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Abstract 

In this paper, a numerical solution of the modified regularized long wave (MRLW) equation has been showed 

using the classical implicit finite-difference. Error norms 𝐿2  and 𝐿 have been calculated to show performance of 

present method. Calculated values are compared with study available in the literature. 
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1. Introduction 

The modified regularized long wave (MRLW) equation is related to MEW equation, mKDW equation and RLW 

equation respectively; MEW equation  

      𝑈𝑡 + 𝑈2𝑈𝑥 − 𝑈𝑥𝑥𝑡 = 0 
mKDW equation  

                                  𝑈𝑡 +6𝑈2𝑈𝑥 + 𝑈𝑥𝑥𝑥 = 0                                           
and RLW equation  

𝑈𝑡 + 𝑈𝑥 + 𝑈𝑈𝑥 − 𝑈𝑥𝑥𝑡 = 0 

 

where  ,  and  are positive parameters. (MRLW) equation has been stuied by many author. The equation have 

been introduced a mathematical theory of the equation by Benjamin et al. Bona and Pryant have proposed the 

existence and uniqueness of the equation. Esen and Kutluay, Gardner and Gardner have finite element method for 

solution of the MRLW equation. Gou and Cao have used pseudo-spectral method for he solution of the MRLW 

equation. Karakoç et al. obtained a numerical solution of the modified regularized long wave (MRLW) equation 

using a numerical technique based on lumped Galerkin method using cubic B-spline finite elements. Karakoç et 

al. applied a method based on collocation of quintic B- spline and Petrov Galerkin finite element method in which 

the element shape functions are cubic and weight fuctions are quadratic B-spline for numerical solutions of 

(MRLW) equation.Keskin and Irk proposed two finite difference approximations for the space discretization and 

a multi-time step method fort the time discretization fort the (MRLW) equation.  

In this paper, we applied the classical implicit finite-difference scheme to solve the MRLW equation.We used 

mathlab program to obtain numerical results. 

 

2. Application of the Method 

In this paper, we will consider the MRLW equation  

 

                                                        𝑈𝑡 + 𝑈𝑥 + 6𝑈2𝑈𝑥 − 𝑈𝑥𝑥𝑡 = 0                              (1) 

 

With physical boundary conditions 𝑈0 as 𝑥 −
+ , where  is a positive parameter and 𝑥 is space step, 𝑡 is time 

step.To apply numerical method the MRLW equation, we will take solution domain on interval 𝑎𝑥𝑏. The 

modified regularized long wave (MRLW) equation has boundary-initial conditions with following form 

 

                                                           𝑈(𝑎, 𝑡) = 0, 𝑈(𝑏, 𝑡) = 0                                                                  (2) 

 

                                                    𝑈(𝑥, 0) = √𝑐sech [𝑝(𝑥 − 𝑥0)]                                                (3) 
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Where 𝑐 = 1, 𝑝 = √
𝑐

(𝑐+1)
 and 𝑥0 = 40. Exact solution of the MRLW equation 

 

                          𝑈(𝑥, 𝑡) = √𝑐sech [𝑝(𝑥 − (𝑐 + 1)𝑡 − 𝑥0)]  
 

The interval [𝑎, 𝑏] is divided into 𝑁  equal subinterval such that 𝑎𝑥0𝑥1…𝑥𝑁 = 𝑏 for 𝑚 = 0,1, … , 𝑁 at the 

nodal points 𝑥𝑚 by selecting the space step size as ℎ =
𝑏−𝑎

𝑁
= (𝑥𝑚+1 − 𝑥𝑚). 

Using the forward difference approximation for 𝑈𝑡 , 𝑈𝑥𝑥𝑡,  

 

𝑈𝑡 =
𝑈𝑚

𝑛+1 − 𝑈𝑚
𝑛

𝑡
 

 

and approximation central difference for  𝑈𝑥 

𝑈𝑥 =
𝑈𝑚+1 − 𝑈𝑚−1

2ℎ
 

 

and implicit finite-difference approximation for 𝑈2𝑈𝑥 in equation (1) lead to 

 

                
 𝑈𝑚

𝑛+1 − 𝑈𝑚
𝑛

𝑡
+

1

2
[
 𝑈𝑚+1

𝑛+1 − 𝑈𝑚−1
𝑛+1

2ℎ
] + 6(𝑈𝑚

𝑛 )2[
 𝑈𝑚+1

𝑛+1 − 𝑈𝑚−1
𝑛+1

2ℎ
] −



𝑘
[𝑈𝑥𝑥

𝑛+1 − 𝑈𝑥𝑥
𝑛 ] = 0 

                  

and we obtain  

[−
1

2ℎ
− 6

(𝑈𝑚
𝑛 )2

2ℎ
−



𝑘ℎ2
] 𝑈𝑚−1

𝑛+1 + [
1

𝑘
+

2

𝑘ℎ2
]𝑈𝑚

𝑛+1 

 

+ [
1

2ℎ
+

6(𝑈𝑚
𝑛 )2

2ℎ
−



𝑘ℎ2
] 𝑈𝑚+1

𝑛+1 = 𝑈𝑚−1
𝑛 [−



𝑘ℎ2
] + [

1

𝑘
+

2

𝑘ℎ2
] 𝑈𝑚

𝑛 − 𝑈𝑚+1
𝑛 [



𝑘ℎ2
] 

 

for 𝑚 = 1,2, … , 𝑁. 
 
 

 3. Numerical examples and results 

 

The modified regularized long wave (MRLW) equation to show the performance of the method, error norms 𝐿2 

and 𝐿 are calculated  

𝐿2 = ‖𝑈𝑒𝑥𝑎𝑐𝑡 − 𝑈𝑁‖2√ℎ ∑|𝑈𝑗
𝑒𝑥𝑎𝑐𝑡 − (𝑈𝑁)𝑗|

2
𝑁

𝑗=0

 

and the error norm 𝐿 

𝐿 = ‖𝑈𝑒𝑥𝑎𝑐𝑡 − 𝑈𝑁‖

𝑚𝑎𝑥 |𝑈𝑒𝑥𝑎𝑐𝑡 − (𝑈𝑁)𝑗| 

 

Table  

 tf=10, 0 ≤ 𝑥 ≤ 100   

 finite diffrence Keskin-Irk 

h,t 𝐿2 𝐿∞ 𝐿∞  

h=05,t=0.001 0.4829 0.2504 0.1364  

0.2, ,t=0.001 0.2073 0.1162 0.0029  

0.1, ,t=0.001 0.1670 0.0958 7.6𝑥10−3  

0.05, t=0.001 0.1569 0.0907 1.9𝑥10−3  
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4. Conclision 

In this paper, a numerical solution of the modified regularized long wave (MRLW) equation has been solved the 

classical implicit finite-difference technique. In Table, for t=0.001 value when 𝐿2 and  𝐿  error norms are 

compared with study available in the literature, we have find approximate values.We say that applied method is 

some good. 
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