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Abstract

The purpose of this paper is to investigate instability of the trivial solution of non-linear vector differential
equation of the fifth order by constructing a Lyapunov function to get two new instability results. Also,
for each result an example is given to indicate the importance of the topic.Related to a scalar differential
equations mentioned in the literature, the findings of this study are beneficial for results of instability of
the trivial solution of five order non-linear vectoral diferential equations.
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1. Introduction

Instability of the trivial solution of scalar and vector differential equations of the fifth order were
investigated by many authors. About the topic, we refer to the papers of Ezeilo ([1],[2]), Tiryaki [3], Li
& Yu [4], Li & Duan [5], Sadek [6], Tung ([7-9]), Tun¢ & Sevli [10], Tung & Karta [11], Krasovskii

[12]. In all of the papers mentioned above, authors used Krasovskii’s criteria [12] and Lyapunov’s second
(or direct) method [13].

Now, we give these studies that were done on the instability of non-linear differential equations of the
fifth order. According to observations in the literature, firstly, for the case of n = 1, Ezeilo ([1],[2])
investigated the instability of trivial solution of the fifth order scalar non-linear differential equations,
respectively,

x® +ax? +a,X+aX+a,x+ f(x)=0,

x® +a,x® +a, X +h(x)x+g(x)x+ f(x) =0,

x® + y(DF+ () + () + f(x) =0

and

x® +ax® +a, X +g(X)x+h(x, % % X, x)%+ f(x) =0,

in which a4, a,, as, a4, are constants and f, g, h, ¥, ¢ and 8 are continuous functions depending only on
the arguments shown as £ (0) = ¢(0) = 8(0) = 0.

Tiryaki [3] studied the instability of trivial solution of the fifth order non-linear scalar differential
equation of the form

X +ax® +Kk(x, %, %, X, X)X +g(X)X+h(x, X, %, X, x)x+ f (x) =0.

Li & Yu [4] concerned the instability of trivial solution of the fifth order non-linear scalar differential
equation

X® +ax® +bX +w(x, X, %, X, X%+ g(x)x+ f(x) =0

By introducing a Lyapunov function, where a and b are some positive constant.
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Li & Duan [5] showed the instability of trivial solution of the fifth order nonlinear scalar differential

equation of the form

i = X1 Xi =Xy (i=1234)

X5 = —f5(x4)x5 — fa(x3)x4 — f3(X11 Xy, X3, X4 X5)x3 = f2(x2) = fi(x1)

(£2(0) = £,(0) = 0) (1.1
On the other hand, Sadek [6] examined the instability of trivial solutions of the fifth order vector

differential equations described as

X® L (X)X +D(X)+O(X)+F(X)=0

and

X® 4+ AX® £ BX +H(X)X +G(X)X +F(X) =0.

In addition, respectively, Tung ([7-9]) investigated the instability of trivial solution of the fifth order

vector differential equations of the form

X O 4 AX® (X, X, X, X, X)X +G(X)X

+H(X, X, X, X, XOYX +F(X) =0,

XO £ AX@ L BHOP(X, X, X, X, X)X +C(t)G(X)X
+DEH(X, X, X, X, X)X +E@)F(X)=0

and

XO+ P XDE+ X EXEXD)+ OX)+FX) =0.

Tung & Sevli [10] showed a similar study for the instability of trivial solution of the fifth order vector

differential equation
XO® 4+ @(X, X)X +D(X, X, X)X +0(X)+F(X)=0.
Furthermore, Tung & Karta [11] analyzed sufficient conditions which ensure the trivial solution of vector

differential equation
XE 4 AX® L BX +P(X, X, X, X, X)X +G(X)X +F(X)X =0

By introducing a Lyapunov function, in which A and B are constant nxn —symmetric matrices; %, G and
F are nxn — symmetric continuous matrix functions depending, in each case, on the arguments shown.
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In this article, based on study produced by Li & Duan [5], we install two new results under different
conditions for the instability of the solution X = 0 of the fifth order nonlinear vector differential
equations of the form

X @ (X)XD + (X)X +0(X, X, X, X, XX +E(X)+H(X)=0 (1.2)
in which X € R™; ¥,® and ® are n X n-symmetric continuous matrix functions depending, in each case
,on the arguments shown; E, H: R™ —R" are continuous n-vector functions. It is supposed that E(0) =
H(0) =0.Let J;(X), Jo(W), Jo(Z) and J; (Y) display the Jacobian matrices corresponding to the
functions H(X), ¥(W), &(Z) and E(Y) respectively,

1 @0 = (32), 1ow) = (32)

ow;
— (%% — (2¢ =
]@(Z) - (azj)l ]E(Y) - <ayj>9 (15.] 1,2,...,11)

in  which (e, X s X0)y VY2 s V) (20, Z2, ooy Zn), (Wi, Wa, o, Wy), (Ry, By, . Ry,

(v, ¥y s v, )i (@, @y, e, 0,), (€1, €2, ..., €,) are the components of X,Y,Z,W,H, ¥, & and E
respectively. The symbol {X,Y) corresponding to any pair X,Y in 9" stands for he usual scalar product

n
i=1XiJi.

Throughout this paper,we consider the following differential systems which are equivalent to the
equation (1.2) which was attained as usual by setting X =Y, X = Z, X = W, X™® = U from (1.2):

X=YY=Z72=W,W=U
U=—-¥YWU - o2)W — &XX,Y,Z,W,U)Z — E(Y) —H(X) (1.3)

However, with respect to our observations in the literature, even though many papers have been reviewed,
there are a few example about the subject. Therefore, we give an example to indicate the importance of
the topic. Also, it should be expressed that the assumptions and Lyapunov [13] function used here are
completely different than those mentioned in the literature.

2.Main Results

Our main result is the following two theorems.

Theorem 2.1. In addition to the basic conditions given above for coefficients ¥, @, @, E and H of (1.2)
equation, we suppose that following conditions hold as;

(iYHO)=0,HX) #0ifX +0,E(0) =0,E(Y) = 0ifY # 0;

¥ @, @symetricand 4;(Jy(X))< 0, (i=1,2,..,n),

(i) 4(6X,Y,Z,W,U)) = 0, 4,(FW)) < 0forall X,¥,Z,W,UeR" (i =1,.2,..,n),

Then trivial solution X = 0 of (1.2) is instability.

Proof. As basic tool for proof of Theorem (2.1), we will use Lyapunow function V; (X, Y, Z, W, U) given
as
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1 1 1
V, = < J(w(ow),w d0'> 2<W W) - [(©(02)Z,2)do

0 0

—|(E(oY),Y)do - (H(X).Y) (2.1)

O'—.H

in which, under the conditions of Theorem (2.1), it will be indicated that Lyapunov function V; =
V,(X,Y,Z,W,U) satisfies the entire Krasovskii [12] criteria:

(K7) Inevery neighborhood of (0,0,0,0,0),there exists a point (& 7, 1, p) suchas V; (& 1,6 4, p) > 0.
(K,) The time derivative V, = (%)V(X, Y,Z,W,U) along solution paths of system (1.3) is positive
semidefinite.

(K3) The only solutionV, (X,Y,Z,W,U) = (X(t),Y(t),Z(t),W(t),U(t)) of system (1.3) which
satisfies V7, = 0(t > 0) is the trivial solution (0,0,0,0,0).These properties guarantee that the trivial
solution of (1.2) is unstable. It is clear that /;(0,0,0,0,0)=0. Additionally,it is easy to see that

1 1
n1(00,0,6,0) =5 (e,e) = 5llell? > 0

for all arbitrary & # 0,& € R™If this happens, it displays (K;) feature of Krasoskii [12].
Let (X,Y,Z,W,U0) = (X(t),Y(t), Z(t), W(t),U(t)) be an arbitrary solution of system (1.3).

Differentiating (2.1) with respect to t, along this solution,calculations give that

V,=(Z, YW)U)+(Z,DZ)W)+(Z,0(X,Y,Z,W,U)Z)
+(Z,E(Y)) < Jl' ¥(oW),W d0> 2.2)

d d L
_a£<oq)(O'Z)Z,Z>dO‘—aJ‘<E(gY),Y>d0_<‘]H(X)Y,Y>

0

Now, recall that

%<z,i ¥(oW),W d0'> <W,i<‘i’(oW)W >

0

+

+<Z,j ‘P(GVV),U>d0>

<z,j GJW(GVV)U,W>d0'>
<W,j‘<‘1’(oW)W d0> <Z,j Y(oW),U d0'>
oo

+<Z,iai<T(M),U>da>

173 |Page
www.iiste.org


http://www.iiste.org/
http://www.iiste.org/

International Journal of Scientific and Technological Research
ISSN 2422-8702 (Online)
Vol 1, No.2, 2015

1

www.iiste.org

:<W,j ¥(oW),W da> <zj ¥(oW),U) da>

0

o(Z, ¥ (oW)U))|,

<W,:|:‘P(0W)W ><Z,‘P(\N)U>,

%j(o@(aZ)Z,Zwa = j(o@(aZ)W,Z)da +j.0'2<J(D(Z)ZW,Z>dO'

0 0

+j<o®(Z)Z,W>dU

= [(o®(cZ)W, Z) da+ja— (o®(aZ)W,Z)do

o'-—.n—\

= o {D(Z)W, Z)[ =(®(ZW,Z)

1

d | [
E! (E(o¥),Y)d Ia(JE(d{)Z,Y>da+_([(E(aY),Z)dO'

0

a 1
a$<E(aY),z>da+£<E(aY),z>da

Il
O L

= o(E(oY).Z)] =(E(V).Z)

g

2.3)

(2.4)

(2.5)

Substituting (2.3), (2.4) and (2.5) into (2.2) and taking into account the conditions of the Theorem 2.1,

we obtain

Vy = — (W, [[{H(oW),W)do) +(Z, &XX,Y,Z,W,U)Z)-(J4 (X)Y,Y) > 0.

If this happens, it shows (K>) feature of Krasovskii [12]. Furthermore, V; = 0 (t > 0) necessarily implies

thatY = 0 forall t > 0, and also X = ¢ (aconstant vector) ,Z =Y =0,W =Y =0,W =Y = 0, for all

t = 0.If these statements are written in (1.3), we can clearly see that it is H(&) = 0, which necessarily

shows that £&=0 because H(0) = 0 and H(X) # 0 if X # 0.Thus, it follows as

X=Y=Z=W=U=0forallt = 0.

If this happens, it shows (K;) feature of Krasovskii [12] is satisfied. As a result, taking into account the

conditions of Theorem 2.1, the function V; ensures the entire criteria of Krasovskii [12]. Thus, the

fundamental properties of the function V, (X,Y, Z, W, U), which were proved above, imply that the zero
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solution of system (1.3) is imply that the zero solution of system (1.3) is unstable. The system (1.3) is
equivalent to the differential equation (1.2). Therefore, the proof of Theorem (2.1) is complete.
Theorem 2.2. In addition to the basic conditions given above for coefficients ¥ @, @, E and H of (1.2)
equation, we suppose that following conditions hold as;
(i) HO) =0, H(X) #0 if X =0 and E(0)=0, E(Y)#0 if Y#0;
Y, ®ve O symmetric and xi(Jy (X))>0, (i=1,2,...,n.),

(i) % (O (X,Y,ZW,U)) <0, 4 (¥ (W))>0 forall X,Y,Z,W,UeR",
Ai(D(2) >k, k>-1, (i=1,2,....n).
Then trivial solution X = 0 of (1.2) is instability.
Proof. As basic tool for proof of Theorem (2.1), we will use Lyapunow function V,(X,Y, Z, W, U) given

as

V, = <Z,U>+<Z,j.<\P(oW),W>dO'> —%(W,W) +j<q>(02)z,z>da

+.1f<E(0Y),Y>da+<H(X),Y> 2.6)

In which, under the conditions of Theorem 2.1, it will be indicated that Lyapunov function V, =
V,(X,Y,Z, W, U) satisfies the entire Krasovskii [12] criteria:
Itis clear from (1.5) that 1,(0,0,0,0,0)=0. Additionally, It is easy to see that

V2(0,0,8,0,8)=< >+ <CD(08)€ 8>

O ey

>lel* + K[l = @+K)Je|* >0, k > -1
for all arbitrary &+ 0,6 € R™ If this happens, it displays (K;) feature of Krasoskii [12].
Let (X,Y,Z,W,U) = (X(t),Y(t),Z(t),w(t),U(t)) be an arbitrary solution of system (1.3).
Differentiating (2.6) with respect to t, along this solution,calculations give that
V, =—~(Z, ¥W)U)-(Z,®Z)W)-(Z,0(X,Y,Z,W,U)Z)—(Z,E(Y))
i
dt

1 )
<z, (¥ (oW), W>do-> +%j<o®(02)z, Z)do
0 (2.7)
d l
—j (E(oY),Y)do — (3, (X)Y,Y)
O
substituting (2.3), (2.4) and (2.5) into (2.7) and taking into account the conditions of the Theorem 2.1,

we obtain

v, :<w,j<\1'(oW),w>da>—<z,®(x,Y,z,w,U)z>+<JH (X)Y,Y)>0
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If this happens, it shows (K) feature of Krasovskii [12]. Furthermore, V, = 0 (t > 0) necessarily implies
that Y = 0 forall t > 0, and also X = £ (a constant vector),Z =Y = 0,W =Y = 0,W =Y = 0, forall
t > 0.1f these statements are written in (1.3), we can clearly see that it is H(&) = 0, which necessarily
shows that £&=0 because H(0) = 0 and H(X) # 0if X # 0.Thus, it follows as
X=Y=Z=W=U=0forallt >0.

If this happens, it shows (K3) feature of Krasovskii [12] is satisfied. As a result, taking into account the
conditions of Theorem 2.1, the function V, ensures the entire criteria of Krasovskii [12]. Thus, the
fundamental properties of the function V,(X,Y,Z, W, U), which were proved above, imply that the zero
solution of system (1.3) is imply that the zero solution of system (1.3) is unstable. The system (1.3) is
equivalent to the differential equation (1.2). Therefore, the proof of Theorem (2.1) is complete.

Now, we give an example for Theorem (2.1) and Theorem (2.2).

Example 2.1.

As special cases of system (1.3), if we take the matrixes below for n = 2

.y ——+4 3
W -2-17; -1, 1 9=l X +1
1 —2-272-7? 3 21 w4
X, +1
3
Xl
———5X1
H=| 3
X2
——=-5X
3 2

Then, respectively, we have

AW)=-2{ -7; -1, ,(¥)=-2{ —2; -3

21 +1, /12(®)=2L+7
X, +1 X, +1

4,(©) =

In addition, J, (X) Jacobian matrix for H vector is obtained as below;
2
—X =5 0
‘J H (X) = : 2
0 -X; =5
And we have
ﬂ’l(JH)z_xlz -5, ﬂz(JH)z_Xg =3
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Example 2.2.

As special cases of system (1.3), if we take the matrixes below for n = 2

3 2
|42/ +325+3 2 24X+ 2+ X7+ X
2 422+322+3) | 2 3 |
2+ X2+ X5 2+ X2+ X5
cI):{2+zf+z§ 1 } H:{Xfﬂ‘i}
1 2+22+17; X, + %
Then, respectively, we have
4, (V) =427 +322 +1, A,(¥) =4z} +37; +5,
1 5
(o) F RN Y (C ) P ——
() 1+ x2 + x2 (9) 1+ x2 +x2

(@) =22 +25+1, A,(DP)=12z7+25+3

In addition, J, (X) Jacobian matrix for H vector is obtained as below;

3x’+1 0
0 3x2 +1

‘]H(X):|:

And we have

A(H)=3x2+1, A,(H)=3x%+1

It is obvious that all criteria of Theorem 2.1 and Theorem 2.2 are satisfied. That means, it becomes
instability of trivial solution of vector differential equation corresponding for two dimentional arbitrary

E vector, arbitrary symetric 2x2 — matrix @ for ¥ @and H chosen above.
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