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Abstract

The notion of dislocated quasi metric is a generalization of metric that retains, an analogue of the illustrious
Banach’s Contraction principle and has useful applications in the semantic analysis of logic programming.
In this paper we introduce the concept of generalized dislocated quasi metric space. The purpose of this note

is to study topological properties of a gdq metric, its connection with generalized dislocated metric space

and to derive some fixed point theorems.
Keywords: Generalized dislocated metric, Generalized dislocated quasi metric, Contractive conditions,

coincidence point, /3 -property.

Introduction: Pascal Hitzler [1] presented variants of Banach’s Contraction principle for various modified
forms of a metric space including dislocated metric space and applied them to semantic analysis of logic
programs. In this context Hitzler raised some related questions on the topological aspects of dislocated
metrics.

In this paper we establish the existence of a topology induced by agdq metric, induce a
generalized dislocated metric (D metric) from a gdq metric and prove that fixed point theorems for
gdq metric spaces can be derived from their analogues for D metric spaces . We then prove a D metric
version of Ciric’s fixed point theorem from which a good number of fixed point theorems can be deduced.
Definition 1.1:[2]Let binary operation ¢ : R" x R™ — R satisfies the following conditions:

() ¢ is Associative and Commutative,

(1) ¢ is continuous.

Five typical examplesare @ b =max{a, b} aob=a +b,ao¢b =ab,

acb=ab+a+banda ¢ b:a—bforeach a,beR"
max {a, b,1}

Definition 1.2: [2] The binary operation ¢ is said to satisfy /3 -property if there exists a positive real

number £ such that @ ¢ b < max{ a,b}for every a2, be R".
Definition 1.3: Let X be a nonempty set. A generalized dislocated quasi metric
(or gdg metric)on X s a function gdg: X 2 — R* that satisfies the following
conditions for each X,y,Z € X .
(1) gdalx,y)=0,
(2) gdg(x,y)=0 implies x =y
® gdalx, 7)< gdalx. y)o odaly, )
The pair (X, gdq) is called a generalized dislocated quasi metric (or gdq metric) space.
If gdq satisfies gdq(X, y) =gdq(y, X) also, then gdq is called generalized dislocated metric space.
Unless specified otherwise in what follows ( X , gdq ) stands for a gdq metric space.
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Definition 1.4: If (X, /a € A)isanetin X and X € X we say that (X,),., 9dQ converges to X

and write gdq limx,=X if lim gdq(x, x)=limgdg(x x,)=0 .i.e For each >0 there exists
a, €A such that for all >, = gdq(x,x,)=9dq(x,,X) <€.We also call X, gdq limit of
(Xa ) .We introduce the following

Definition 1.5: Let A< X . X € X s said to be a gdg limit point of A if there exists a net
(X,),eain X suchthat gdq limx,=X.

Notation1.6:LetX € X , A < X and r >0,We write

D (A)={x/x e X and X is a gdq limit point of A }.

B, (x) ={y/y e X and min{gda(x, y),gdq(y, x)}<r}and V, (x)={x} B, (x).
Remark 17:gdq limx =X iff  for every O >O0there exists o, €A such that

acA

X, €B;(x) If a=q,

Proposition 1.8: Let (X , gdq ) be a gdg metric space such that ¢ satisfies /3 -property with 3 > 0.
Ifanet(X,/a € A)in X gdq convergesto Xthen X is unique.

Proof: Let (X, /a € A) gdq convergesto y and Y # X

Since (X, /¢ € A) gdq converges to Xand Yy then for each €> O there exists &, ,, € A such that
forall & > o, = gdg(x, x,) = gdg(x, ,X) <% and o > r, = gdq(y, x,) = gdg(x, , y) <§

From triangular inequality we have, gdq (X, y) < gdqg(x, x,)ogda(x, , y)

< pmax{gda(x x,), gda(x, , y)}

e €
< ,Bmax{ﬂ 5 =€
Which is a contradiction.
Hence gdq (X, Yy )=0similarly gdq (Y, X)=0
SX=Y
Proposition 1.9: X € X isa gdq limit pointof A < X iffforeveryr>0, AN B (X)# ¢
Proof: Suppose X € D(A) . Then there exists anet (X, /c € A) in A such that X = gdq Ii£n X,

If r>0,3a, €A suchthat B,(X) nA=¢ for a>a,.

Conversely suppose that forevery >0 B (X) "A = ¢
Then for every positive integer n, there exists X, € B, (X) N A so that

n

gdg (X, ,X)<:, gdg(X, X, )<+ and X, € A
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Hence gdqg lim gdq(x, x) =0so that x € D(A)

Theorem 1.10: Let (X, gdq) be a gdq metric space such that ¢ satisfies [ -property with
L <1and
A c X and B X then

. D (A4 if A=g

i. D(A)cD(B)if AcB

i. D(D(A)<D (A)

v. D(AuUB)=D(A)uUD(B)
Proof: (i) and (ii) are clear. That D (A)u D (B)c D (AU B) follows from (ii). To prove the
reverse inclusion, let X € D (A U B), x=gdq Ialgg (X, )where (X, /ae A)isanetin AU B,

If 3 1 € Asuchthat X, € A forae A anda>A then (X, /a>A ,a€ A)isa cofinal subnet of
(X, /a€ A)and Iirg gdq (x,xa):lin; gdq (x,xa):lirrAl gdg (X, ,X)= Iirg gdg (X, ,X)=0

so that X € D (A). If no such A exists in A then for every a € A, choose B(a) € A such that B(a)>a

and Xg(ay € B.Then (Xy,y/ o€ A) is a cofinal subnet in B of (X,/ ae A) and

lim gdq (X, X)=lim gdg (X, ,x)=lim gdq (X,x,) =lim gdg (X, X,,) =0 so that

X € D (B).It now follows that D(Aw B) < D(A)uU D (B) and hence (iii) holds. To prove
(iv)
letX e D( D(A)), x=gdq IinA1 X, %, € D(A)forac A, andV ac A let(X,,/BE A(w)

beanetin A Suchthatx, = gdq plei?(l) X, -For each positive integer i 3 a; € A such that
gdg (X, ,X)=0dg (X,X, )< %,andBi € A(a)> 9dq (X, X, )=9dq (X, X, )< % ,
If we write o =7i Vi, then {75 e }is directed set with 7; < 7,
if i<j, gdg (Xr. ,x)g gdq(x,.,x,, )0gdq(x,, , X)
< pmax{ gdq(x,, , X, ), 9da(x,, , X)}
< gda(x,; , X, ) +9da(x, ,x)

2

<—-

Similarly, gdq (X,X7i )<T2

Hence X €D( A).

Corollory 1.11: If we writt A = AU D(A)for A< X the operation A —> A satisfies Kurotawski’s
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Closure axioms[6] so that the set I={A/Ac X and AC = A°} is a topology on X . We call

(X ,gdq , 3J) topological space induced by gdq .We call A< X to be closed if A=A and open if
Aed.
Corollory 1.12: A< X isopen (i.e A € J)iff foreveryx € A thereexists 5 >0 3 V(X) < A

Proposition 1.13: Let ( X , gdq) be a gdq metric space such that ¢ satisfies [ -property with 3 <1.
If X Xand & >0 then V;(X)isan opensetin (X ,gdq, 3).

Proof: Let Y € Bs(X) and O<r<min{o—d(x,y),5—d(y,x)}.

Then Br (y)c Ba(x) < A ,since z €B, (y) = min{gdq(y, z),gdq(z, y)} <r

= gdq(y,2)<r

<min{6 —gdaq(x, y),5—gdq(y, x)}
Now
gdq(x, z) < gda(x, y)0gda(y, z)

< pmax{gda(x, y), gda(y, z)}

< gdq(x, y)+gda(y, 2)

<o
Similarly gdqg(z, x) <o therefore Z € Bé‘(x)

Hence V;(X) is open.
Proposition 1.14: Let ( X , gdq) be a gdq metric space such that ¢ satisfies /3 -property with Then
( X, gdq , 3 ) is a Hausodorff space and first countable.
Proof: Suppose X #Y we have to find O suchthat A; = (B;(X) u{x})N(B;(y) {y})=¢
Since X#Y. Oneof gdg (X,Yy),gdg (Y, X) isnon zero. We may assume gdq (Y, X)>0
Choose & > 0 such that 26 < gdq(y, X) .we show that A; = ¢.
Ifze Ajand z=Yy,Z2 # X. ZeB;(X).
=gdq (z,x)<d

which is a contradiction.

= gdg (y,X)< 5<M

Similarly if Zz= yand z=X, z¢ A;
If y#2Z=Xthen gdq (y, X) <gdq (y,z)0 gdq (z,x)
< pmax{gdq(y, z), gda(z, x)}
< gdq(y,z)+gdq(z, x)
<26 <gdq(y,x) which is acontradiction.

Hence A; =¢
Hence ( X, gdqg, 3) is a Hausodorff space.
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If X € X then the collection V, (X) is base at X .Hence ( X, gdqg, 3) is first countable.
n
Remark 1.15: Proposition 1.14 enables us to deal with sequences instead of nets.

Definition 1.16: A sequence {X.} in X is agdq Cauchy sequence if for every > Othere corresponds
a positive integer N, 3 gdq(Xx,, X,,) <€ or gdq(X.,, X,) <€ whenever n> N,andm > N,
iemin{gdq(x,, x.,,) <€ ,0dq(x,,, X,) <€}.And (X ,gdq) is said to be gdgcomplete if every
gdq Cauchy sequence in X is gdq convergent.
Result 1.17: Define D (X, y)=0dg (X,y)¢ gdq (Y, X), whereaOb=a+b,fora,b e R".

1. D isageneralized dislocated metric( D metric) on X .

2. Forany {X,/aeA}in X and x e X gdglim(x,) = x<DIlim(x,) = x

3. X is agdg Complete << X is D complete.

Proof:(i) and (ii) are clear.we prove (iii)
Let X is aQgdq Complete

Let {X,}be a Cauchy sequence in (X ,D) and €>O0then there exist a positive integer
noomnxn,. limD(x,,X,) <€
lim[gdq(x, x,)0gdq(x,, x,)] <€
lim[gda(x, x,)+ gda(x, x,)] <e
min{gdaq(x, x,), 9da(x, x,)} <€
- {x,}isa gdg Cauchy sequence.
Hence convergent.
- limgdq(x,,x) =limgdqg(x, x,) =0
~.D(x,,x)=0
Hencce X is D complete.

Conversely suppose that,
Let X is Dcomplete.

Let {X,}bea gdq Cauchy sequence in X and &> O there exist a positive integer n,>
. €
mln{gdq(xn Xm)’ gdq(xm Xn)}< E

gda(x, x,) + gda(x, x,)} <€

gda(x, x,)0gda(x, x,)} <€

D(x, X,,) <€

Hence {X,}be a Cauchy sequence in (X , D)

~.thereexist Xin X > DIimx, =x=limD(x,x) =0

= lim[gdq(x, x )+ gdqg(x x,)]=0

= limgdq(x, x ) =limgdq(x x,)]=0

Hence X is gdgq Dcomplete.

Remark: As a consequence of 1.17 we can derive a fixed point theorem for gdq metric space if we can

prove the same for D metric space and derive the contractive inequality for D from gdq :
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The D metric induced by a gdgq metric on a set X is very useful in deriving fixed point
theorems for self maps on ( X , gdq ) from their analogues for ( X , D ).Ifaself map f ona gdq metric

space (X, gdq ) satisfies a contractive inequality gdqg(f (x), f(y)) <@y, (X, y), Where @ ;. is a

gdq
linear function of { gdq(u,Vv) /{u,v}<{x,y, f(X), f (y)}}then f satisfies the contractive inequality

D(f(x), f(y)) <Dy (X, y) Where @, is obtained by replacing gdqin @ . by D.

B.E Rhodes[4] collected good number of contractive inequalities considered by various authors and
established implications and nonimplications among them. We consider a few of them here.

Let (X ,d ) be a metric space, Xxe X , yeY ,faselfmapon X,
And a,b,c,h,ai,az 85,8, ,85 , &, 3, ¥ nonnegative real numbers (=constants),

a(x, y),b(x,y),c(x,y), p(x,¥),a(x, y),r(x, y)s(x,y)and t(x, y)be nonnegative real valued

continuous functionon X x X.

=

(Banachy:d (f (x), f(y)<ad(x,y), 0<a<l

(Kannan) : d(f(x), F(y)) <agd(x, f(x)+d(y, f(y)} , osa<%

(Bianchini): d(f(x), f(y)) <h max {d(x, f(x)).d(y, f(y))}, 0<h<1
d(fx), f(yn<ad (x, f(x)+bd(y,f(y)+cd(x,y), a+b+c <1

n

> ow

s5.d(f(x) ., f(y) <a(xy)d(x, fxnsb(x,y)dcy, f(y) +c(x,y)d(x,y) .
sup{a(x,y)+b(x,y)+c(x,y)/xe X,yeY}<l

X,yeX

6. (Chatterjea): d (f (x), f(y)) <af[d (x,f(y) +d(y,f(x>)],a<%

7. d(f(x), f(y)) <h max[d(x, f(y)).d(y, f(x))] ,o0<h<1

8. d(fx), fqyn<adx, f(y)+ bdy,f(x) +cd (x,y), a+b+c
<1

9. d(f(x), f(y)<alxy)d(x, fyn+b(xy)dy, fxy+cx,y)d(x,y),

sup{a(x,y)+b(x,y)+c(x,y)/xe X,yeY}<l1

X,yeX
10. (Hardy and Rogers):

d(f(x), f(y)) <ad(x y)++a,d(x, f(x))+a;d(y, f(y))+a,d(x f(y))+ad(y, f(x) ,

sup { > a;(x,y)}<1 Forevery x=y

X,yeX i

11. (Zamfirescu):For each X,y € X at least one of the following is true:
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L d(F(X), f(Y) < ad(xy) , 0<a<l
n.d(f(x), f(y) < g rd(x f(x))+d(y, f(y)1 . 03/3<%

. d(f(x), f(y) <y d(x f(y)+d(y, f0)1 037<%

12. (Ciric): For each X,y € X
d(f(), f(y)<alx,y) dox,y)+r(xy)d(x, f(xp+s(x,y) dcy, f(yn+
t(x, y)rd(x, f(y)) +d(y, f(x))]

sup{a(x,y) +r(x,y)+s(x,y)+2t(x,y) <A <1

X,yeX

13. (Ciric): For each X,y € X
d(f(x), f(y)) <h

max{d (X, y) d(x, f(x)),d(y, f(y)).d(x, f(y)).d(y, f(x)3},
0<h<1

B.E Rhoades[4] established the following implications among the above inequalities:

2 = 3) = (b) = (12) = (13)

2 = (@) = b)) = (12) =(13)

6) = (1) = (9) =(13)

(6) = (8) = (9) =(13)

(6) = (10) = (11) = (12) = (13).

If d is a D metric instead of a metric, it is possible that d(X,X)#0. As such these
implications hold good in a D metric space as well when “ X # Y is replaced by D(X, y) #0”. More
over all these implications end up with (13). Thus a fixed point theorem for f satisfying the D metric
version of Ciric’s Contraction principal (13) yields fixed point theorem for f satisfying the D metric
version of other inequalities.

Moreover d(X, f(x))=0 = f(X)=xwhen dis a metric. However “ f (X) =X "does not
necessarily imply d(X, f(X))=0 where dis a D metric. We in fact prove the existence of X such
that D(X, f (X)) =0 which we call a coincidence point of f .We now prove the following analogue of

Ciric’s Contraction principle.
2 Main Results

Theorem 2.1 : Let (X ,D) be a complete D metric space such that ¢ satisfies /3 -property with
B<1,faselfmapon X and 0 <h<L.ifforall X,y with D(x,y)=0.

D(f(x), f(y)<h max{ D (x,y),D
(X, F OO D Fyn.Dey, fx))Dy, fynt—»

Then f has a unique coincidence point.

Proof: Assume that f satisfies (*).
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For X € X and any positive integer n write O(X,m)={x, f (X)...... f™(x)}and
o[0(x,m)]=sup { D(u,Vv)/{u,v}<0(x,m)}.

We first prove the following
Lemma[7]: For every positive integer ‘[N’ there exists a positive integer K<m such that

5[0(x,m)]1< D(x, f*(x))
Proof: To prove this it is enough if we prove that S[O(x,m)] <y,

Where y, =max{D (X,X).......D (X, f"(x))} (1)

We prove this by using Induction,

Assume that (1) is true for ‘M~ e S[O(X,m)] <y,
Now we have to prove for m+1 ie S[O(X,M+D)] <y, ., (2)
We have S[O(f(X),m)] < max{D (X,X),....... D (x, f"(x)).D (x, f™(x))}

Also D (f'(x) , f™(x)) < max {D (X,X)..... D (x,f"(x)),D (f(x), f™(x)}
B
Vo 1<i<m
Hence S[O(x,m+1)]=sup{D (f'(x), f ' (x))/0<i< j<m+1},
=sup{ D (X,X),........ D (x,f™(x)), D (x,f™(x)}u

sup{D (f'(x), FI(X))/0<i<j<m+D,

< max{ D (X,X).....D (x £"(x)).D (X

™)) S(0(F (x),m)) 3
< ¥my from(1)and (3)

Hence S[0(x,m+1)] <y,.,. This proves the lemma.

Proof of _the Theorem:
If 1<l <m,1<] <m

D (f o), fleyn=D (f(f ™o ff Ity
<h max {D(f ™(x), f " y) .Df"x), fi(x), D (f"™(x)
oy,
D(f "(x) ,f'(x) ., D(f I x)
R IRYO9)
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<h s[0(x,m)] 1)

Also S[O(x,m)] < max {D(f x), fI(x),D(x,x),D(x, f(X),....D(x, f"(X)}

@

Ifm, N are positive integers such that M >N then by (1)
D(f"(x), £ (x)=D(f "™f "xy, ff " x))

<hsocf "(x), m—n-1)

<hD(f "Hx), f " (x)) forsome k, ;0Sk, <m-n-1
(by above lemma)

<h?socf " (x), m-n+2

< h " s[0(x,m)]
Bythelemma 3 K 50 <K <m and S[0(x,m)]< D (X, f*(x))
Assume K 21, D(x, f¥(x)) S D(x,f (x)0 D(f (x), f*(x))
<Bmax{D(x, f (x),D(f (x), f*(x)}
<D(x,f (x)+D(f (x), f*(x))
S D(x,f (x)+hs[0(x,m)]
<SD(x, f (x)+hD(x, f¥x))

= D(x,fk(x))sﬁ D(x, f (x))

If K=0, S[0(x,m)]< D(x,x)<D(x,f(x)0D(f(x)x)
<pmax{D(x, f (x)),D(f(x),x)}
<D(x, f(x)+ D(f(x)Xx)

<D(x, f(x)y+h D(x,x)

= D(x,X)< ﬁD(x, f(x))

Hence D(f "(X), f "(X)) < h " S[0(x,m)]

< 1h - D(x, f(x))

This is true for every M> N Since 0< h < 1. lim h" = 0.Hence { f ™(X)} is a Cauchy sequence in
(X,D).

Since X iscomplete,3 Z € X sothatlim f" (X)=2

We prove that D(2, f(2)) =0
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0<D(z, f(2)) < D(z, f " (2))0D(f"(2), f (2))
< pmax{D(z, f"(2)),D(f"*(2), f (2))}
<D(z, f"(2)) + D(f"(2), f (2))

By continuity of f , lim D(f"*(x), f(2))=0
Hence D(z, f (2)) =0, hence z is a coincidence pointof f .

Suppose Z,,Z, are coincidence point of f then

D(z,,2,)=D(z, , f(z) =0, similarly D(z,,z,)=0

if D (z,,2,)#0. Thenby (*),

D (2,,2,)=D (f(z,).1(z,))
<h max{D(z,z,),D(z, f(z),D(z,, f(z,)),D(z,, f(z))), D(z,,f (z,))}
< h D (z,z,) acontradiction

Hence D (z,,z,)=0.Hence z, = Z,.This completes the proof.

We now prove a fixed point theorem for a self map ona D metric space satisfying the analogue of (12).
Theorem2.2: Let (X ,D) be a complete D metric space such that ¢ satisfies /F-property with

L <1 andf: X — X be a continuous mapping such that there exist real numbers

a,ﬂo,ya,OSa<% ,OSﬂO<% ,y<min{%é—a,%—ﬁo} satisfying at least one of the

following for each X,y € X

i.  D(f(x), f(y)<aD(xy)
i D(T09, T(¥))< B {D(x 1(x))0 D(y, ()}
ii.  D(f(X), f(y))<y {D(x, f(y)) 0 D(y, f(x))}

Then f has a unique coincidence point.
Proof: Putting Y= Xin the above and JO= max {2a,20,,2y} we get
D(f(x), f(x)) <5 D(x, f(x))

Again putting Y = f (X) in the above (i) (ii) (iii) yield

D(f (x), F2(x)) <2a D(x, f (X))

10
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D(f (x), £2(x)) sli D(x, T (X))

—Fo

D(f (x), F2(X)) < Z” D(x, f (X))

If h=max{2a , i , y+5}then0£h<1and
1-p 1=y

D(f(x), F°()) < h D(x, f(x))

If M, N are positive integers such that M >N then we can show that
D(F"(9, () < % D(x, F(x)
since 0<h<1; limh"=0

Hence { f"(X) }isa Cauchy sequencein (X, D).

Since X iscomplete, 3z in X > lim f"(x) =z

since f is continuous, lim f " (x) = f(2) in (X, D).
since 0< D(z, f(2))<D(z, f"(x))OD(f"™*(x), f(2))
< pmax{D(z, f"*(x)), D(f (), f (2))}
<D(z, f™(x))+D(f"™(x), f(2))
It follows that D(z, f(2))=0, Hence z is a Coincidence point of f .
Uniqueness : If Z, , Z, are coincidence points of f then by hypothesis,

Either D(z, ,Z,)<a D(z,,z,)or00r2y D(Z,,2,)
Since 0<a<%and O<a<% we must have D (z, ,z,)=0

Hence Z, = Z,. This completes the proof.

The D metric version for the contractive inequality (10) in the modified form (**) given below
yields the following

Theorem2.3 : Let (X ,D) be a complete D metric space such that ¢ satisfies /5 -property with
L <1 and f : X — X be a continuous mapping. Assume that there exist non-negative constants

a, satisfying &, +a, +a, +2a, + 28, < 1 such that foreach X,y € X with X = y

D(fx) fyn<a,D(x.y)0a,D(x f(x)0a,D(y, f(ynoa, D(x f(y)oa,
D(y. f(x)

----- (**). Then f has a unique coincidence point.

Proof:
Consider
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D(f (x), £2(x)) <a,D(x, f(x))0a,D(x, f (x))0a,D(f (x), f *(x))0a,D(x, f *(x))0a;D(f (x), f (x))
< pmax{a,D(x, T (x)),a,D(x, f(x)),a,D(f (x), T *(x)),a,D(x, f *(x)),a;D(f (x), f (x))}

<aD(x, f(x))+a,D(x, f(x))+a,D(f(x), f?(x))+a,D(x, f?(x))+a,D(f(x), f(x))
=(a, +a,)D(x, f (X)) +a,D(f(x), f?(x))+a,D(x, f*(x))+2a,D(x, f(x))

(- D(f(x), f(x)) < D(x, f(x))+D(f(x),x))
=

D(f (x), F2(X)) < {

a, +a, +2a,
1-a,

} D(x, f(x))+[1 il } D(x, f(x)){&}

43 3

D(f (), F*(x))

a+a,+2a, +a,
1-a,-3a,

= D(f(x), f*(x)) S{ } D(x, f(x))

a+a,+2a.+a,
1-a,-a,

— D(f(x), F2(x)) < B D(x, (X)) where B = { } 0<f<1

If M>nN then

D(f"(x), £"(x)) < D(f"(x), f"(x))OD(f"*(x), f"*(x))0~—==0D(f"*(x), f "(x))
< pmax{D(f"(x), f"*(x)), D(f"*(x), f"*(x)),——— D(f"*(x), f"(x))}
<D(f"(x), f"(X)) + D(f"™(x), f"*(X)) +————+D(f"*(x), f"(x))
<(B"+ " .+ ™) D(X, £ (X))
=B A+ B+ fP+ ) D(X, T (X))

< ﬂn
1= DX f09)

Hence { f "(X)} is Cauchy sequence in (X, D), hence convergent.

Let £=lim(f"(x)) then f(&)=lim(f"™(x)) (since f iscontinuous)

So D(¢, f(£)=limD(f"(x), f"(x))

12
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< fim 1ﬁ " D(x, f(x))

Since 0 < B<1, D(&, £(£))=0 Hence f(£)=¢.

Hence & is a coincidence point for f .
Uniqueness: If D(&, f(£)) =D(#, (1)) =0

= f(&)=¢and f(7)=7

Consider

D(&,77) = D(f (), T (1)) <a,D(S,7)0a,D(¢, f(£))0a;,D(n, T (17))0a,D(<, f(7))0a;D(n, T(S))
< pmax{a,D(¢,7),a,D(¢, T(£)).8,D(, T (17)).2,D(c, f (7)), aD(n, ()}

<a,D(&,7)+a,D(¢, f(£))+a;,D(n, f(n))+a,D(S, f(n))+a;D(n, T(£))
<yD(&n) where y=a +a, +a,<1

= D(&,n)=0 Hence &=n
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