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Abstract

Leibniz algebras are generalization of Lie algebras. In literature, there are many studies on one
dimensional and two dimensional Leibniz algebras. The structure of three dimensional Leibniz algebras
are more complicated than the structure of one dimensional and two dimensional Leibniz algebras. In
this study, our main aim is to investigate three dimensional non-Lie Leibniz algebras. Moreover, we prove
that for any three dimensional non-Lie Leibniz algebra L, there exists at least one Leibniz algebra which
is isomorphic to L.
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1. Introduction

Leibniz algebras have been a substantial topic of research since the 1960’s. Leibniz algebras were first
seen in the papers of A.M. Bloh [Bloh 1965, 1971] and they were called D-algebras. Then [Loday 1993]
J.L. Loday rediscovered these algebras and he called them Leibniz algebras. There are many results on
Leibniz algebras analogous to results on Lie algebras. For instance, the well-known Lie’s Theorem,
Engel’s Theorem, Cartan’s Criterion and Levi’s Theorem on Lie algebras [Jacobson, 1979]. However,
some of these results are proved for left Leibniz algebras and some of them are proved for right Leibniz
algebras in literature. This paper is organized as follows. In Section 2 we define the basic definitions for
Leibniz algebras and in Section 3 we investigate the structure of one dimensional and two dimensional
Leibniz algebras. Then in Section 4 we focus on three dimensional non-Lie Leibniz algebras and we
prove that if L is a three dimensional non-Lie Leibniz algebra, then there exists at least one Leibniz
algebra which is isomorphic to L.

2. Preliminary
In this section we begin by setting up some definitions and notations for Leibniz algebras that will be
needed in the sequal. A useful reference for more details is [Loday 1993]. Let L and R be algebras over
a field F with binary operations + and [,]. L is called a left Leibniz algebra if it satisfies the Leibniz
identity

[[x! }’], Z] = [X, [y' Z]] - [y! [x; Z]]

for all x,y,z € L and R is said to be a right Leibniz algebra if it satisfies the Leibniz identity
[x, [y, 21] = [[x,¥], 2] = [[x,2], 5]
for all x, y, x € R. Note that the classifications of left and right Leibniz algebras are different. Throughout
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of this paper, we prefer to work with left Leibniz algebra. It is possible to make a transfer from a left
Leibniz algebra to a right Leibniz algebra or from a right Leibniz algebra to a left Leibniz algebra. An
algebra L is said to be a symmetric Leibniz algebra if it is both a left and a right Leibniz algebra. Leibniz
algebras are non-anticommutative generalization of Lie algebras. As an immediate consequence, every
Lie algebras are Leibniz algebras. A Leibniz algebra L is a Lie algebra if and only if [x, x] = 0 for every
element x € L. A Leibniz algebra L is said to be abelian if [x, y] = 0 for all x,y € L. Indeed, an abelian
Leibniz algebra is a Lie algebra.

Since L is a vector space, for the subspaces X and Y of L, [X, Y] will be a subspace generated by the
elements [x,y] where x € X and y € Y. A subspace A is called a Leibniz subalgebra of L, if [x,y] € A
for all x,y € A. A subalgebra A is called a left (respectively right) ideal of L, if [y, x] € A (respectively
[x,y] € A) for all x € A and y € L. If a subalgebra A is both a left and a right ideal, it is called an ideal
of L, that is, [x, y],[y,x] € A for all x € A and y € L. Then we can consider the cosets

x+A={x+alaeA}
for x € L and a factor-algebra
L/A={x+A|lx€L}
is also a Leibniz algebra.

We use the notation Leib(L) to denote the subspace generated by the elements [x,x] for x € L. This
subspace is called the Leibniz kernel of L. For all [x, x] € Leib(L) and y € L, we obtain

2.1 [[x, x],y] = [x, [x,y]] - [x, [x,y]] = 0.
Hence [[x, x],y] = 0. Moreover, a straightforward calculation shows that
[ %]+, [x, x] + y] =[x x], [x,x]] + [, %], y] + [y, [x, %] + [y, [, €] + [y, 5]
= [y, [x.x]] + [y, y].

Then, we obtain [y, [x,x]] = [[x,x] + v, [x,x] +y] — [y,y]. Since [[x,x]+y,[x,x] +y],[y,y] €
Leib(L), we have [y, [x,x]] € Leib(L). This result implies that Leib(L) is an ideal of L. Furthermore,
from (2.1), we infer that Leib(L) is an abelian Leibniz algebra.

Say K = Leib(L). Then in factor-algebra L/K = {x + K| x € L}, we have x + K,x + K] = [x,x] + K =
K

for each element x € L. This means that L/K is a Lie algebra. Let L, and L, be two Leibniz algebras
over a field F. A map ¢:L; > L, is called a homomorphism if ¢ is a linear map and @([x,y]) =
[o(x), ()] forallx,y € L;. If @ is also bijective, we say that ¢ is an isomorphism. Let L be a Leibniz
algebra. Define the composition chain of ideals

L'=1L,1%*=][LL],.. LK =Lk L]
for k > 1. Then the Leibniz algebra L is called a nilpotent Leibniz algebra if there exists a positive integer
k = 1 such that L* = 0. Now, we define the composition chains of ideals
LO =11 1D = [L(O),L(O)], e, LD = L) [ ()]
for n > 1. If for some positive integer n > 1, we have L™ = 0, the Leibniz algebra L is said to
be a solvable Leibniz algebra. Furthermore information about nilpotent Leibniz algebra and solvable
Leibniz algebra can be found in [Demir, Misra & Stitzinger 2014, Kurdachenko & Chupordia 2017].

3. Low dimensional Leibniz algebras

In this section firstly we observe one and two dimensional Leibniz algebras and then we give some of
results studied on three dimensional non-Lie Leibniz algebras. Recall that a Leibniz algebra L is a finite
dimensional, if the dimension of L as a vector space over a field F is finite. In literature, there are many
studies of the structure of one dimensional and two dimensional Leibniz algebras [Demir, Misra &
Stitzinger 2014, Kurdachenko & Chupordia 2017]. Suppose that L is a one dimensional Leibniz algebra
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over a field F. Then we have L = F x for some x € L and so [x, x] = ax where a € F. Therefore we have

0= [[x,x],x] = [ax, x] = a[x,x] = a?x.
This shows that @? = 0, that is, @ = 0. In the light of this, it is obvious that [x,x] = 0. Hence, L is
an abelian Leibniz algebra.
Now suppose that L is a two dimensional non-Lie Leibniz algebra. Then K = Leib(L) # 0 and so it is
clear to see that there exists an element x in L such that y = [x,x] # 0. Thus, L = Fx @ Fy and we have
[y, x] = 0. The fact that K is an ideal of L implies that [x, y] = By for some 8 € F. Assume that § # 0
and say z = B~ x. Then [z,y] = [B71x,y] = B~ [x,y] = 1By = y. Therefore, we have

[z,z] =[x, B~ x] = p 2 [x,x] = By =t

and

[z,t] = [z, B2yl = B*[zy] =%y =t.
By these choice, {z, t} is a basis of L. Consequently, we obtain the following two non-isomorphic
algebras L; = Fx @ Fy with the products given by

[x,x] =y, [x,y] =By, [y.y] = [y,x] = 0
and L, = Fz @ Ft with the products given by

[z,z] =t [z, t]l =t [t t] = [t z] = 0.

Suppose that 8 = 0, then we have [x, y] = 0 and so the Leibniz algebra L is nilpotent.

4. Main Result

The structure of three dimensional Leibniz algebras are more complicated than the structure of one
dimensional and two dimensional Leibniz algebras. In [Demir, Misra & Stitzinger 2014], I. Demir, K.C.
Misra and E. Stitzinger showed the existence of Leibniz algebras isomorphic to three dimensional
nilpotent non-Lie Leibniz algebras. In this paper, this result is generated to any three dimensional non-
Lie Leibniz algebra. Now by the following theorem we give our main result on three dimensional non-
Lie Leibniz algebras.

Theorem 4.1. Let L be a non-Lie Leibniz algebra and dimZ = 3. Then there exists at least one Leibniz
algebra which is isomorphic to L.

Proof. Let L be a three dimensional non-Lie Leibniz algebra. Afterwards, K = Leib(L) is non-zero. Since
K is abelian, K # L. It follows that there exists an element a in L such that b = [a,a] # 0 fora € K. If
a € K, then since K is abelian, [a, a] = 0. Then we have [b, b] = 0, [b, a] = 0 and since X is an ideal of
L, [a,b] € K. Namely, this implies that [a, b] = Bb for some 8 € F. Now we take an arbitrary element
¢ in L. We have two cases :

Case 1: If ¢ € K, then we have [¢,c] = 0and ¢ = [d, d] # 0 for d & K. Here, there are two possibilities:
if d = a, then ¢ = [a, a] = b. Therefore, we have

[a,b] = [a,c] = Bb, [b,a] = [c,a] =0,[c,c] =0.
It follows that L is a two dimensional Leibniz algebra, this is a contradiction. If d # a, namely, ¢ # b,
then L = Fa @ Fb @ Fc @ Fd, a contradiction.

Case2: Ifc € K, then L = Fa @ Fb @ Fc and we have [b, c] = [[a, a],c] = 0. Since K is an ideal of
L, [c,c] €K, [c,c] = aband [c,b] € K, [c,b] € K, [c,b] = yb for some a,y € F.

[a,c] = a;a + a,b + asc, [c,al = Bya+ B,b + Bsc.
Now we choose an element in L, say d = f~1a. Suppose that f # 0. We compute
[d,a] = [f7"a,a]l = B~ b=e,
la,d] = [p~"a,b] = b,
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l[a,d] =[a,p7"a] =e,
[d,b] =[p~"a,bl =D,
[b,d] =[b,7"a] =0,
[d,c] = [B7a,c] = B a,c] = B~ a,a + ayb + azc) = a;d + B~ rayb + B asc,
[c,d] = [c,p7 a]l = B~ c,al = B~ (Bra + Bob + B5c) = Brd + B~ Bob + B~ Bsc,
[d,d]l =[f"'a, ™ al =p~?b =B "e.
Say e = B71b, so we have
[a,e] = [a, B~ [a,b] = Pe,
le,a]l = [~'b,b] =0,
le,b] = [7'b,b] = 0,
[b,e] = [b,7'b] =0,
le,c] =[p~"b,c] =0,
[c,e] = [c,87b] = ve,
[d,e] = p~*[a,b] =0,
le,d] =p~'[b,d] =0,
le,e] = B~2[b, b].
Now we say f = B~ 1c, we have
la,f] = [a,B7"c] = a;d + aze + asf,
l[a,f]1 =[a, 7 c] = B~ (ayd + aze + a3f),
[f,a] = B~ [c,al = Bid + Bre + B5f,
[b,f1=p7'[b,c] =0,
[f,b] = B~[c,b] = ae,
[f.cl =B e c]l = ae,
[d, f1 =B d, c] = B~ (eyd + aze + a3 f),
[f,d] = B~ c,d] = B~1(B1d + Bre + B5f),
le,f1=B7?[b,c] =0,
[f, el = B7%[c,b] = B~"ye,
[f.f1 = B2[c,c] = B *ae.
By this choice, {d, e, f} is a basis of L. Therefore, we obtain the following two isomorphic algebras
Ly = Fa @ Fb @ Fc, with the products given by
la,a] = b,[b,b] =0,[c,c] = ab,
[a,b] = Bb,[c,b] = yb,[a,c] = aya + a,b + asc,
[b,a] = 0,[b,c] =0,[c,a] = Bra+ B,b + Bsc,
and L, = Fd @ Fe ® Ff,(d = fta, e = f~1b, f = B~1c) with the products given by
[d,d] = p"e e el = 0,[f,f] = B ae,
[d,e]l =e,[f, el =yB7 e d, fl = B~ (ard + aze + asf),
[d,e]l =0,[e,f]1 =0,[f,d] = B~*(B1d + Bze + B3f)
which completes the proof of the theorem.

Acknowledgments

132 | Page
www.iiste.org


http://www.iiste.org/

International Journal of Scientific and Technological Research www.iiste.org
ISSN 2422-8702 (Online), DOI: 10.7176/JSTR/5-2-15 l's.i-'
Vol 5, No.2, 2019 IS'E

This work was supported by Kirsehir Ahi Evran University Scientific Research Projects Coordination
Unit. Project Number: FEF.A4.18.009.
References

Bloh, A.M. (1965). A generalization of the concept of Lie algebra. Dokl. Akad. Nauk SSSR, 165, 471-
473.

Bloh, A.M. (1971). A certain generalization of the concept of Lie algebra. Algebra and Number
Theory, Moskow. Gos. Ped. Inst. U"cen. 375, 9-20

Demir, 1., Misra, K.C., & Stitzinger, E. (2014). On some structures of Leibniz algebras. in Recent
Advances in Representation Theory, Quantum Groups, Algebraic Geometry, and Related Topics,
Contemporary Mathematics, Amer. Math. Soc., Providence, R1, vol. 623, 41-54

Loday, J.L. (1993). Une version non commutative des algebres de Lie: les algebres de Leibniz.
Enseign. Math., 39, (3-4), 269-293

Loday, J.L., & Pirashvili, T. (1993). Universal enveloping algebras of Leibniz algebras and
(co)homology. Math. Ann., 269, (1), 139-158

Kurdachenko, L.A., & Chupordia, V.A. (2017). On some minimal Leibniz algebras. Journal of
Algebra and Its App., 16, n0.2, 1-16

Jacobson, N. (1979). Lie Algebras. Dover Publications Inc., New York.

133 | Page
www.iiste.org


http://www.iiste.org/

