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Abstract

Based on the recent work by Censor and Segal (2008nvex Anal.16), and inspired by Moudafi (2010
Inverse Problem 26), in this paper, we study thdifieal algorithm of Yu and Sheng [29] for the stghnquasi
- nonexpansive operators to solve the split comfixaa-point problem (SCFP) in the framework of Hitb
space. Furthermore we proved the strong converdgentee (SCFPP) by imposing some conditions. @gults
extend and improved/developed some recent resadtuarced.
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1. Introduction

Let H, and H, be a Hilbert spaced; H, —» H, be a bounded linear operator atidbe an ad joint of A. Given
integer’s p, == 1 and also given sequence of nonempty, closed, amu)@set{q}f and {Q}.}f of H; and H,
]

respectively, the convex feasibility problem (CEPjormulated as finding a point € H, satisfying the

property:
p

e ﬂ c.. (1)

Note that, CFP (1.1) has received a lot of atentiue to its extensive applications in many apjptisplines,
diverse as approximation theorem, image recovéggasprocessing, control theory, biomedical engiirey,
communication and geophysics (see [1 - 3] anddfexence therein).

The multiple set split feasibility problem (MSSFRas recently introduced and studied by Censo, idfviKopf

and Bortfeld, see [4] and is formulated as findingointx™ € H, with the property:

p r
x" € ﬂ C;and Ax" € ﬂ Q, (1.2)

i J
Ifina MSSFP (1.2) p =r =1, we get what is adlibe split feasibility problem (SFP) see [5], whis
formulated as finding a point™ € H, with the property:
x" € Cand Ax" € Q (1.3)

where C and Q are nonempty, closed and convex subl#, and H, respectively.

Note that, SFP (1.3) and MSSFP (1.2) model imagival (see [5]) and intensity modulated radiatiberapy
(see [15, 16]) and have recently been studied byyrResearchers [6, 7 and 17-25] and referencesither
The MSSFP (1.2) can be viewed as a special cabe @FP (1.1) since (1.2) can be rewriting as

p+r
x" € ﬂ C, Cpyj = {x* EH:x" € A_l(Qj), 1<j< r}.

However, the methodologieé for studying the MSSER)(are actually different from those for the QERL) in
order to avoid usage of the inverse of A. In othierd, the method for solving CFP (1.1) may not ggplsolve
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MSSFP (1.2) straight forwardly without involvingetinverse of A. The CQ algorithm of Byne [6; 7kisch an
example where only the operator of A is used withiowlving the inverse.

Since every closed convex subset of Hilbert spaitied fixed point set of its associating projectiitne CFP
(1.1) becomes a special case of the common fixéd-pooblem (CFPP) of finding a point € H; with

property:
p

x" € ﬂ Fix(T). (1.4)
where eachTl;: H; = H, are some (nonlinear) mapping. Similarly the MS$ER) becomes a special case of
the split common fixed point problem (SCFPP) [8fintling a pointx™ € H, with the property:

p r

x" € ﬂ Fix(U) and Ax" € ﬂ Fix(T].), (1.5)
i j
where eachl/;: H; - Hy (i=1,2,3..p)andT;:H, » H, (j=1,2,3,...,7) are some nonlinear operators.
If p=r=1, problem (1.5) is reduces to find arpox"™ € H, with property:
x" € Fix(U) and Ax™ € Fix(T) (1.6)
This is usually called the two-set SCFPP.
The concept of SCFPP in finite dimensional Hiltsyace was first introduce by Censor and Segal[&eeho
invented an algorithm of the two-set SCFPP whiahegate a sequende,, } according to the following iterative
procedure:
Xpi1 = U(x, + yA (T — I)Ax,),n = 0, (1.7)
where the initial guess, € H is choosing arbitrarily anfl < y < ﬁ.
Inspired by the work of Censor and Segal [8], Mdu®¥] introduced the following algorithm for
u —demicontractive operator in Hilbert space:
{ u, =x_ + yA* (T — I)Ax,
Xn+1 = (1 - tn)un + tnU(un)' nz=0

(1;")) with A being the spectral radius of the operattt andt, € (0,1) and x, € H is

(1.8)

wherey € (0,

choosing arbitrarily. Using fejer-monotone and deeniclosed properties ¢ — U) and(I — T) at origin, in
2010, Moudafi (see [27]) proved convergence thadsased on the work of Censor and Segal [8]. Aad &l
2011, Moudafi, Sheng and Chen (see [28]) gave tksiilt of pseudo-demicontractive operators forsihig
common fixed-point problems. In 2012, Yu and Shg8j that modified the algorithm proposed by Moudaf
[27] and they extend the operator to the clagsmfy pseudo-demicontractive operator. In this @gpve study
the modified algorithm of Yu and Sheng [29] andwsed the strongly quasi nonexpansive operatortirothe
strong convergence of SCFPP (1.5).

2. Preliminaries

Throughout this paper, we adopt the notation:
I: the identity operator on Hilbert space H.
Fix (T): the set of fixed point of an operattrH — H
Q: The solution set of SCFPP (1.5).

w, (x,): The set of the cluster point of, in the weak topology i.e{.a Xn 0f X, 3 x, = x}
x, = x :{ x,} Converge in norm to x

x, = x. {x,} Converge weakly to x

Definition 2.1 Assume that C is a closed convex nonempty sutfseteal Hilbert space H. A sequer{og } in
H is said to be Fejer monotone with respect to & only if

||xn+1 -zl < |lx, - zll, foralln=1landz € C

Definition 2.2 letT: H — H be an operator. We say ti{dt— T) is demi closed at zero, if for any sequergén
H, there holds the following implication:

x, = x and (I = T)x, » 0asn - o, then(I — T)x = 0.
Definition 2.3 A Banach space E has Kadec-Klee property, if ¥@rgsequence, € E such thatx, — x
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and|[x,|| = llx]l, thenx, = x n = co.
Definition 2.4 An operatofl: H - H is said to be
(a) nonexpansive if|Tx — Ty|| < ||lx — y||, for allx,y € H
(b) quasi-nonexpansive Rix(T) # @ and||Tx — z|| < ||x — z||, for allx € H and z € Fix(T)
(c) strictly quasi-nonexpansive fix(T) # @ and||Tx — z|| < ||x — z||, ¥V x € H/Fix(T) and z € Fix(T)
(d) « -strongly quasi-nonexpansive if there exist> 0 with the property:||Tx — z||* < ||lx — z||? -
al|lx — Tx||?, for allx € H and z € Fix(T).
This is an equivalent to
(x -2 Tx—x) < % ||x — Tx]||?, for allx € H and z € Fix(T).
Definition 2.5 an operatof: H — H is said to be:
> Demicontractive [27]; if there exist a const@nk 1 such that]| Tx — z||* < ||x — z||? + Bllx — Tx||%,
for allx € H and z € Fix(T).
» Pseudo-demicontractive [28]; if there exist a canstr > 1 such thaliTx — z||* < a||lx — z||* +
||x — Tx||?, for allx € H and z € Fix(T).
» Firmly pseudo-demicontractive; if there exist astantsae > 1 and8 > 1 such thaljTx — z||* <

allx — z||* + Bllx — Tx||?, for all x € H and z € Fix(T).

Lemma 2.6 [9] LetT: H — H be an operator. Then the following statementegtavalent

(a) Tisclass = operator ;

(b) |lx = Tx||? < (x — z,x — Tx), for allx € H and z € Fix(T).

(c) there hold the relationtTx — z||* < ||x — z||?> — ||x — Tx||?, for allx € H and z € Fix(T).
Consequently a clasg-operator is 1 - strongly quasi - nonexpansive.
Lemma 2.7 [3] If a sequencéx, } is fejer monotone with respect to a closed comanempty subset C, then
the following hold.

0) x, = x ifand ifw,(x,) € C;
(ii) The sequencgP,x, } converges strongly to some point in C;
(iii) if x, = x €C, thenx = lim,_ Pox,.

Lemma 2.8 [30] Let H be a Hilbert space and {et } be a sequence i such that there exist a nonempty set
S c H satisfying the following:
(@) For every sequence€ H,lim,_,||x, — x|| exist;
(b) Any weak-cluster point of the sequer{ag} belongs in S. Then there exist x in S such tha}
weakly converges to Xx.

3. Main Results

In what follows, we will focus our attention on tfa@lowing general two-operator split common fixpdint
problem: find

x" € Cand Ax" € Q, (3.1)
whereA: H; - H,is bounded and linear operator,H) — H, and T H, —» H, are two strongly quasi-
nonexpansive operators with nonempty fixed-poibtée (U) = C and Fix (T) = Q,

lUx = z||* < ||x = z||* = a||lx — Ux||? for all x € H and z € Fix(U). (3.2)
ITx — z||* < ||x — z||* = B|lx — Tx||?, for allx € H and z € Fix(T). 3.3)
And denote the solution set of the two-operator BEBy

Q={x*€Cand Ax* € Q }. (3.4)

Based on the algorithm of [29], we have the follegvalgorithm to solve (3.1)

u, = x, +yA* (T — I)Ax
{ k k ( ) k (35)

Xer = (L=t )uy + 1, U(w), k=20
where X y < % with A being the spectral radius of the operattd , x> t, > 0 and x, € H is choosing
arbitrarily.
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Theorem 3.1.Let A: H, » H, be a bounded linear operator; 4, - H, and T: H, - H, be two strongly
quasi-nonexpansive operator WRkx (U) = C and Fix(T) = Q. Assume tha(U — I) and (T — I) are both

demiclosed at zero and IRt be a metric projection from onto(Q satisfying(x, — x*, x, — Pox,) < 0. If Qs
nonempty, then the sequerfag} generated by algorithm (3.5) converges strongly $plit common fixed-

point x* € Q.
Proof. To show that, — x, it suffices to show that, — x* and||x, || - ||x"|| ask - oo.

As we are in Hilbert space, now, taking € Q thatis x* € Fix(U) and Ax" € Fix(T) and by definition (2.4
(d)) we deduce that that

e — x> = 1(1 = t )y + 6,Uw) — x°|I?
FHup — x* 117 + 2t (uy, — x5, Uuye — i) + 62 | Uny — wel|?
< e — 27112 = (1 + IV — well? + 6,2 [0, — w2
< |lw, - x| - 6.1+ a —t)||lUy, — uk”Z
= 41 — 2 N? < lluge — 27117 = 6. (1 + @ = )| Uy, — wy|I? (3.6)
On the other hand, we have
Il — x*|[2=llx, + yA*(T — DAx;, — x*||?
=lx, = 2117 + 2y (x, — x*, A*(T — DAx) + V2| A*(T — DAx ||
= ”xk - x> + 2y(A(x, — x*), (T —DAx;) + YZ(A*(T - I)Axk ’ A*(T - I)Axk>
=||x, — x*||*+2y(Ax, — Ax* , (T — DAx, ) + y*((T — DAx,, AA(T —DAx).  (3.7)
From the definition oft, it follows that
Y2(T = DAx,, AA(T — DAx,) < A (T = DAx,||% (3.8)
Now, by setting: = 2y(Ax, — Ax™, (T — DAx, ), and using the fact that (2.4(d)) and its
equivalent form, we infer that

-1 - ﬁ 2
0:= 2y(Ax, —Ax*,(T—I)Axk) < 2)/( ) ||(T—I)Axk||
1= B)IIT — DAx,|I? (3.9)
Substituting (3.9), (3.8), into (3.7) we get thédwing inequality
e — %717 < Nl — x*112 = y(1 + B — y DT — DA |I%. (3.10)
Also, substituting (3.10) into (3.6), we get thddwing:
lxiess =217 < e = 27112 =y (1 + B =yDI(T = DA% = 6,(1 + @ = 6 ) Uy — w ]I? (3.11)

Sincey > 0;8 > 0;a > t, > 0;41> 0 andt,> 0, we obtain thaty(1 + 8 —yA) < 0 and
—t(1+a—1t)<0

then from equation (3.11), we deduce thaf} is a fejer monotone and moreo¥glee,., ; — x| }iey is
monotonically decreasing sequence, hence converpesefore we have

lim || (T — 1)Ax,|| = 0. (3.12)
k—o0

From the fejer monotonicity ofx,} , it follows that the sequence is bounded. Deigaipx* a weak cluster
point of {x,}, let j=0,1,2,... be the sequence of indiceshgbat

w—limx, = x" (3.13)
V00
Then, from (3.12) and the demiclosednes§lbf- 1) at zero, we obtain
T(Ax*) = Ax". (3.14)
From which it follows4dx* € Q. from (3.5), by considering,=x, + yA*(T — I)Ax,, it follows that
w—limy, = x" (3.15)

v—00

Again from (3.11) and the convergence of the secgiglix,,; — x*|| }ien » We also have
lim||(U — D, || = o. (3.16)
k—oo
Which, combined with the demiclosenes{tf— I) at zero and weak convergence {thv} to x*, yields
Ux" = x" (3.17)
Hencex" € C, and therefore™ € ) . Since there is no morethan one weak-clustertpihie weak convergence

of the whole sequencs, follows by applying Lemma (2.8) with = Q. i.e.
X, = x (3.18)
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Next, we show that

[l = Nlx7|| as ks oo

To show this,

it suffices to show that

lxesr Il = llx"[[ as k — o,

Now, from (3.11) we deduce that

Mxeeall = M 1? < Moy = 27117 < Ml = 27112
Therefore, we have
Ml = 1M1 < Nlx = 27117
= [l ll = X111 < Nl = x| =[x, = Poxye + Poxy — x7||
< |lxg = Poxy |1+ [[Poxy — x* || (3.19)

Claim ||x, — Pox, || < ||Pox, — x|
Proof of claim
llx, — Poxill> = [lx, — x* + x* = Pox,||?
=l = X712 + 20 — x°,x" = Pax) +x" = Pox, ||
= ||x) — x|I* + 2(x, — x*, X" — X + X3 — Poxy) +||x* - ankllz
24 2{x — x'xt = x) +200 — x7,x — Poxg) H[xT — Pox||?
= — |l — x> +2(x, — ", x; — Poxye) +|x* — P, |[?
< ||X* - Pkallz

= ||x —ank”z < ||x* - ngkllz

= ”xk —-x

= |lxx — Poxeell < |[x" — Pka” (3-20)
Now, put (3.20) in (3.19), it follows that

Mlxiss I = NIl < 2llx" = Pox, ||

=0< limsupy ool [1xpe41 1| = 1" (| limsupyco 2||x™ — Poxy |l = 0

= limsupj o || X1 Il = X711 = 0.

Hence

iy [ = 1l (3.21)
By (3.15) and (3.18), we have that

X, = x'as n—- o [
Conclusion

In this paper, we study the modified algorithm af &hd Sheng [29] for the strongly quasi nonexpansiv
operators to solve the split common fixed-poinb}tand use some beautiful lemmas to prove thegtron
convergence of the modified algorithm. Our reswtends and improved some recent result announced.
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