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Abstract

The aim of this article is to obtain the order of convergence of weighted space by interpolation polynomials on [-
m, m]. Our order of convergence is given in terms of error of the best one-sided approximation or in terms
averaged modulus. However if f is a smooth function, then we can given the order in terms of E, (f(m))p_w.
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1. Introduction

We shall consider the functions defined on R which are 2 m-periodic on every variable. With T,, we denote the
set of all trigonometric polynomials of degree n on every variable. Set X=[-m,t]. We denote the set of 2 -
periodic bounded measurable functions with usual sup-norm by L., such that

1.1)....... L.X)={f: lIflle =sup{lf(x)[Vx €EX}<w}.

The space Ly(X), (1< p<co) is equipped with the following norm (f € L, (X))

1

(1.2).....\Ifll, = (fX IfOIP dx)E < .

Further, for & > 0, locally global norm of a function f is defined by

1

(13 Wfllsp = ([, sup{IFIPy € =22+ S} dy ) .

Now , let W be the set of all weight functions on X. Consider Ly (X), (1< p<oo )the space of all
functions f on X which is given the following norm (f € L, ,,(X))

1

(Al U = (f [22 ’ dx)a <

w(x)

The degree of best approximation of a functionf € L, (X) with trigonometric polynomials from T, on X
given by

(1.5)....... E,(f)p = inf{llf = Tull, , Ty € T,},

the degree of best approximation of a function f € Ls, (X) with trigonometric polynomials from T, on X is
given by

(1.6)....... E.(Nsp = nf{lIf = Tallsp » Tn € Ty}

and the degree of best approximation of a function f € L,,,,(X) with trigonometric polynomials from T, on X is
given by

(1.7)....... En(Npw = nf{If = Tullpw » Tn € To}.
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The degree of best one-sided approximation of a functionf € L,(X) , f € L,,,(X) and f € Ls, ,, (X)
with trigonometric polynomials from T, on X are respectively given by

(18)ce e En(f)p = inf{llpn = @ullp » Prsn € Tn and g, (x) < f(x) < pp(x),V x € X}
(1.9)-ce e En(Fpw = if {IPn = nllpw » Prr@n € Tn and g, (x) < () < p,(x),V x € X}

(1.10).....Ex (N5 pw = nf{llpn — dullspw » Pn Gn € T and g, (x) < f(x) < p,(x), Vx € X}

For characterization of the structural properties for a given function f € L,(X) or f € L, ,,(X), we shall use the
following modulus.

The k™ average modulus of smoothness for f € L,(X)and f € L, (X) are respectively given by
(1.11)....... w(f, 8)p = llwk(f,.,68ll,, where
wi(f,8)p = Supo<n<s {||A’,§f(.)||p},6 > 0, the kth ordinary modulus of continuity for f € L,(X) and
(1.12)....... T (f, O)pw = llwk(f,., 6w, Where
0e(F, 8)pw = SUPoces {[|AL f(.)||p‘w},6 > 0 such that
BEF G0 = By (=D (8) Fox 4 i), h e X,
The kth locally modulus of smoothness for f € L., (X) is defined by
wr(f,x,8), = sup{|A’,§f(t)|; t,t+khe€[x— %,x + kz—h]}

The unique trigonometric polynomial from T, interpolating a given functionf € L, (X) at a points {x]-}z is
denoted by I,,(f).

If t,u €R , then we denoted by

n (L
D, = S”;(S;lz)u the Dirichlet kernel . Interpolating polynomial I,,(f) has representation
(1.13)....... L(f) = sze,\,f(xj) D, (x — x;) , which has the following properties

2n+1
i L (f X)) = f(Xgen), 0 <k <n—1.
ii. Iéj) (F, %) = FP (), j= My,My,...mg, where 0< m;< m,<...< mgare distinct integer and X= 2krm/n [4].

Recently, similar results have been proved for mean convergence of interpolation by trigonometric
polynomial in Xu (1991). For interpolation we do not really need continuity of the underling function f. The
interpolation is well defined already for bounded measurable function f on X. To get L, ,-approximation of the
Langrange interpolation it is sufficient to assume Riemann integrablity of f , which can be found already
(Zygmand 1958).

The purpose of this note is to obtain the order of approximation of the Lagrange interpolation and more
generally interpolation in L -norm for unbounded function f .

Since the interpolating polynomials are based on the point values of f, it is unrealistic to expect that the
order be given by either E,, (f),w Of (f,8)pw -

Our order of approximation is given in terms of degree of best one-sided approximation. However if f is a
smooth function, then we can give the order in terms of En(f(m))p_w.
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1. Auxiliary Lemmas :
Lemma (2.1) (Hristov 1989) :
IfT, € T,, (1< p<w), then
ITally < ITallsp < c@Tnllp-
Lemma (2.2) (Hristov 1989) :
Forevery f € L,(X), (1< p<co ) we have
Wflly < Ifllsp < Nflle = f 1600
Lemma (2.3) (Jassim, et al. 2010) :

Let f, g be two functions define on the same domain, (1< p<co ). Then

T(fo Dy < T(f = 82)p + (9, Dp-
Lemma (2.4) (Hristov 1989) :
Forevery f € L,(X) , (1< p<oo ) we have
15 (Pllsp < c@Ifllsp-
Lemma (2.5) (Jurgen etal. 1994) :

LetT, € T, ,(1<p<cw). Then

1

- P\»
1Tl < c@) (> 22311 @] )
Lemma (2.6) (Jurgen etal. 1994) :

LetT, € T, ,(1<p<w). Then

1
(2 ZBdT @)l )P < )Tyl

Lemma (2.7) (Jassim, et al. 2011) :

If f is a bounded measurable function on [a,b], then

(b—a)(2i-1)

f:f(X)dx ~ 28 ™, f(x), wherex; =a+ o=

n

Lemma (2.8) (Sendov, et al. 1988):
If f€L,(X),(1<p<w),then

En(F)p < = En(f )y -
Lemma (2.9) (Popov, et al. 1984) :

If T, € T, , ris positive integer, then

Il < eI wn(f, 8)p:
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Lemma (2.10) (Popov, et al. 1984) :

For 2r-periodic bounded Riemann integrable functions, we have

Ilf = L(ONl = 071 (f,7) . (1< p<on ), where 0(1) is bounded function.
Lemma (2.11) (Sendov, et al. 1988) :

Let f € L,(X), (1< p<co) .Then

i. E~n(f)p < Ckwk(f: 6)p < Tk(f' 6)p-
ii. En(f)p < Cka(f)p.

Lemma (2.12) (Jassim 1991) :
Let f € L, (X), (1<p<ow ). Then

En(f)p,w < C(p)En(f)ﬁ,p,w < C(p)En(f)p,w-
2. Formulation of the main results:

The object of our paper is to find the degree of best one-sided approximation in L, (X) space b interpolating
L, (f) in terms of average modulus and modulus of continuity for f € L, ,, (X).

Theorem (3.1) :
Iffe Ly w(X); (1< p<oo ), then
En(F)pw < cOIf = LD llspw < c@IER(fpw -

Theorem (3.2) :
Letn > 1, (1< p<w) andf™ € f € L, (X). Then

If = LPllpw < @) 1™ En(Fpar-
Theorem (3.3) :
Letn>1,f € L,,(X), (1<p<cw). Then

If = Lllpw < c®) [E,(pw + 0 (F, )pw].
Theorem (3.4) :
Let f € L, (X), (1<p<co). Then

If = L spw < kT (f, 8)pw
where c is constant depending only on p.
We need the following lemmas to prove our theorems.

Lemma (A):
Let f € L,,(X), (1<p<w). Then

1 llpw < 1f 16w -

Proof : From (1.3) and (1.4) we get

98


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2224-5804 (Paper) ISSN 2225-0522 (Online) l'H.i.!
Vol.4, No.4, 2014 IIS E

feF G f Z
W) dx) < sup (L dx)

w(x)
<o ([ ([ s efo-Fa+ )] =171

1fllp = ( fX

Lemma (B) :

Let f € L, (X), (1<p<w). Then

Tk(fv a)p,w < C(p)”f”p,w'
Proof :

By using (1.12) and definition of modulus of continuity we get
AR f(©)

NG
T (f) 6)p,w = ||wk(f'-'6||p,w = <L Sup{ w(t) dt})

» 1
P f(x)
([ =l ) =0 ([ {5

Proof of theorem (3.1) :

Weshall to prove  |If — L,(PDllspw < cCOE(pw -oeenveee (1)

AL f(t)
w(t)

<

NN
dt}) = c @I lpw-

n
k=0

From (2.1), (2.2), Interpolation conditions and lemma(A) we get

L) L) f f
IOl = |17 =@ |7 Hp =@ ] <@ ], -
ThUS 1 (Dllspe < @) [ 2] = c@IFlapp o)

In order to obtain inequality (1), we consider p, € T,, which E,,(f)spw = If — Pullspw-

If = LOllspw < Nf = Pallspw +  11Pn = L) llspw
= If = pullspw + I Ta(@n = Pllspw
By using (2) and (2.12), we get
If = LPspw < En(Hspw + c1@If = Pullspw
= cP)En(Hspw < c®) E,(fpw-
We need to prove £,(f)pw < c®) If — L llspw-
Let Py , Gn € Ty, such that, g, (x) < f(x) < pp (x) Vx € X and En(Npw = Ipn — dullpw -

Thus En(f)pw < C(p)En(f)d,p,w < C(p) ”f - In(f)”&,p,w-
Proof of theorem (3.2) :

Since I,,(f) preserves trigonometric polynomials inT,, , then
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If = L(Ollpw < Nf = Tallpw + 1T = Li(Allpw  where T, €T, is best trigonometric polynomial
approximation to f . Let p,, and g, be the polynomials inT,, such that

En(f™ ) = 100 = dullpw s @n(x) < f(x) < pp (x) VX EX

From (2.5), (2.6), (2.7) and Minkowaski's inequality, we get

Lty P D) (m) P\D
T, 1 17 Gt 5

17y = L)l = T = Dl = [G2 =D Sc(p)<;§ ) [ )
p k=0 n n

1

p P
dx)

V() ()
wk)  wx)

TM(x) 0 (x)
w(x) B w(x)

< c(p) (fX

(m)
<) (f LM ()
X

w(x) w(x)
< () {( f

~ ¢(p) (fx

0 () ™M)

w(x) w(x)
N
dx)
P\
dx)}

1
p p
dx)

”dx)i(fx
”dx)i(fx

1

”dx)i(jx

Pn(¥)  qn(x)
wlx) wx)

M) F™ ()
wx)  wk)

+([ pdx>5

< c@{lF™ =T+ l1pn = dullps + Iow = Gallpu)

f™M)  ga()

w(x) B w(x)

Pn(¥)  qn(x)
wlx) wx)

= cOYE(F ™y + 2 En(Pp}

Therefore
If = (P, S EnlPdpaw + C@IER (S ™paw + 2 En(F)pul
By using (2.8), we get
1.
If = (O, < €@ o [En(Ppp + En(F™), ]

<c(@n™ En(f)p,w .
Proof of theorem (3.3) :

Let T, € T, be the best trigonometric polynomial approximation to a function f € L, ,,(X). Then
If = (O, <
If = Tall, + 1T = LTI, I (T) = L (DI,

= En(Fn + 1Ty = (T, + 1 (T = DI,
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From (2.5), (2.7) and (2.9) we get

n=11_() p % (D] p %
Tn 1 Tn (xk) ~ Tn (x)
w ) < Cl(p) (;; W(xk) ) ~ Cl(p) (L W(x) dx)

)
=0 (p)”TrEr)”p‘w =@ |—

”Tn - In(Tn)”p,w = ”T ”pw =

p

< C(p)n_rwr(£' 6)p =c(p)n"w,(f, 6)p,w-

Now, from (2.4),(2.5) and (2.9) we get

T
I = Pl = [ (2= 5)]| =0 [ 2L = c@im, = 11
< @) (T, ~ Gl + 105~ )

<) (1T = fllpw + If = anllpw + llgn = Flipw)
< c(®) (1T = fllpw + 1on = @nllpw + 1on = Gnllpw)
= c(P)E(Npw + En(fpw)-
By using (2.11)(i),we get

EvDow = EnCly < @y (£,8) = c0)or(f 0y

Therefore ”f - In(f)”p,w < C(p) [ENnOr)pw + wr(f' 5)p,w]'
Proof of theorem (3.4) :

Consider p,, q, are the best one-sided approximation of a function f is space(X), such thatEn(f)p,W =
lp,, — Qn”p,w

From (2.3), (2.4), (A), (2.10) and (B)

NOW, ||f_1n(f)||6,p,w < ”f_pn”é‘,p,w-l' Ilpn_ln(pn)||6,p,w+ ”In(pn)_
In(f)"&p,w
=|£_P_n Po_ W@l (p_n__)”
wo wlls, |[w wo s, "\w w/lls,
<I5-wl,, + =nell +ao 5=
][ I ) )
= 6Eu P + o= 1D,

< csME,(pw + ca(p) <0(1)T1 (%; 5) )
P

<&@, Py + sy (78).
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< s ME,(pw + cs®@) (11 (é' 5) +7 <f ;/pn ) 5>p

P

|£_P_n
w w

< &3 ()E, (Npw + @)1 (f 5>p * |

-
w

p) < c;ME,(pw + cs(@)Ty (é. 5>p

< Ck(p)Tl (f' S)p,w-
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