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Abstract

In this paper we find a bound for the first eigenvalue of the atom-bond connectivity matrix. Also, we
obtain an inequality consepting atom-bond connectivity index and we give some relations including
atom-bond connectivity coindex.
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1. Introduction

Let G be a simple, connected graph on the vertex set V(G) and the edge set E(G). For v; € V(G), the
degree of the vertex v; denoted by d;, the maximum degree is denoted by A and the minimum degree is
denoted by §.

The [ABC](G) atom-bond connectivity matrix of graphs is defined as

di+di—2 di tto
[ABC];; = dd; if iis adjacent toj

0 otherwise.

The eigenvalues of [ABC](G) is denoted by uB¢, i = 1,2, ...,n. We set new bounds for uf5¢ in terms
of the vertices and the degrees.

The Atom-bond connectivity (ABC) index of G is a topolojical index that is defined as [2]

UiVjEE(G) dld]

Z 1
VivjEE(G) v dld]

The Randic index of G is described as [7],

The Reformulated Zagreb index of G is specified that [9],
RZG) = ) (@D +dg()—2)%

liivjEE(G),
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In this study, we have an inequalty using the Randic index, the Reformulated Zagreb index and the
degrees for ABC index.

The ABC Estrada index of the graph G in [4] as

n

EABC(G) = Z eM{lBC

i=1

where u#8¢ is the eigenvalue of ABC(G).

The Zagreb co index of G is described in [6] as

7.(6) = Z (dg (D) + dg (),

ViVjeE(G),

Z@= ) @d®ds()).

viv;€E(G),

Using topological indices, we will obtain some relations and conclusions deal with ABC index and
coindex.

(See [1], [10] for more details.)
2. Preliminaries

In this section, we will give some known lemmas that will be used in the next section.

Lemma 2.1. [5] Let M = (m;;) be an nxn irreducible nonnegative matrix and 1, (M) be the greatest
eigenvalue with R; (M) = XL, m;;. Then,

(minRi(M):1<i<n) <A M) < (maxR;,(M):1<i<n).

Lemma 2.2. [3] If G is a simple connected graph and A, (G) is the spectral radius, then

ML(6) < max( mm;:1<i,j<n,v;v; € E)

Lemma 23.[8] If 0 <n; < a; < N;and 0 <n, < b; <N, then

A1) a2 Eab)? <222+ [ an)

for1 <j <k

Lemma 2.4. [6] If G is a regular graph, then

2

m
+2m(n — 1),
n

Z;(6) <
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3. Main Results

Firstly, we define ABC coindex in this section. Secondly, we obtain an inequality for the first eigenvalue
of ABC matrix of G and we conclude ABC Estrada index. In addition, we establish different relations
for ABC coindex in terms of degrees and some indices.

Definition 3.1. Let G be a simple, connected graph. ABC coindex is defined as follows:

_ de (D) + dg(j) — 2
BC(G) = j ¢ :
vlv]ZE(G)

dg () - dg ()

Theorem3.2. If G is a simple, connected graph then,
n(A+6—2)

ABCGS
uioe(G) dn\/ﬁ

where d is the degree of G.

Proof. Let us multiply the atom-bond connectivity matrix with the diagonal matrix and the inverse of
diagonalmatrix. Let us show this multiplication by D(G)"*ABC(G)D(G). Let us consider an eigenvector
of D(G)"*ABC(G)D(G) and this eigenvector be X = (x4, x5, ..., x,)". Let one eigencomponent x; = 1
and the other eigencomponent 0 < x;, < 1 for every k.

Letx; = max (xy: v;v; € E, i~k). We know (D(G) *ABC(G)D(G))X = pf#€(G)X. The i_th equation
as follows:

di+d,—2
K (G)x; = Z e

d; +dy — 2
- [PEEE2,
L dd,

Lemma 2.1 says that

The j-th inequality of uf5¢(G) is

di+dp—2
ABC JjT%n
< —_ .
25} (G)x, = n( 1 )

By Lemma 2.2, we get
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1
15 (6) < nz(di+dn_2> di+d, —2 4'
d;d, did,

We know that A=d, > d, = -+ = d,, = 6. Hence,

A+6—2>

ABC <
W 6) < [n (=5

Corollary 3.3. Let G be a graph with n vertices m edges and E,g. be ABC Estrada index of G. Then,

-1
Ejpc = ek +
em
where
A+5-2
k= n( AS )

Proof. Using the Arithmetic-Geometric Mean Inequality,
n

HABC
Eppc = e’

j=1

S
S

|
=

ABC
> et 1 (n—1) et

apc n—1
=et1 +

By Theorem 3.2, we get

n-1
EABC > eK + 1
en—1

Lemma 3.4. Let G be a graph on n vertices and m edges. Then,

ABC(G) > \[(ﬂ> RZ(G)R2(G).

2A% 4 62

Proof. Let us choose

a,-=di+dj—2,bj=fdj,1v1=2A,N2=%,n1=5,n2=i.
By Lemma 2.3,
k % k /
2
Z(di+dj—2) Z(d- = / Z(d +d—2)<dd> .
j=1 j=1

So, we have that
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1
2\ 2
£ e d 1 L d +d —2
Z tr Z did =z\ e T '
Jj=1 j=1 ]_

By the definition of the following indices,

((RZ(6)?:(R(®))” < 2(

/\

2A% + §2

750h )(ABC(G))

Hence, we conclude that

V254
ABC(G) = J(ZAZ " 52>RZ(G)(R(G))

Theorem 3.6. Let G be a regular graph with n vertices and m edges and (G) be the complement of G.
Then,

n-2)[n(n—-1) - 2m] +?— 2m(n—1)

ABC(G) = -1 I:n(n—i)—ﬁm] +om? (1 _2m + 2n— 3)

Proof. We know that

— de()+dz () —2
ABC (G) = vw;:(c)\] de() - de ()

Since dg (i) = (n — 1 — d;) then,

G (n-1-d)+(n-1-4d;)-2
ABC (G) =
Vi,v,-ezE(c)\] n-1-d)-(n—-1- d].)

2n—-4)—(d; +d))
TR A0 Sl D(d; +d;) + dyd;

(n-1)%—(n-1)(d; +d;) + d;d,

Ui,vjEE(G)

> z:"MUEE(G)(Zn —4) - (di + d]-)
= oot — D2 = (- D(d, + ) + did;

n(n-1)-2m

Since G has edges, then

(2n - 4) [0 — 7,(6)

(n— 12 [M=2220 (0 — 1) - 2,(6) + Z,(6)

ABC (G) =
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Since Z,(G) = Z,(G) and Z,(G) = Z,(G), then

(n—2)[n(n — 1) — 2m] — Z,(G)
(n—1)2 [FED20 (- 1) Z,(6) + Z,(6)

ABC(G) =

By Lemma 2.4,
s (n—2)[n(n—1)—2m]+$—2m(n—1)
ApC(e) = (n—1)2 [M22=20] 4 (1) - (‘*—mz — 2m(n - 1)) +2m2 (1224 228
2 n n2 n
Hence,

(n—=2)[n(n—1) — 2m] +?_ 2m(n—1)
(n—1)2 [W] + 2m? (1 _mm 2n—3) :

n? n

ABC(G) =

Theorem 3.7. Let G be a graph with n vertices and ABC(G) be ABC coindex of G. Then,
_ V2 [n? n n 2n V28A 2
— |— — R2 — = — - | = R
ABC(@O z— |5 - RO - |5+ 0 (1 3 ) <2A2 - 62) RZ(G)(R(®)" .

Proof. By the sum of ABC index and ABC coindex, we have that

i +d;—2

ABC(G) + ABC(G) = ( Z + Z ) dd.
i%

vyV;EE(G) vy vj€E(G)

V€V (G) ‘UjEV(G) dld] ‘UjEV(G) dld]

2\{vito) v €V(6) did did;

Il
N| -

UjEV(G)
>1 Zl_l_zlzzzl 21+n221
=2 " 4" d; did, 4 d d d;
‘l)jEV(G) v;€V(G) v;€V(G) V]'EV(G) vjeV(G) ‘U]'EV(G)
Since § is the minimum degree then,
ABC(G) + ABC(G) = L + n’ 2R2(G i 2n
—2J6 ¢ © § d; 6d;

1 2n? IR2(C n_l_n(1 Zn)
206 © - I3 d; 5§/

Hence, Lemma 3.4 says that
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V2 |n? n . n 2n
22— |[=—R(G) - |z+-(1-—
ABC(6) +ABC(O) 2 5 |7 - R (@)~ [+ (1-%)

_ V2 [n2 n o n 2n V284 2
ABC(G) =z |5 R (G)—\/g+d—i(1—7>—\](m)RZ(G)(R(G)) :
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