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Abstract

In this paper a new theorem has been stated and proved concerning the radical group of permutation groups.
Symmetric groups, alternating groups, dihedral groups and groups generated by semidirect products of two
permutation groups have been considered in the research being them as permutation groups.

Introduction
The concept of radical group plays great role in the theory of finite group being it the largest solvable normal
subgroup of that group.

Definition 1.1

A subgroup N of a group G is normal in G if the left and right cosets are the same, that is if gH = Hg Vg € G
and a subgroup H of G.

Definition 1.2 (Milne, J.S, 2009)

A group G is solvable if there is a finite collection of groups GG, ... G, such that(1) = G, € G, S---
G, = G where G; 2 G and G;,/G;is abelian.If |G| = 1 then Gis considered as solvable group.

Definition 1.3

A radical group of a group G is the largest solvable normal subgroup.

WREATH PRODUCT (Audu M.S, 2003)

The Wreath product of C by D denoted by W = C wr D is the semidirect product of P by D so thatiWW =

{(fd) | f € Pd € D} with multiplication in W defined as (fid,)(fod,) =f1f2d1 1(dldz) for all fif;
Pandd,d, € D. Henceforth we write f d instead of (fd) for elements of W.

Theorem 1.1 (Audu M.S, 2003)

Let D act on P as f4(8) = f(6d™Y) where f € Pd € Dand§ € A. Let W be the group of all juxtaposed

symbols f d with f € Pd € D and multiplication given by (f;d,)(f2d,) = flfzdl 1(d1d2). Then W is a group
called the semi-direct product of P by D with the defined action.
Based on the forgoing we note the following:
« If C and D are finite groups then the wreath product W determined by an action of D on a
finite set is a finite group of order |W| = |C|*.|D].
¢ P is anormal subgroup of W and D is a subgroup of W.
% The action of WonT x A is given by (aB)fd = (af (B)Bd)wherea € 'andf € A.
We shall at this point identify the conditions under which a sup group will be soluble or nilpotent and study them
for further investigation.
Theorem 1.2 (Thanos G., 2006)
G is solvable if and only if G m = 1, for some n.

N

m

RESULT

Theorem 1.3

Let G be a finite group, then the radical group of G is G itself if G is solvable and identity if G is not solvable.
Proof

Since G is a group then it has a composition series by proposition 2.0. Suppose G is solvable and that its
composition seriesis (1) =G, <G, < <G, =G - - - - - (%)
The solvability of G imply that G; 2 G;,,. Since (*) is a composition series for G then each subgroup G, is
normal in G, but the largest among them is G,, = G which is solvable being the trivial subgroup of G, implying
that G is the radical group of itself.

On the other hand, if G is not solvable then it has no solvable normal subgroup except the trivial subgroup (1)
meaning that in this situation the radical group of G is (1).
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2.1 Symmetric groups

2.1.1 Consider the symmetric group acting on Q, = {1,2,3}

S3 = {(1),(23),(13), (132), (123), (12)}

S5 is solvable with radical group S; it self.

2.1.2 Consider the symmetric group acting on Q, = {1,2,3,4}

Ss

= {(1), (34), (24), (243), (234), (23), (14), (143), (142), (1432), (1423), (14)(23), (124), (1243), (12), (12)
(34), (123), (1234), (134), (13), (1342), (132), (13)(24), (1324)}

S, is solvable with radical group S, it self.

2.1.3 Consider the symmetric group acting on Q; = {1,2,3,4,5}

Ss = {(1), (45), (35), (354), (345), (34), (25), (254), (253), (2543), (2534), (25), (34), (235), (2354), (23),

(23)(45), (234), (2345), (245), (24), (2453), (243), (24)(35), (2435), (15), (154), (153), (1543), (1534), (15)(34)

,(152), (1542), (1532), (15432), (15342), (152)(34), (1523), (15423), (15)(23), (154)(23), (15)

(234), (15234), (1524), (15)(24), (15324), (15)(243), (153)(24), (15243), (125), (1254), (1253),
(12543), (12534), (125)(34), (12), (12)(45), (12)(35), (12)(354), (12)(345), (12)(34), (123),
(123)(45), (1235), (12354), (12345), (1234), (124), (1245), (124)(35), (12435), (12453), (1243)(135),
(1354), (13), (13)(45), (134), (1345), (1352), (13542), (132), (132)(45), (1342), (13452), (13)

(25), (13)(254), (1325), (13254), (13425), (134)(25), (13524), (135)(24), (1324), (13245), (13)(24), (13)
(245), (145), (14), (1453), (143), (14)(35), (1435), (1452), (142), (14532), (1432), (142)(35),
(14352), (14523), (1423), (145)(23), (14)(23), (14235), (14)(235), (14)(25), (1425), (14)(253), (14325),
(14253), (143)(25)}

Ss is not solvable and its radical group (1) .

2.2 Alternating group
2.2.1 Consider the alternating group acting on Q, = {1,2,3}
Az ={(1),(123), (132)}
A; is solvable with radical group A; it self.
2.2.2 Consider the alternating group acting on Q, = {1,2,3,4}
A, = {(1), (243), (234), (143), (14)(23), (142), (134), (132), (13)(24), (124), (12)(34), (123)}
A, is solvable with radical group A, it self.
2.2.3 Consider the alternating group acting on Q, = {1,2,3,4,5}
As = {(1),(354), (345), (254), (25)(34), (253), (245), (243), (24)(35), (235), (23)(45), (234), (154),
(15)(34), (153),(15)(24), (15243), (15324), (152), (15432), (15342), (15234), (15)(23), (15423), (145), (143),
(14)(35),(142),(14352),(14532), (14)(25), (14325), (14253), (14523), (14)(23), (14235), (125),
(12543), (12534), (12)(45), (12)(34), (12)(35),(124), (12435), (12453), (123), (12354), (12345),
(135), (13)(45), (134), (13542), (13452), (132), (13524), (13245), (13)(24), (13)(25), (13254), (13425)}
As is not solvable and its radical group (1).

2.3 Dihedral group

2.3.1 Consider the dihedral group acting on Q, = {1,2,3}

D = {(1),(23),(132), (13), (123), (12)}

Dj is solvable with radical group Dj it self.

2.3.2 Consider the dihedral group acting on Q, = {1,2,3,4}

Dg = {(1), (24), (13)(24), (13), (1432), (14)(23), (1234), (12)(34)}

Dg is solvable with radical group Dy it self.

2.3.3 Consider the dihedral group acting on Q, = {1,2,3,4,5,6,7}

D, = {(1),(27)(36)(45), (1765432), (17)(26)(35), (1642753), (16)(25)(34), (1526374), (15)(24)
(67),(1473625),(14)(23)(57),(1357246), (13)(47)(56), (1234567), (12)(37)(46)}

D,, is solvable with radical group Dy, it self.

2.4 Wreath product

2.4.1 Consider the permutation groups M; and L,

My ={(1),(123),(132)}, L; = {(1), (45)} acting on the sets S; = {1,2,3} and A,= {4,5} respectively.
Let Let P = L, = {f: A,— L, }then|P| = [M,|*1 =32 =9

We can easily verify that G,is a group with respect to the operations

(f112)81 = f1(81)f2(61)where §; € A, .
The wreath product of P; and Q, is given by W, where
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W, = {(1), (465), (456), (132), (132)(465), (132)(456), (123), (123)(465), (123)(456), (14)(25)(36),
(143625), (142536), (163524), (162435), (16)(24)(35), (152634), (15)(26)(34), (153426)}
W; is solvable with radical group W it self.
2.4.2  Consider the permutation groups M, and L,
M, = {(1),(15432), (14253), (13524), (12345)}
, L, ={(1),(678), (687)} acting on the sets S, = {1,2,3,4,5} and A,= {6,7,8} respectively.
Let Let P = L,%2 = {f: A,— L,}then|P| = |M,|*2 = 53 = 125
We can easily verify that G,is a group with respect to the operations
(f1f2)81 = f1(61)f2(61)where &, € A, .
The wreath product of M, and L, is given by W,, where
W, = {(1),(1115141312),(1114121513)(1113151214)(1112131415)( 61098 7)( 61098 7)
(1115141312)(610987)(1114121513)( 61098 7)(1113151214)( 61098 7)(1112131415)(69 710 8)
(697108)(1115141312)(69 710 8)(1114121513)(69 710 8)(1113151214)(69 710 8)
(1112131415)(68107 9)( 6810 79)(1115141312)(6 8107 9)(1114121513)(6 8107 9)
(1113151214)(6 8107 9)(1112131415)(678910)(6 78910)(1115141312)(6 7 8910)
(1114121513)(678910)(1113151214)(6 78 910)(1112131415)(15432)(154 3 2)
(1115141312)(154 3 2)(1114121513)(154 3 2)(1113151214)(15432)(1112131415)
(15432)(610987)(15432)(610987)(1115141312)(15432)(610987)
(1114121513)(15432)(610987)(1113151214)(15432)(610987)(1112131415)
(15432)(697108)(15432)(697108)(1115141312)(15432)(697108)
(1114121513)(15432)(697108)(1113151214)(15432)(697108)(1112131415)
(15432)(681079)(15432)(681079)(1115141312)(15432)(681079)
(1114121513)(15432)(681079)(1113151214)(15432)(681079)(1112131415)
(15432)(678910)(15432)(678910)(1115141312)(15432)(678910)
(1114121513)(15432)(678910)(1113151214)(15432)(678910)(1112131415)
(14253)(14253)(1115141312)(14253)(1114121513)(14253)(1113151214)
(14253)(1112131415)(14253)(610987)(14253)(610987)(1115141312)
(14253)(610987)(1114121513)(14253)(610987)(1113151214)(1425 3)
(610987)(1112131415)(14253)(697108)(14253)(697108)(1115141312)
(14253)(697108)(1114121513)(14253)(697108)(1113151214)(14 25 3)
(697108)(1112131415)(14253)(681079)(14253)(681079)(1115141312)
(14253)(681079)(1114121513)(14253)(681079)(1113151214)(14 25 3)
(681079)(1112131415)(14253)(678910)(14253)(678910)(1115141312)
(14253)(678910)(1114121513)(14253)(678910)(1113151214)(14 25 3)
(678910)(1112131415)(13524)(13524)(1115141312)(13524)(1114121513)
(13524)(1113151214)(13524)(1112131415)(13524)(610987)(13524)
(610987)(1115141312)(13524)(610987)(1114121513)(13524)(610987)
(1113151214)(13524)(610987)(1112131415)(13524)(697108)(13524)
(697108)(1115141312)(13524)(697108)(1114121513)(13524)(697108)
(1113151214)(13524)(697108)(1112131415)(13524)(681079)(13524)
(681079)(1115141312)(13524)(681079)(1114121513)(13524)(681079)
(1113151214)(13524)(681079)(1112131415)(13524)(678910)(13524)
(678910)(1115141312)(13524)(678910)(1114121513)(13524)(678910)
(1113151214)(13524)(678910)(1112131415)(12345)(12345)(1115141312)
(12345)(1114121513)(12345)(1113151214)(12345)(1112131415)(12345)
(610987)(12345)(610987)(1115141312)(12345)(610987)(1114121513)
(12345)(610987)(1113151214)(12345)(610987)(1112131415)(12345)
(697108)(12345)(697108)(1115141312)(12345)(697108)(1114121513)
(12345)(697108)(1113151214)(12345)(697108)(1112131415)(12345)
(681079)(12345)(681079)(1115141312)(12345)(681079)(1114121513)
(12345)(681079)(1113151214)(12345)(681079)(1112131415)(12345)
(678910)(12345)(678910)(1115141312)(12345)(678910)(1114121513)
(12345)(678910)(1113151214)(12345)(678910)(1112131415)(1116)(2127)
(3138)(4149)(51510)(111105159414831372126)(11194147 2121051583
136)(111831310515721294146)(111721283139414105156)(1116 51510
414931382127)(11110414 821265159313 7)(1119313 6515821210414 7
)(1118212931310414 6 5157)(1117)(2128)(3139)(41410)(5156)(11164149
212751510313 8)(11110313 751592126414 8)(1119 2121031364147 515
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8)(1118)( 212 9)(31310)( 414 6)( 515 7)( 111 7 515 6 41410 313 9 212 8)( 111 6 313
851510212 7 414 9)( 11110 212 6 313 7 414 8 515 9)( 111 9)( 21210)( 313 6)( 414 7)
(5158)( 11185157 414 631310 212 9)( 1117 41410 212 8 515 6 313 9)( 111 6 212
731384149 51510)( 11110)( 212 6)( 313 7)( 414 8)(5159)( 11195158414 7313 6
21210)( 1118414 62129515 731310)( 1117 3139515 6 212 8 41410)( 11510 514
9413831272116)(1159413 7211105148312 6)( 115831210514 72119 4
136)( 11572118312 9 41310 514 6)( 115 6)( 211 7)( 312 8)( 413 9)( 51410)
(11510 4138211 65149312 7)( 1159312 6514821110 413 7)( 115 8 211 9 312
10 413 6 514 7)( 115 7)( 211 8)( 312 9)(41310)( 514 6)( 115 6 51410 413 9 3128 211 7)
(115103127514 92116 413 8)( 1159 21110 312 6 413 7 514 8)( 115 8)( 211 9)
(31210)(413 6)( 514 7)( 1157 514 6 413103129211 8)( 115641392117 51410 3
128)( 11510 211 6312 7 413 8 514 9)( 115 9)( 21110)( 312 6)( 413 7)( 514 8)
(1158514 7 413 631210 211 9)( 115 7 41310 211 8 514 6 312 9)( 115 6 312 8 514
10211 7 413 9)( 11510)( 211 6)( 312 7)( 413 8)( 514 9)( 115 9 514 8 413 7 312 6 21110)
(1158413 6 2119 514 731210)( 115 7312 9 514 6 211 8 41310)( 115 6 211 7 312
8413 951410)( 11494127 215105138311 6)( 114831110513 72159 412 6)
(11472158311 941210 513 6)( 114 6)( 215 7)( 311 8)( 412 9)(51310)( 11410 513 9 4
12831172156)(1149311 6513821510412 7)( 1148 215931110 412 6 513 7)
(114 7)( 215 8)(311 9)( 41210)( 513 6)( 114 6 51310 412 9 311 8 215 7)( 11410 412 8 2
1565139311 7)( 114 9 21510 311 6 412 7 513 8)( 114 8)( 215 9)( 31110)( 412 6)
(513 7)(114 7513 6 41210 311 9 215 8)( 114 6 412 9 215 7 51310 311 8)( 11410 311
751392156 412 8)( 114 9)( 21510)(311 6)( 412 7)(513 8)( 1148513 7 412 6 31110
2159)(114 741210 2158513 6311 9)( 114 6 311 851310 215 7 412 9)( 11410 215
631174128513 9)(11495138412 73116 21510)( 1148412 621595137 3
1110)(114 73119513 6 2158 41210)( 114 6 215 7 311 8412 9 51310)( 11410)
(215 6)(3117)(4128)(513 9)( 1138315105127 2149411 6)(113 721483159 4
1110 512 6)( 113 6)( 214 7)( 315 8)( 411 9)(51210)( 11310 5129 411 8 315 7 214 6)
(1139411721410 512 8 315 6)( 113 82149 31510 411 6 512 7)( 113 7)( 214 8)
(3159)(41110)( 512 6)( 113 6 51210 4119 3158214 7)( 11310411 821465129 3
157)(1139315 6512 8 21410 411 7)( 113 8)( 214 9)( 31510)( 411 6)( 512 7)
(11375126411103159 214 8)( 113 64119214 751210 315 8)( 11310 315 7 512
921464118)(113 9214103156411 7512 8)(113 8512 7 411 6 31510 214 9)
(113741110 214 8 512 6 315 9)( 113 6 3158 51210 214 7 411 9)( 11310 214 6 315
74118512 9)( 113 9)(21410)( 315 6)( 411 7)( 512 8)( 113 8411 6 2149 512 7 31510)
(11373159512 6 214 841110)( 113 6 214 7 3158 411 9 51210)( 11310)( 214 6)
(3157)(4118)(5129)(113951284117 3156 21410)( 112721383149 41510 5
116)( 112 6)(213 7)( 314 8)(415 9)(51110)( 11210 511 9 415 8 314 7 213 6)
(1129415721310 5118314 6)( 112831410511 7 213 9 415 6)( 112 7)( 213 8)
(314 9)(41510)( 511 6)( 112 6 51110 4159 3148213 7)( 11210 4158213 65119 3
147)(112 9314 6 511 8 21310 415 7)( 1128213 9 31410 415 6 511 7)(112 7511 6
415103149213 8)( 112 64159213 751110 314 8)( 11210 314 7511 9 213 6 415 8
)(112921310 314 6 4157 511 8)( 112 8)( 213 9)( 31410)( 415 6)( 511 7)( 112 7 41510
21385116314 9)(112 6314851110 213 7 4159)( 11210 213 6 314 7 415 8 511
9)(112 9)( 21310)( 314 6)( 415 7)(511 8)( 112 8 511 7 415 6 31410 213 9)( 112 7 314
95116213 841510)( 112 6213 7314 8 415 9 51110)( 11210)( 213 6)( 314 7)( 415 8)
(5119)(1129 51184157314 6 21310)( 112 8 415 6 213 9 511 7 31410)( 1 611)
(2712)(3813)(4914)(51015)( 1611510154 91438132 712)( 1611491427125
10153 813)( 16113 8135101527124 914)( 16112712 3 813 4914 51015)
(1615510144 91338122 711)( 161549132 711510143 812)( 16153812510
1427114 913)(16152 71138124913 51014)( 1 615)( 2 711)( 3 812)( 4 913)(51014)
(161449122715510133811)(16143 8115101327154 912)( 1614271538
114912 51013)( 1 614)(2 715)( 3 811)(4 912)( 51013)( 1614 51013 4 912 3 811 2 715)
(1613381551012 2714 4911)(1613 271438154 91151012)( 1 613)( 2 714)
(3815)(4911)(51012)(1613 5101249113 8152 714)( 161349112 714 51012 3
815)(16122 71338144 91551011)( 1 612)(2713)( 3 814)(4 915)(51011)
(1612510114 91538142 713)(16124 9152713510113 814)( 1612 3 814510
1127134 915)( 1101559144 81337122 611)( 11015 481326115914 3 712)
(1101537125914 2611 4813)( 110152 6113 712 4813 5914)( 11015)( 2 611)
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(3712)(4813)(5914)(110144812261559133711)(110143711591326154
812)(110142615371148125913)(11014)( 2 615)(3711)(4812)(5913)
(110145913481237112615)(110133715591226144811)(11013261437
1548115912)(11013)(2614)(3715)(4811)(5912)(110135912481137152614)
(110134811261459123715)(110122613371448155911)(11012)( 2 613)
(3714)(4815)(5911)(110125911481537142613)(1101248152613 59113
714)(110123 7145911 26134815)(11011)(2612)(3713)(4814)(5915)
(110115915481437132612)(110114814261259153713)(110113 71359
1526124814)(110112612371348145915)(19144 7122101558133 611)
(191436115813210154712)(191421015361147125813)(1914)(21015)
(3611)(4712)(5813)(191458134712361121015)(19133 6155812210144
711)(1913 2101436154 7115812)(1913)(21014)(3615)(4711)(5812)
(191358124711361521014)(191347112101458123615)(19122101336
144 7155811)(1912)(21013)(3614)(4715)(5811)(191258114 7153614 21013)
(191247152101358113614)(19123 6145811210134 715)(1911)(21012)
(3613)(4714)(5815)(191158154714361321012)(19114 7142101258153
613)(191136135815210124714)(191121012361347145815)(19155 814
4713361221011)(191547132101158143612)(191536125814210114 713
(1915210113 6124 7135814)(1915)(21011)(3612)(4713)(5814)(181331015
571229144611)(181329143101546115712)(1813)(2914)(31015)(4611)
(5712)(181357124611310152914)(181346112914571231015)(181229
13310144 6155711)(1812)(2913)(31014)(4615)(5711)(181257114615 31014
2913)(181246152913571131014)(181231014571129134 615)(1811)
(2912)(31013)(4614)(5715)(181157154614310132912)(1811461429125
71531013)(181131013571529124614)(1811291231013 46145 715)
(181557144613310122911)(181546132911571431012)(18153101257
1429114613)(181529113101246135714)(1815)(2911)(31012)(4613)(5714)
(181446122915571331011)(181431011571329154612)(18142915 310
1146125713)(1814)(2915)(31011)(4612)(5713)(181457134612 31011 2915)
(171228133914410155611)(1712)(2813)(3914)(41015)(5611)(171256114
10153914 2813)(171241015281356113914)(171239145 6112813 41015)
(1711)(2812)(3913)(41014)(5615)(171156154101439132812)(171141014 2
81256153913)(171139135615281241014)(171128123913410145 615)
(171556144101339122811)(171541013281156143912)(1715391256
14281141013)(171528113912410135614)(1715)(2811)(3912)(41013)(5614)
(171441012281556133911)(171439115613281541012)(1714281539
11410125613)(1714)(2815)(3911)(41012)(5613)(17145613410123911 2815)
(171339155612281441011)(171328143915410115612)(1713)(2814)
(3915)(41011)(5612)(171356124101139152814)(171341011281456123
915)}

W, is solvable with radical group W, it self.

31 VALIDATION

3.1.1 Algorithm for the result in 2.1.1
gap> S3:=SymmetricGroup(3);
Sym([1..3])

gap> RadicalGroup(S3);

Sym([1..3])

gap>quit;

3.1.2 Algorithm for the result in 2.1.2
gap> S4:=SymmetricGroup(4);
Sym([1..47])

gap> RadicalGroup(S4);

Sym([1..4])

gap>quit;

3.1.3 Algorithm for the result in 2.1.3
gap> S5:=SymmetricGroup(5);
Sym([1..5])
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gap> RadicalGroup(S5);

Group(())

gap>quit;

3.14 Algorithm for the result in 2.2.1
gap> A3:=AlternatingGroup(3);
Alt([1..3])

gap> RadicalGroup(A3);

Alt([1..3])

gap>quit;

3.1.5 Algorithm for the result in 2.2.2
gap> A4:=AlternatingGroup(4);
Alt([1..41)

gap> RadicalGroup(A4);

Alt([1..41)

gap>quit;

3.1.6 Algorithm for the result in 2.2.3
gap> AS5:=AlternatingGroup(5);
Alt([1..57)

gap> RadicalGroup(AS);

Group(())

gap>quit;

3.1.7 Algorithm for the result in 2.3.1
gap> D6:=DihedralGroup(IsGroup,6);
Group([ (1,2,3), (2,3) )

gap> RadicalGroup(D6);

Group([ (1,2,3), (2,3) )

gap>quit;

3.1.8 Algorithm for the result in 2.3.2
gap> D8:=DihedralGroup(IsGroup,8);
Group([ (1,2,3,4), (2,4) ])

gap> RadicalGroup(D8);

Group([ (1,2,3,4),(2,4) ])

gap>quit;

3.1.9 Algorithm for the result in 2.3.3
gap> D14:=DihedralGroup(IsGroup,14);
Group([ (1,2,3,4,5,6,7), (2,7)(3,6)(4,5) 1)
gap> RadicalGroup(D14);

Group([ (1,2,3,4,5,6,7), (2,7)(3,6)(4,5) ])
gap>quit;

3.1.10  Algorithm for the result in 2.4.1
gap> M1:=Group((1,2,3));

Group([ (1,2,3) ])

gap> L1:=Group((4,5));

Group([ (4.5) )

gap> W 1:=WreathProduct(M1,L1);
Group([ (1,2,3), (4,5,6), (1,4)(2,5)(3,6) 1)
gap> RadicalGroup(W1);

Group([ (1,2,3), (4,5,6), (1,4)(2,5)(3,6) 1)
gap>quit;

3.1.11 Algorithm for the result in 2.4.2
gap> M2:=Group((1,2,3.4,5));

Group([ (1,2,3,4,5) 1)

gap> L2:=Group((6,7,8));

Group([ (6,7,8) )

gap> W2:=WreathProduct(M2,L.2);

Group([ (1,2,3.,4,5), (6,7,8,9,10), (11,12,13,14,15), (1,6,11)(2,7,12)(3,8,13)(4,9,14)(5,10,15) ])

gap> RadicalGroup(W2);

Group([ (1,2,3.,4,5), (6,7,8,9,10), (11,12,13,14,15), (1,6,11)(2,7,12)(3,8,13)(4,9,14)(5,10,15) ])

gap>quit;
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