e-5004630522 55 50634848321)+.9533452524 % ~5004630524n ( 50634848321))-.11
43200992*1 646933875719 001 713357894432408717. 0005397902571&°172%2784) 0002082937963¢&*
87154115%_'194957258%8335215466'() . (37)
Now in equation (37) setting t=0, 1, 2....10 one ohtain the Figure 3.

7.2 Reliability Analysis

Letd, =034y =54y =44, =9 4. =54; =64Ac =8 Acg =.7,¢) =5andg =@

=g, =pH= oandx=y=z=l=v=g=u=1.

Putting all these values in equation (32) and @kiverse Laplace transform, we get,
Pup=-.00039922891768&°000000004 1301800390700 55617502758 88981904 2579813141@2*°
778949, 0237396891€ 242718784 193994778661 78813385005(.4067318666t)-.076266122485813385jn (|
4067318666t)-.4458387683*11)1(.8553105723*18)e 51788133850 05( 406 7318666t)+.21756 18557 1€
51788133854 (.4067318666t)-.4458387683*TD)(.8553105723*18f) 1881335055 (.40673186661)-.21756

1855*1 (e 517881338580 4067318666t)-.00254749481 7919519 1883552536@016636454330) | (3g)
Now varying time in equation (38), one can obthia Figure 4.

7.3 MTTF Analysis
MTTF of the system can be obtained as
MTTF = lim Pup 6) @sstendsto 0) .. (39)

s~ 0
21
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7.3.1With respect tal, :

Suppose%aQ =5 /]bl = .4,/1b2 = .9,/1Cl = 5 /]Cz = .6,Ac = 8, Ac = .7,¢ = 5in equation (39) and
putting )Ia1 = 0.1,51152.. one can obtain the MTTF for different values dgi as shown in Figure
5.

7.3.2 With respect td; :

Consider /1a1 =03 )Ia2 = .5,)Ibl = .4,/1b2 = .9,/1C2 =.6,Ac = 8 A =.7,¢ = Sin equation (39)
and putting /1c1 = .1 51152... one can obtain the MTTF for different values dg as depicted in
Figure 6.

7.3.3 With respect td,; :

Assume%al = 0.3,/]a2 = .5,/]bl = .4,/1b2 = .9,/1Cl = 5Ac = 8 Ay = .7,¢ = 5,in equation (39)
and taking /]C2 = .1,51152... we have Figure 6 which shows the variation of MT@Fa range of
values o], .

7.3.4 With respect td - :

Setting )Ia1 = 0.3,/1az = .5,/1bl = .4,/1b2 = .9,)|(\1 = .5,)IC2 = .6,Ac = .8,¢ = 5in equation (39) and
putting A.q- = .1.5115... one can geFigure 7 which exhibits the variation of MTTF faiffdrent
values ofd .o .

7.4 Cost Analysis
LettingA, =034, =354, =44, =94, =54, =64 =8A =.7,¢ = 5and repair
ratesare@ =@ =@ == 1 and x=y=z=I=v=g=u=1. Furthermore, if the repailtdwa/s exponential

distribution then, on putting all these values taildng inverse Laplace transform one can obtairaggus
(37).1f the service facility is always available, thexpected profit during the interval (0, t] is givew

G(t) = K{[.03900773092& 3239654664 00414032759€7117°922%5 1) 02338584420 @71912570Y 04421949198
g2:062984318) 53960705948 735709024 02172711681@148799430 006806154350 (@920535%67 1 1749950223
g~50046305220 5,5 5063484832t)+.23462842 13846305224 ( 5063484832t)+.1082411055%F81(.1083823
101*1(°0el50046305220 55 5063484832t)+.8083575158%F 20046395224 5063484832t))+.1082411055
*10089)(-.1083823101*1§ 50046305220 55( 5063484832t)-.80835751 5845006305228 ( 506348483
2t))+.2435764807*1Fe 4693375714 004991707093€4324%87) 001850350306€°172%2784). 0008374784
4274487154115 5 33805883d8833521546601 840786251]-kt ... (40)

Keeping K =1 and varying Kat 0.1, 0.2, 0.3 in equations (40), one can olfaiare 8.

8. Resultsand Discussion

In this paper, we have evaluated availability,ateillity, MTTF and cost function for the considersgtem

by employing Supplementary variables technique eopula methodology. Also, we have computed
asymptotic behavior and a particular case to imgrpractical utility of the system. M. Jain & Charu
Bhargava (2008) have done the analysis of bullkarretrial queue. Indra & Sweety Bansal (2010)éhav
given the concept of vacations to unreliable M/@dgue. But we have analysed a common phenomenon of
queue, which usually occurs in the manufacturirggesy.Analysis of the Figure 3 gives us the idea of the
availability of the system with respect to timeCritical examination of Figure 3 yields that thedues of
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the availability decreases approximately in a camsinanner with the increment in time.

The Figure 4 shows the trends of reliability of #hetem with respect to time when all the failuaes!
repair rates have some fixed values. From the gnagpbonclude that the reliability of the systemréases
rapidly with passage of time when all failures dals exponential time distribution. The reason foe t
rapid decrement is queue in the maintenance sedtierto which the system is in down state for gdar
period of time.

Next, we study the effect of various parameterslenMTTF. A critical examination of Figures.5, 6, 7
shows that MTTF decreases with incrementgn, Ac , Ac, and Acs - An unusual phenomenon can be
seen by observing the graph that for all the pataménitially MTTF is negative due to queue in
maintenance section and later it becomes positive.

Finally, Figure 8 represents the graph of the “Closiction vs. time. In this Figure we plotted a tcos
function G(t) for different values of cost Kand K. One can easily observe that increasing servisé co
leads decrement in expected profit.
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Table 1 Sate specification chart

States Description System State
S When the system is in fully operational condition. G
S When the system is in operating state when un failed. G
S, When the system is in failed state due to thefaibf unit a. F
S; When all four units a &, by, b, are in queue at maintenance section dug to F
repairing of some other unit of the manufacturiggtam. The system is in
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failed state at this time.

Sy When the system is in operable state when yné failed. G
S When the system is in failed state due to thefaibf unit a. F

S When the system is in operable condition when i failed. G
S; When the system is in failed state due to faibfrenit k. F

S When the system is in operable condition when gnig failed. G
S When the system is in failed state from the stgigue to failure of unitc R

Sio When the system is in operable condition when grig failed. G
S When the system is in failed state from the sBgelue to failure of unitc =
Si, When the system is in failed state from the statgue to failure of unit C. &
Si3 When the system is in failed state from the stai#ue to failure of unit C. &
S When the system is in failed state due to catpbtcdfailure. R

G: Good state; F: Failed State=ailed state and under repair.

Subsvstem. Subsvstem Subsvstem

C

)

(=)

Figure 1. System Configuration
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