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Abstract

The Rayleigh distribution and the distribution weighted are most important
distributions used in the analysis of data modeling lifelong, in this paper we
derive the weighted Rayleigh distribution (WRD) with estimation of its
reliability using five methods are (mle , mom, jackknife , Bayes by using
Jeffery information) . we compare between these methods by ( MSE), using
program (MATLAB 2011a), results will be displayed in tables especially for the
purpose of to facilitate the comparison.

Keywords: Bayes Estimation, weighted distribution, Rayleigh distribution,
Extension of Jeffery prior information, Maximum likelihood estimates .

1. Introduction:

Both distribution Rayleigh and weighted of the most important models and the
most widely used in large-scale tests in life and reliability [1]. These
distributions are used other applications for modeling and analyzing the data in
the various fields of science (medicine , Agriculture Engineering) [2], the study
of reliability is important to developed the efficient future plans to improve the
quality and performance of the equipment.in recent times the research about
the reliability of acceptance sampling plans has increased Johnson (1994)
introduced the estimation of the parameters and the reliability of the distribution
of Whipple and Rayleigh. Hammadi and Suhail najem (2011) discussed the
Comparison between the capabilities of Bayes and non-Bayes parameter
measurement and reliability of Rayleigh distribution with two parameters by
using simulation [3] , Pandey and Nidhi Dwivedi comparison between Bayesian
and maximum likelihood estimation of scale parameter weibull distribution with
known shape under line loss function [4].

In this research, we derive the weighted Rayleigh distribution and estimate its
reliability using five estimation methods [ Maximum Likelihood method (mle) ,
Method of Moments (mom), jackknife , Bayes by using Jeffery information] ,
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there for we compare between these methods using the simulation by using
MATLAB 2011a , we used in experiments the sizes of different samples and
different values for the parameter § and repeat each experiment 1000 times, by
depending on mean square error (MES) .

2. Theoretical side:

2.1. Weighted distribution:

Let (Q, £, P) be a probability space, T: Q — H be a random variable (rv) where
H = (a,b) be an interval on real line with 0 <a, b with a<b can be finite or
infinite.  When the distribution function(df) F(t) of T is absolutely
continuous(discrete ) with probability density function (pdf), f(t). And w(t) be a
non-negative weight function satisfying p,, = E (w(T)) < oo, thentherv T,
having pdf

t t
fin(x )—W()(’;](),a<t<b )

Where E[w(x)] f wx)f(x) dx , —o<x <o
2.2. Rayleigh distribution(RD):

Suppose T = ty,b,...... n; 1S an uncensored observation from a sample  of n
units or individuals under examination. Also assume that the uncensored
observations (data) follow the Rayleigh model. Where the one -parameter
Rayleigh failure time distribution of t has a probability density function (pdf)
and a cumulative distribution function (cdf ) given respectively by

f(t;ﬂ)=2,8te_ﬁt2,0<t< o, >0 (2)
2.3. Weighted Rayleigh distribution(WRD):

By Using equation (1) and (2) with the use of weight w(t)= et” we get
probability density function of Weighted Rayleigh distribution (WRD) is

fo (E8) = 2t(B—1)e B t> 0,851 3)

That is WRD with g, = (f — 1) > 0, is similar to the RD with one parameter
>0
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And the cumulative distribution function of (WRD) is:

E,&p)=1— et 6D (4)
POF OF WRD
15 | | | | | | | | |
= Bata =7
Beta=4
1t —Beta=13H
o
=
1]
-
05 -
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Figure (1):The plot of pdf of WRD

The reliability function Ry (t; B) is decreasing ,and the hazard rate hg, (t; 8)
also known as the instantaneous failure rate are given as

Re (68 =1-F, () =1-(1—e T D)= t*(h-D (5)
N fw(EB) _ 2t(B-1) e tB-D
b, GB) = e = cmn - 2t(F-1) (6)

3. METHODES ESTIMATION:

3.1. Maximum Likelihood Estimation( MLE):

This is the way one of the most important methods of appreciation aims to
make possible a function at the end of maximizes , All that is done to write
down the likelihood function L(t; 8), and then find the value 3 of 8 which
maximizes L(t ; B).
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The log-likelihood function based on the random sample ¢,,¢t,,...,t, of
WRD s given by:

L= Il fw(t; B)

log L(ty, oo tn, B) = [T (2t) (B — 1) eZima EB-D (7)
logL (ty, ..., ty, B) =nlog(B—1)+ » log(2t;) — t?(f — 1)
1 2,082~ ).

Then by take the partial derivative of log L(x4, ....., x,, , ) we get

ologL(ty,....tn,B) _ n .
ap T B-1

=1t (8)

OlogL(ty,.....tn ,B)
B

The solving of the equations
likelihood

= 0, yields the maximum

n

ﬁmle = Zn—

2
i=1ti

+1 9)

Depending on property invariant by the Maximum Likelihood Estimation |,
then the estimator Maximum Likelihood to reliability function will be as
follows

ﬁmle (t) — e_tz( Emle -1) (10)
3.2. Method of Moments

Let ti, tp,..., tn bearandom sample of size n from the WRD with p.d.f (4),
then the moment estimator of £ is obtained by setting the mean of the
distribution equal to the sample mean, that is EfW(T") =U.

The MoM estimate 8 of B is obtained as

ra+y)  yn ek
GooiE = (11)

For k=1, since we have one parameter then estimate for parameter 5 is given
by:
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A _ T

ﬁm.o.m - E
Hence the estimated moments for reliability function will take the following
formula [5]:

+1 (12)

R\m.o.m(t) = e_tz( Bm'o'm - (13)
3.3. Jackknife method [6],[7]:

This is the way one of the methods used to improve the values of estimators [6] ,
and depend on the value of the deleted one of the values of views , Let (t;) and
re-estimate Values estimators based on residual values that number (n -1) And
are re-style on this all the values of the sample and sequentially. If the £,,;. (j)
represents the Maximum Likelihood Estimator resulting from the application of
Maximum Likelihood Estimator of all data except the value (t;), then estimator
Jackknife to Maximum Likelihood Estimator for the parameter (B) , It is
calculated by the following equation .

A A ¥ Brie()
Biakknife—mie = MPmie — (N — 1)% (14)

And the estimator reliability function will take the following formula

~ _+2(P. . -
Rjakknife—mle (t) =e t (ﬁjakkmfe_mle 2 (15)

3.4.Bayesian Estimation

This method depend on the assumption that the parameter that we want
appreciation is a random variable requires access to Prior Information about
him, Suppose T=(t;t,,...., t, ) is a random sample of size n with distribution
function E,, (t; 8) and the probability density function f,, (t; ), in case the
distribution WRD then density function IS

fo (:8) = 2t(B—1) e t" B-D
To calculate Bayes estimator we can find by following steps

1- We write probability density function f, (t;8) as a conditional
probability density function f,, (t; |8) thatis

fw(t;ﬁ) = fw(ti |ﬁ)
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2- Then we find

a) H(t,B) isthe joint density function of T and is given by

H(t, B) = 1Iiz1 fw (ti; B) g(B) = L(t:;8) 9(B)
b) P(t,f) is the marginal density function is given by
P(t;,B) = [, H(t;,B) dB
Cc) density function of the posterior distribution of f is given by
_H@pB) i=1 fw (ti;B) 9(B)
PR [T £ (638 9(B) dp

3- we find Bayes estimator for the parameter B by using the quadratic loss
function as follows

(B |ty, tyy envr ty)

E(BIt) = j B (Bltw, tyr s ) dB
0

The following the most important the prior distributions used

a) Jeffery Prior information:

If we assume  g(B) = k /1 (B)

such that I (B) represent fishre information

~gB) =k \/—nE lazlo%]’;‘;(t,ﬁ)] = [I;:/—T; , k is constant

And the joint density function of T and is given by

H(t;18,) = 2kvn ﬂti B! e~ Zi=1ti By (16)
i=1

From (16) we find marginal density function of T and is given by

Pilgy) = |

0

0 © n
H(t; | B) dBy = k\/ﬂ 2[ Te g e uttss g,
0 i=1
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Where B; = — 1 , and by using the transformation

d
u=YLtth = b=gm = b=
2kvn [TL,t; t(n)
“ P(t| By) = =1 (17)

(lel

Hence, density function of the posterior distribution of B is given by
H 1t '31 -1 e—Z?=1ti231

2 kvn ]‘[:‘lt r(n)
(Zl 11

R B .81n_1 e~ iz t? (B-1) (Z?:ltiz)n
ARG o) (18)

(B [tr, tyy ey tn) =

By using the quadratic loss function

A 22
5 Br—FB
S(B..B) = [ 2 (19)
1
Bayes' estimator will be the estimator that minimizes the posterior risk given by

Risk (8) = E[S(61.8)] = J;" (22 ) w'(Bu 1) dy

9 Risk ( B,) N (1
Y (7,) 2 E(F)

For these expectations are equal
E(2) joo - (b It) df
—_— — — 1T .

B/ ) B e
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e - _yn 42 n
:f 'Bln 2 e~ Zi=1ti B (Z?zltiz)

F(n) dﬂl
0
Using the transformation
n
u du
u= ) h = hmsrm = b= s
i—1 i=1"%i =1"1
E(i> _ nt r(n—1)
B r(n)
oL =j B3 e Eatf B (g 2)" i
B, r(n) '

0

By using the same transformation the former of E (ﬁi) then
1

b(4)- (EL ) r(-2)

X o
ntZE r(n—1)
r(n) r(n—1)
= = 20
“Fosi = (Zn,¢2) r(n—2) Xt r(n-2) 0
r(n)

And Dby using of (5) and (18), the Bayes estimator for the reliability function
R(t) is given by

R ps1(t) = f e~ (B, |t) s
0

"B g) enh Bt
r )

R ps1(t) = jo dp,

0

By using the transformation
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B z 22 4+t2 | =B - dp du
u=p; i = p1 = N = 1= 2 2
o i—iti +t i ti+t
n tz n
“ R pgs1(t) = ( ) (21)
* BS1 - 2 2
m 1tl +t

b)Extension Jeffery Prior Information

There is generalization of base Jeffrey [8],[9]

gy [1(B)]°, ceR?

[n]*
[(B—-1)?] ~

the joint density function of T and is given by

such that k constant

gip) =k

n

H(lp) = 2k | |6 g7 et h (22)

i=1
From (22) we find marginal density function of T and is given by

co n

Palp) = [ Hel ) apy = [ 2kne [ [u g ect s ap,
0 0 i=1
Using the transformation
d
u= ?=1ti2.31 = .31=nLtz = df; = n—utz
1=1"1 i=1%i
2kn [[L,t; tT(n—2c+1)
~ Pt B) = L —— (23)

(lel

Hence, density function of the posterior distribution of B is given by

n—-2c+1

ﬁ n-zc e - Yk tf B (zh 1 l
r(mn—2c+1)

(B It;) = (24)

By using the quadratic loss function
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A 22
. B, —B
S(B1.B) = c[ 3 (25)
1

Bayes' estimator will be the estimator that minimizes the posterior risk given by

Risk () = E[S(81.B8)] = [ c( L) =Bl dps

aRisk(,Bl)__ i . i
op = ZCE(’Bl)-I-ZC,B E<ﬂ12>

o2l

For these expectations are equal

E(ﬁi) - I i 7 (B, |t) dp;

'E(1>— not? r(n—2c)

E r(n—2c+1)
p 1) tl-z)z r(n—2c—1)
<312) B r(n—2c+1)
Hence
EBSZ = r(n— 2¢) (26)

Pttt r(n—2c+1)
And by using of (5) and (24), the Bayes estimator for the reliability function
R(t) is given by

(e0)

n 2 n—-2c+1

R — —t2By _ i=1{i

Rps()=1 e (B |t) dpy = S 12 4 g2 (27)
S i=1Y

4. Practical aspect: (Simulation and Conclusions)
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A computer simulation experiment is done to compare five methods of
estimation of parameter of the weighted Rayleigh distribution (WRD).
Simulations is performed for samples sizes n=10, 20,50,100 , with values of the
parameter f = 1.5, 2, and value of Jeffery's extension ¢ = 1.5, and samples were
simulated from the uniform (0, 1) and then used to generate random samples
from the weighted Rayleigh distribution by using the probability transform. For
each sample, the parameter and reliability function was estimated by the
proposed five methods of estimation and then the mean- squared errors and the
estimated means of the parameter and reliability function , the transformation to
the weighted Rayleigh distribution (WRD), variable is given by:

F, (t;B)=1— et D
Uy=1— et B-D (28)

and After operations a simple algebraic produces

l 1_Ui_1
t; = /%T) (29)

where  FE, (t;; f) = The distribution function given in Eg. 4
Ui = Uniformly distributed random variable on (0,1)

And using equation (29) in the data generation for the different sizes of the
samples and the values assumed for the parameter 3 .

The simulation program is written by using (Mathlab-2011a) and it has been
performed to compare of (a) (ML) (b) (mom) (c) jackknife method (d)
Bayesian with Jeffrey’s prior (BJP) and (e) Bayesian Extension Jeffrey’s prior
(BEJP) , depending on Mean Square Errors (MSE)) to compare the efficiency
of the five estimators, as follows:

Ly (R - R@))
L

MSE(R(t)) =

Where L=1000 is the number of replications , the results of the simulation study
are reported in the following tables(1) to ( 4):
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5. Conclusions:
We conclude from tables (1) to (4), the following

(1) the Bayes Jeffery Prior information (BJP) estimator best in the small
size samples because it has less (MSE) especially when p=1.5

(2) the (MLE) estimator second best in the small size samples because it has the
second lowest mean square error(MSE), especially when =2.

(3) the (Jackknife) estimator worst in the small size samples because it did not
achieve the lower (MSE) for all the samples and sizes studied.

(4) the (MLE) estimator best in case the samples medium and large because
it has less(MSE), especially when =2.

(5) the (BJP) estimator second best in the medium and large size samples
because it has less (MSE), especially when =2, and give estimated (M.O.M)
worst method for all cases and sizes which tested.

(6) We noted decreasing values of (MES) with increasing sample size of all
cases this corresponds to the statistical theory .

6. The Recommendations

(1) can be adopted Bayes Jeffery Prior (BJP) method in case samples small in
research that requires the estimation reliability function of weighted Rayleigh
distribution ,especially in the case of systems which are characterized by short
life and a time of short samples.

(2) can be adopted (MLE) method in case samples medium and large in research
that requires the estimation reliability function of weighted Rayleigh distribution
,especially in the case of systems which are characterized by medium and large
life and a time of samples medium and large.

(3) Recommends the researcher the development of research to include the
case of the lost and data under probation in detail
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Table (1):MSE of Estimated Reliability Function of WRD when
n=10,20,p=15,c=15

N t Mie m.o.m jackknife BJP BEJP Best
0.5000 0.0017 0.0760 0.0016 0.0018 0.0014 BEJP
0.7500 0.0027 0.1844 0.0025 0.0026 0.0024 BEJP
1.0000 0.0052 0.2210 0.0049 0.0050 0.0048 BEJP

10 1.2500 0.0067 0.1706 0.0067 0.0063 0.0071 BJP
1.5000 0.0065 0.0980 0.0069 0.0062 0.0079 BJP
1.7500 0.0051 0.0458 0.0057 0.0050 0.0073 BJP
2.0000 0.0033 0.0182 0.0040 0.0035 0.0058 Mle
2.2500 0.0019 0.0063 0.0024 0.0022 0.0040 Mle
0.5000 0.0006 0.0756 0.0006 0.0006 0.0006 BEJP
0.7500 0.0022 0.1836 0.0020 0.0022 0.0021 BEJP
1.0000 0.0043 0.2204 0.0041 0.0040 0.0043 BJP
1.2500 0.0057 0.1703 0.0057 0.0054 0.0064 BJP

20 1.5000 0.0057 0.0980 0.0060 0.0054 0.0072 BJP
1.7500 0.00453 0.0458 0.0051 0.00452 0.0068 BJP
2.0000 0.0030 0.0182 0.0036 0.0032 0.0055 Mle
2.2500 0.0017 0.0063 0.0022 0.0020 0.0038 Mle

Table (2): MSE of Estimated Reliability Function of WRD when n=10,20

n t Mle m.o.m jackknife BJP BEJP Best
0.5000 0.0051 0.0517 0.0046 0.0048 0.0043 BEJP

0.7500 0.0117 0.0939 0.0120 0.0105 0.0124 BJP

1.0000 0.0132 0.0748 0.0162 0.0121 0.0193 BJP

10 1.2500 0.0097 0.0339 0.0146 0.0098 0.0206 Mle
1.5000 0.0053 0.0100 0.0101 0.0065 0.0165 Mle

1.7500 0.0021 0.0023 0.0059 0.0036 0.0106 Mle

2.0000 0.0009 0.0003 0.0032 0.0017 0.0057 m.o.m

2.2500 0.0003 0.00001 0.0018 0.0007 0.0027 m.o.m

0.5000 0.0021 0.0511 0.0019 0.0020 0.0018 BEJP

0.7500 0.0052 0.0935 0.0051 0.0049 0.0053 BJP

1.0000 0.0064 0.0749 0.0067 0.0061 0.0077 BJP

20 1.2500 0.0050 0.0340 0.0056 0.0049 0.0073 BJP
1.5000 0.0026 0.0101 0.0033 0.0029 0.0051 Mle

1.7500 0.0010 0.0021 0.0015 0.0014 0.0027 Mle

2.0000 0.0003 0.0003 0.0005 0.0005 0.0012 Mle

2.2500 0.0001 0.0000 0.0001 0.0002 0.0004 m.o.m

p=2,c=1.5
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Table (3): MSE of Estimated Reliability Function of WRD when n=50,100, p=15,c
=15
N t Mle m.o.m jackknife BJP BEJP Best
0.50 0.000263 0.075439 0.000247 0.000262 0.000241 BEJP
0.75 0.000953 0.183527 0.000906 0.000938 0.000890 BEJP
1.00 0.001894 0.220581 0.001824 0.001849 0.001818 BEJP
30 1.25 0.002557 0.170560 0.002506 0.002483 0.002556 BJP
1.50 0.002589 0.098069 0.002592 0.002517 0.002737 BJP
1.75 0.002077 0.045778 0.002131 0.002044 0.002362 BJP
2.00 0.001366 0.018217 0.001442 0.001382 0.001705 Mle
2.25 0.000756 0.006322 0.000822 0.000800 0.001054 Mle
2.50 0.000358 0.001930 0.000402 0.000405 0.000568 Mle
0.50 0.000130 0.075150 0.000126 0.000131 0.000125 BEJP
0.75 0.000478 0.183067 0.000465 0.000475 0.000463 BEJP
1.00 0.000964 0.220295 0.000943 0.000953 0.000946 jackknife
1.25 0.001322 0.170479 0.001305 0.001304 0.001324 BJP
100 1.50 0.001360 0.098061 0.001357 0.001342 0.001400 BJP
1.75 0.001106 0.045779 0.001118 0.001098 0.001182 BJP
2.00 0.000735 0.018218 0.000753 0.000740 0.000824 Mle
2.25 0.000408 0.006322 0.000425 0.000421 0.000486 Mle
2.50 0.000192 0.001930 0.000204 0.000206 0.000246 Mle
Table (4): MSE of Estimated Reliability Function of WRD when n=50,100, =
2,c=15
Mle m.o.m jackknife BJP BEJP Best
0.50 0.000814 0.050891 0.000776 0.000802 0.000763 BEJP
0.75 0.002124 0.093385 0.002064 0.002073 0.002075 jackknife
1.00 0.002690 0.074992 0.002684 0.002618 0.002809 BJP
50 1.25 0.002069 0.034089 0.002135 0.002046 0.002387 BJP
1.50 0.001078 0.010088 0.001157 0.001116 0.001423 Mle
1.75 0.000406 0.002119 0.000455 0.000457 0.000635 Mle
2.00 0.000115 0.000332 0.000135 0.000147 0.000220 Mle
2.25 0.000025 0.000039 0.000031 0.000038 0.000061 Mle
2.50 | 0.000020 | 0.000035 0.000029 0.000029 | 0.000055 Mle
0.50 0.000350 0.050501 0.000344 0.000348 0.000346 jackknife
0.75 0.000941 0.09290 0.000933 0.000932 0.000949 BJP
1.00 0.001229 0.074780 0.001234 0.00121 0.001283 BJP
1.25 0.000972 0.034050 0.000992 0.000971 0.001069 BJP
100 1.50 0.000514 0.010085 0.000536 0.000528 | 0.000609 Mle
1.75 0.000193 0.002119 0.000206 0.000208 0.000252 Mle
2.00 0.000053 0.000332 0.000058 0.000062 0.000078 Mle
2.25 0.000011 0.000039 0.000012 0.000014 0.000019 Mle
2.50 0.000001 0.000003 0.000002 0.000002 0.000004 Mle
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