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Abstract

In this paper, the construction of permutation groups which include symmetric groups, alternating groups,
dihedral groups and the groups generated by the semidirect product (wreath products) of two permutation
groups. The perfect residuum of the constructed groups has been obtained and their primitivity status has been
investigated which enable us to formulate some results on such properties concerning the groups. A standard
computer program, Groups algorithm and programming (GAP) has been employed in enhancing and validating
the result obtained.
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Introduction
The concept of residuum is very important in the theory of permutation groups more especially on investigating
the solvability status of groups. The research adopted the concept of M. Bello et all (2017), work on a numerical
search for polycyclic and locally nilpotent permutation groups.
Definition 1.1
A smallest normal subgroup of a group that has solvable factor group is called a perfect residuum of the group.
Definition 1.2
A subgroup N of a group G is normal in G if the left and right cosets are the same, that is if gff = Hg vg €
and a subgroup H of G.
Definition 1.3
A group G is said to act on a set X when there is a map #: & % X = X such that the following conditions holds
for all elements x € X,

i. ®le.x) = x where e is the identity element of G

i. plg.olhe)=0lghsvghet

78



Journal of Natural Sciences Research www.iiste.org
ISSN 2224-3186 (Paper) ISSN 2225-0921 (Online) NJTI
Vol.7 No.24 2017 “S E

Definition 1.4

A group action is transitive if it possess only a single group orbit. That is for every pair of elements x and y,
there is a group element g 3 gx = ¥. A group is said to be intransitive if it is not transitive.

If for every two pairs of points xy,xs and 3.3 there is a group element 3 gx; = 3% , then the group action is
called doubly transitive. Similarly, a group action can be triply transitive and in general, a group action is k-
transitive if every set Ly a0 2] of 2k distinct elements has a group element § 3.4x; = ¥

An action is k-fold transitive if for any k-tuples of distinct elements Iz xpt ond D9 ¥eo o ¥ there is
SEG 2 v =(xug) t=12..k

Definition 1.5

A group action is primitiveif there is no non-trivial partition of X preserved by the group G. A doubly transitive
group action is primitive and a primitive action is transitive, but neither the, converse holds.

Definition 1.6

Let G be a transitive group. A subset X of £2 is said to be a set of imprimitivity for the action of G on £2, if for
each ge & either Xg =& or Xg ond X ore disfoint. In particular, 1- element subsets of £2and the empty set
are obviously sets of imprimitivity of every group G on £2; these are called trivial sets of imprimitivity. We say
that G is primitive on £2 if the only sets of imprimitivity are the trivial ones; otherwise G is imprimitive on £2
Definition 1.7

The factor group of the normal subgroup N in a group G written as /& is the set of cosets of N in G.
Definition 1.8

A composition series for a group G is a finite chain of subgroups

f =y >0, 26y ==y, = (1)

such that, fori = [, 1, ....m —1,f&; .4 is a normal subgroup of fx; and the quotient group f¥; f fr 4y is simple.
The quotient groups Ty f fry, Gy S Gauioia oy S Gy

are called the composition factors of G.

Example
Let & = 5,4, and consider the following chain of subgroups:
Sa= Ay o=l 2EeN =1 . : . . 4.1)

We know that A, = S4and ¥, < A, . Since ¥, is an abelian group,

{1 237343} 2 ¥, Certainlyl =1 {{1 2){ 3 4}}. Hence (4.1) is a series of
subgroups, each normal in the previous one. We can calculate the order of
each subgroup, and hence calculate the order of the quotient groups:

|5afaa] = 2
|45/Ya] =3
Wa/tii )4 =2

[Er2ica ) =2
Thus the quotients are all of prime order. We now make use of the fact that a group G of prime order p is both
cyclic and simple (see Example 3.6), to see that the factors for the series (4.1) are cyclic simple groups. Thus
(4.1) is composition series for S4, with composition factors

Canlg 0: Gy
Definition 1.9
Let G be a group. A subnormal series of G is a finite chain of subgroups

G =ty = ==t = (1)
such that & , 4 is a normal subgroup of &; for ¢ = .1, ....n— 1. The collection of quotient groups
o d Oy D B & _y/{y are the factors of the series, and the length of the series is n.

Note that we do not require each subgroup in the subnormal series to be normal in the whole group, only that it is
normal in the previous subgroup in the chain.

A normal series is a series where fr; is a normal subgroup of G for all i. Note also that the length n is also the
number of factors occurring.

We will be interested in three different types of subnormal series in this research, and for all three we will
require special properties of the factors. The first case is where the factors are all required to be simple groups.
Definition 1.10

The series of subgroups g Gy . G s G Such that & =Gy 3 Gy 2 Gy D == 3 Gy O 6, = 111 where
/.1 is abelianis called a solvable series.

Definition 1.11 (Milne, J.S, 2009)
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A group G is solvable if there is a finite collection of groups fryfey «. y such

thatll) = 6 © 6, S-+-C i, = fr where {%; 2 & and ., /5;is abelian.If || = 1 then Gis considered as
solvable group.

Theorem 1.1 (Audu M.S, 2003)

Let C and D be permutation groups on I'and Arespectively. Let £ ®be the set of all maps of &

into the permutation group C. Thatis £% = {f:A— Civ f, f £ Cin . Let /i £ in £ "be defined

¥ dindby

(afy i8] = AUE A TS

With respect to this operation of multiplicationt *acquire a structure of a group.

Proof
(i) ©% is non-empty and is closed with respect to multiplication. If £, f € ¢ “then f ()% (5} € c. Hence
fild). f08) € €. This implies that (£ f; (&) € Candso £ f € C°
(ii) Since multiplication is associative so also is the multiplication in 2.
(iii) The identity element in ©* is the map ¢ : A — C given by e(8)=1 forall € Aand 1 € C.
(iv) Every element f € s defined for all § € A by =151 = £{57~t. Thus CA is a group with respect to
the multiplication defined above. (We denote this group by P ).

Lemma 1.2 (Audu M.S, 2003)

Assume that D acts on P as follows: f2(§) = fl6d ‘)foralls € Ad € D. Then D acts on P as a group.
Proof

Take ffi fo € Fand dd;6; € II then

() (fh)%e(s) = piidd—12) = flod,™ ) = flod,td, ) = Fhides

(i) f08) = F(&17Y) = f£{8)

(i) (RIS = A8 = A(6d " E(68 ) = £°(6)£ (5). Thus D acts on P as a group

Theorem 1.3 (Audu M.S, 2003)
Let D act on P as a group. Then the set of all ordered pairs [ f&) with £ € F and € € I! acquires the

—1i
structure of a group when we define for all 1 f& € Pandd d. € DA (fida) = (A fa 1 gyt

Proof
(i) Closure property follows from the definition of multiplication.
(ii) Take fi fi fi € Pond dydydy € 0. Then

(e (ae (e = (AR aia,) ()
(h55 7 9% 2,000,
= (ﬂﬁd‘_1ﬁdz_1d‘_1d1dzds)

Also we have in the same manner that

[ a (g dNifa) = (hd) (£4% dudy)
= (A(AA% Vdi  dudsds)

={5a"" 5% aima,)

hence multiplication is associative.

(iii) We know that for every f € Ff~ = f. Now for every & € I the map f — f2is an automorphism of
P. Also if e is the identity element in P then ® = e. Also (£ %3d = {f*77L. Now
(fei(el) = (fe®tdl) = (feitd) = (fle 1) &) = (fd). Also using the reverse order we
have that
(e l)(fd) = [ef1_1 1d) = (#fd) = (fd) Thus identity element exists.

Gv) (Fad ((p 10801 = (Flp %) tda 1) = (FlF-109  ga-t)
= (fUFH)tdd ) =(e1)
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Also

(F5%a(fa) = ((FYEtd )
= (ff ) = (8 1) = (o 1)

Thus when D acts on P the set of all ordered pairs i f&) withf € Dd € Il is a group if we define

(Rt Rd =R E ¢ (¢, ey )In what follows we supply a formal definition of Wreath Product of permutation
groups.

WREATH PRODUCT (Audu M.S, 2003)

The Wreath product of C by D denoted by W = C wr D is the semidirect product of P by D so

thatW = {(fd)| f € Pd € D} with multiplication in W defined as {(£d,(fids) = LA 1[d1d2] for all
fifi € Fondd,d, € I}, Henceforth we write f d instead of [ f&) for elements of W.

Theorem 1.4 (Audu M.S, 2003)

LetDacton P as f2{5) = f{6d ') where f € Pd € Dands € A, Let W be the group of all juxtaposed

symbols fd with £ € Pd € D and multiplication given by (£ d,(fids) = £ £ 1 (e, d,). Then W is a group
called the semi-direct product of P by D with the defined action.
Based on the forgoing we note the following:
% IfC and D are finite groups then the wreath product W determined by an action of D on a
finite set is a finite group of order [W/| = |If.'||"'1'I )

¢ P is anormal subgroup of W and D is a subgroup of W.
% The action of W on " x A is given by (etf) fd = (af (5)fdlwheren € londf € A,

We shall at this point identify the conditions under which a sup group will be soluble or nilpotent and study them
for further investigation.
Theorem 1.5 (Thanos G., 2006)
£+ is solvable if and only if &% = 1, for some n.
Proposition 2.1
Let G be solvable and f = fr. Then
1. His solvable.
2. If H =1 & then &/ H is solvable.

Proof

Start from a series with abelian slices. & =y = &y E---= & = {1]. Then

H=Hnby &= HnN o E---=H N &, = {1}. When H is normal, we use the canonical projection
w: b= GfH toget&/H =rliy) &= wll, ] = {1} the quotients are abelian as well, so &/ H is still
solvable.

Proposition 1.6

Let & 4 fr. Then fr is solvable if and only if & and &/} are solvable.

Proof

(=) This is obvious by Proposition 2.1.

(&) Stick together a series for & with abelian slices with the lift to G of a series for &+ /¥, using the fourth
isomorphism law.

RESULT

2.1 Symmetric groups

2.1.1 Consider the symmetric group acting on [, = {1,2,3}

S, = 1012, 023), (131, (132), (1231, (12} with primitive perfect residuum {1J

2.1.2 Consider the symmetric group acting on [, = {1.2,3.41

3y

= {13, (34, (24), (243), (234, (237, (140, (143), (142), (1432), (1423, (14 (23, (124, (1243}, 12), (123

(34),(123), (12347, (134), (130, (1342, (132), (13)(24), (1324}

with primitive perfect residuum (1}

2.1.3 Consider the symmetric group acting on {1; = {1,2,34,5]

S = {(1),(45), (35, (354),(345), (34), (257, (2540, 1253), (2543), (2534),(25), (34), (235), (2354), (23],
(23045),(234), (2345, (2457, (24), (2453), (243, (24) (357, (2435), (18], (154), (1530, (1543), (1534), (1570 34)
J52), (1842), (1532),(15432), (15342, (152)(34), (1523), (154237, (153023], (154 (23), (15)
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(234), (152 34), (1524), (153 (24), (15324, (15)(243), (153)(24), (15243), (125), (12540, (1253),
(12543), (125340, (12570340, (120, (122 (450, (123035), (123 (3540, (120 (345), (123 (34). (123),
(123){45),(1235), (12354, (12345), (1234], (124, (1245), (1243 (35), (12435),(12453), (1243)(135),
(13543, (13), (13)045), (134, (1345, (1352], (13542), (132], (1320 (45, (1342), (13452), (13

(25), (131(2544, (1325], (13254), (13425), (134)(25), (13524}, (135)024), (1324, (132457, (13) (24), (13)
(245),(145], (14), (1453), (143}, (143 (35), (1435, (1452). (142), (14532), (1432), (14:2)(35),

(14352), (14523),(1423), (1457 (23, (143(23), (142353, (141 (235), (143 (25), (1425), (141 (253), (14325),
(14253), (143502501

with primitive perfect residuum Ag

2.2 Alternating group

2.2.1 Consider the alternating group acting on [, = {1,2,3]

Ay = f010,01233,(132) } with primitive perfect residuum {1}

2.2.2 Consider the alternating group acting on 5 = {1,2,3.41

Ay = {110, (243), (234, (14:3), (143 (23) , (142, (134), (13200133 (247, (124), (12) (34), (1237}

with primitive perfect residuum {1}

2.2.3 Consider the alternating group acting on [, = {1,2,3.4.5]

Ag = {10, (3547, (345), (254}, (25) (34), (2537, (245), (243]), (240 (35), (235), (23) (45), (234), (1542,

(1530347, (1530, (150 (240, (15243), (15324), (152),(15432), (15342, (152340, (1530230, (154.23), (145, (143,

(14)i35),(142),(14352), (145320, (140 (25), (14325), (14253), (14523), (14)(23), (14235), (125),
(12543),(12534), (123 (45), (12)(34), (121 (35),(124),(12438), (12453) ,(123), (123542, (12345),
(135),012) (458), (134),(13542),(13452), (132, (13524),(13245), (137 (242, (13025, (13254), (13425 7]
with primitive perfect residuum Ajg

23 Dihedral group

2.3.1 Consider the dihedral group acting on {;, = {1.2,3}

D = §{1), (23}, (132), (13}, 1123}, (123} with primitive perfect residuum (1]

2.3.2 Consider the dihedral group acting on [, = {1.2,34}

Do = {{1), (24}, (1330247, (13), (1432) (143230, (1234), (123347} with primitive perfect residuum {1)
2.3.3 Consider the dihedral group acting on [, = {1.2,34,5.6,7]

Dy, =010, (273 (3600450, (1765432) , (A7) (26) (350, (1642753), (16) (250 (340, (1526374, (159(24)
(67), (1473625).114)(23)(57), (1357240), (133(47)(56), (1234567), (123(37)(46))

with primitive perfect residuum {1}

2.4 Wreath product

2.4.1  Consider the permutation groups M; and I,
My = {(13,1123), (1323} Ly = {{1).(45] ] acting on the sets 5, = {1,2.3} ond. A,= {457 respectively.
LetLet F =L,% = {fiA,— L them|P| = |M,|5 =3 =1

We can easily verify that fryis a group with respect to the operations

(ffedd, = A6 66 Jwhere 5 €4,

The wreath product of F and ¢, is given by W{, where

Wy = [(1),6465), (456), (132), (1320(465), (132 (456), (1237, (12311465}, (123) (456), (14) (251 (36],
(143625), (142536), (163524), (162435), (161240 (35), (1526347, (15) (267 (347, (1534267}
with imprimitive perfect residuum {11

2.4.2  Consider the permutation groups M; and I;

My = {(1),{15432], (14253}, (13524), (123457}

o by ={{13, (678, (BT} acting on the sets 5o = 11,2345} ond A,= {6,7,8] respectively.

Let Let £ = L,% = {fihy—s Ly Jthen|F| = |8|% =53 =125

We can easily verify that fryis a group with respect to the operations

Ufeldy = A6 56 where 6 €4,

The wreath product of M; and L; is given by ¥, where

Wo = (1), (11151413120, (111412151 33(1113151 2141112121415 610 98 7I( 61098 T
(111514131277 610 98 7311141215137 610 98 7y (111315121430 610 9 8 7111213141576 2710 &)
CEO7I0 8111514131230 6 9 710 8011141215133 6 0 710 8311131512140 6 9 710 &)
(111213141576 810 7 2 6 810 7 9011151413123 6 810 7 911141215130 6 810 7 99
(1113151214576 810 7 (1112131415776 780100 ( 6 7 8 91007 11151413123 6 7 8 910)

82



Journal of Natural Sciences Research www.iiste.org
ISSN 2224-3186 (Paper) ISSN 2225-0921 (Online) l'J_lTI
Vol.7 No.24 2017 Is E

(11141215137(6 7 8 910)(11131512147(6 78 0103 (11121314157 (15432101 543 2)
(11151415127¢1 543 2)(1114121513)0 154 3 2)(1113151214)( 154 3 2)(1112131415)
(15432)(6109B7)( 1543 2)( 610988 7)(1115141312)( 154 32)( 61008 7)
(11141215137¢1 543 2)(610 98 7y(1113151214)(1 543 2)( 610 98 73(1112131415)
(15432069710 6)(15432)( 69710 8)(1115141312)( 154 3.2)( 62710 &)
(11141215137¢1 543 2)(6 9710 BY(1113151214)(1 543 2)( 69710 83(1112131415)
(1543206810 7901543 2)( 66107 9)(1115141312)( 154 3.2)( 6 810 749)
(11141215137¢1 543 2)( 6810 7 9y(1113151214)(1 543 2)( 6810 7 23(1112131415)
(1543267891030 1543 2)( 67 8910)(1115141312)( 154 3.2)( 6 78 910)
(11141215137¢1 543 2)(6 7 8 B109(1113151214)(1 543 2)( 67 8 2103(1112131415)
(14253)( 1425 3)(1115141312)(14 25 3)(11141215137( 142 53)(1113151214)
(1425 3)(1112131415)(14253)( 610 98 7)(14253)( 610 98 7j(1115141312)
(14253610868 7)(1114121513)(1 42 5 3)( 610 98 7)(111315121450 14 25 3)
(61098 7)(1112131415)( 1425 (62710 B[ 1425 (69 710 B)(1115141312)
(14253069710 8)(11141215135(1 42 5 3)( 6 8 710 8)(1113151 2145014 25 3)
(609710 8)(1112131415)( 1425 (6 810 79[ 1425 3 6 610 7 9)(1115141312)
(1425306810 79)(1114121513)(1 42 5 3)( 6 510 7 9)(11131512145014 25 3)
(68107 9)(1112131415)( 1425 (6 7R 0101425 (67 §910)(1115141312)
(14253)(678910)(11141215139(1 42 53)(6 7 6 910)(111315121450 14 25 3)
(678010)(1112131415)(13524)¢ 135 2 43(1115141312)(1 3 5 24)(1114121513)
(13524)(1113151214)(1 3 524)(1112131415)( 135 24)( 61098 7I(1 3524
(61098 7)(1115141312)( 1352490610 28 79(1114121513)(1 35 24)( 61098 7)
(111315121471 35 24)( 610 98 7y(1112131415)(13524)(697108)( 15524
(60710 8)(1115141312)( 135 2490 6.2 710 B)(1114121513)(1 352470 6.9 710 &)
(111315121471 35 24)(6 9 710 B)(11121531415)(13524)( 6810 795015524
(68107 9)(1115141312)( 135 24906 810 7 9)(1114121513)(1 35243 6 810 7 &)
(111315121471 35 24)( 6 510 7 9)(11121531415)(13524)( 6789105015524
(6780910)(1115141312)( 13524906 78 010)(1114121513)(1 352430 6 7 8 910)
(11131512147¢1 3524906 7 8 9109(1112151415) (12345701 2 34 5)(1115141312)
(12345)(1114121513)(1 234 5)(1113151214)( 123 4 5)(11121314157(1 2345)
(610987)(1234 506109 87)(1115141312301 234 5)( 61098 7)(1114121513)
(12345610868 7)(11131512149(1 234 5)( 610 98 73(11121314155( 12 34 5)
(B607I08)(12345)06 9710 B)(1115141312301 234 5)( 69 710 8)(1114121513)
(12345069710 9)(11131512149(1 234 5)( 6 8 710 8)(11121314155( 12 34 59
(6BL079)(1234 506810 72)(1115141312301 234 5)( 6 610 7 9)(1114121513)
(1234506810 79(11131512149(1 234 5)( 6 510 7 9)(11121314155( 12 34 5)
(678010001234 5067 8910)(1115141312301 234 5)( 67 §910)(1114121513)

(12345)(678910(11131512149(1 234530 6 7 8 9101112131415 3¢ 111 6)¢ 212 7)
(313 8)( 414 930 51510)( 11110 515 9 414 8 313 7212 6)( 111 2414 7 21210 515 & 3
13630111 831310515 7 212 9414 6)( 111 7 212 8 313 041410 515 63( 111 6 51510
4140313 8 212 7)( 11110 414 & 212 £ 515 9313 73( 111 9313 6 515 & 21210 414 7
Y0111 8212 0 31310 414 6 515 730 111 73 212 8)¢ 313 2)¢ 414107 515 6 111 6 414 9
212 751510 313 B)¢ 11110 313 7515 9212 6414 B)( 111 9 21210 313 6414 7515
10111 BY( 212 2){ 31310%( 414 63 515 7y( 111 7 515 641410 313 9212 8)( 111 6313
851510 212 7 414 99 11110 212 6 313 7 414 8515 990 111 93¢ 212107( 313 6){ 414 77
(515 8)¢ 111 8515 7 414 631310 212 9)( 111 741410 212 8515 6 313 9)( 111 A 212
7313 8 414 9515107¢ 111103 212 6J( 313 7)( 414 8J(515 937 111 9515 8414 7 313 6
2121079 111 8414 6 212 9515 7 31310)¢ 111 7 313 0515 6 212 §414107¢ 11510 514
0413 8312 7211 6)( 115 9413 721110 514 8 312 6J( 115 8 31210 514 7 211 24
13630115 7211 8312 941310 514 63 115 6)( 211 73 312 8)( 413 9)( 514107
(11510413 8 211 6514 9312 7)( 11592312 6514 8 21110 413 73( 115 6 211 0 312
10413 6 514 73 115 77 211 &1 312 9)( 41310)( 514 A3( 115 6 51410 413 9312 8 211 7)
(11510 3127 514 9211 6 413 B)( 115921110 312 6 413 7 514 8¢ 115 8)( 211 9
(312107(413 6)( 514 7)( 1157 514 641310 312 9211 £3( 115 6413 9 211 751410 3
1283011510 211 6312 7 413 8514 03¢ 115 9)( 211100( 312 6)[ 413 7)( 514 &)

83



Journal of Natural Sciences Research www.iiste.org
ISSN 2224-3186 (Paper) ISSN 2225-0921 (Online) l'JJ.rI
Vol.7 No.24 2017 IIS E

(115 8514 7413 6 31210 211 9)( 115 741310 211 8 514 6 312 93( 115 6 312 6514

10 201 7413 93 115100211 6¢ 312 790413 B)( 514 (115 9 514 8413 7 312 6 211103
(115 5413 6211 9514 7 31210)( 115 7312 9514 6 211 8 413107( 115 6 211 7 512
84130 514109¢ 114 9412 7 21510 513 8311 6)( 114 8 31110 513 7 215 9412 6)

(114 7215 8311 944210 513 6)( 114 6)¢ 215 73¢ 311 8)( 412 9)( 5131090 11410 513 94
12 8311 7.215 6)( 114 2311 6 513 8 21510 412 73 114 5215 931110412 6513 7)
(114 73 215 8)( 311 9){ 412107 513 63( 114 6 51310 412 9311 5 215 750 11410 412 82
15 6513 9311 7)( 114 921510 311 6 412 7 513 §)( 114 B)( 215 9)( 31110)( 412 &)
(513 730 114 7513 6 41210 311 9215 BJ( 114 6412 9215 7 51310 311 By( 11410 311
7513 9215 6412 8)( 114 99 ( 21510)( 311 6){ 412 7)( 513 B)( 114 § 513 7412 6 31110
215 9)(114 7 41210 215 5 513 6 311 9)( 114 6 311 8 51310 215 7412 9y 11410 215
631174128513 9)( 1149513 8412 7 311 6 215107( 114 8 412 6215 9513 7 3

1110%( 114 7311 9513 6215 5412107( 114 6.215 7 311 8412 9 513107( 11410)

(215 630 311 7)(412 8)( 513 9){ 113 8 31510 512 7214 9411 6)( 1137 214831594
1110 512 6)¢ 113 6¢ 214 73( 315 8J( <411 93¢ 512109( 11310 512 9411 6315 7 214 6)
(11394117 21410512 8 315 6)( 113 & 214 931510 411 6512 730 113 7)( 214 &)

(515 97 411107¢ 512 67113 6 51210 411 9315 8214 7)( 11310 411 8214 6 51293

15 7)( 113 0315 6512 B 21410 411 7)( 113 8)( 214 9)( 31510)( 411 6)( 512 7)
(1137512 641110 315 9214 8)( 113 6411 9214 7 51210 315 §)( 11310315 7512
9214 6 411 §)( 115 9 21410 315 6 411 7 512 8)( 113 8512 7411 6 31510 214 %)

(113 741110 214 8512 6 315 9)( 113 6315 551210 214 7441 9)( 11310°214 6 315
74118 512 990113 9( 214107¢ 315 6)( 411 73( 512 8¢ 113 8411 6 214 9512 7 315109
(11373159512 6 214 8411107113 6 214 7 315 5411 9 5121073 11310)( 214 6)

(515 730 411 8)(512 9)( 113 9512 8 411 7 315 6.21410)( 112 721538 314 9 41510 5

11 6)( 112 65 213 73 314 B)( 415 ) 511107( 11210 511 9415 6 314 7213 £)
(1129415721310 511 8 314 6)( 112 531410 511 7 213 9445 630 112 7)( 213 8)

(514 )7 415107¢ 511 67( 112 6 51110 415 9314 8213 7)( 11210 415 8213 6 511 93

14 7)( 112 9314 6511 B 21310 415 7)¢ 112 8213 931410 415 6 511 73112 7 511 6
41510 3149213 8)( 112 6415 9 213 751110 314 8J( 11210 314 7 511 9213 6415 &
0112 921310 314 6 415 7 511 8)( 132 60 213 93¢ 314100 ( 415 63¢ 511 7)¢ 112 7 41510
213 8511 6 314 990112 6 314 851110 213 7415 90 11210 213 6 314 7415 8 511

0y 112 D¢ 2131000 314 63( 445 7)( 511 B)( 112 8 511 7 415 6 31410213 93¢ 112 7 314
9511 6 213 84151090 112 6 213 7 314 5415 9 511107 112107¢ 213 6)( 314 7)(415 &)
(511 57 112 9511 5415 7 314 6 213109¢ 112 5445 6 213 9 511 7 31410)( 1 6117
(2 71230 3813704 914)( 510157 1 611 51015 4914 38132712901 611 4914 2 712 5

1015 3 8133( 1611 3 813 51015 27124914371 611 2712 3 813 4 914 51015)
(161551014 4913 3 812 2711)( 1 615 4 913 2 711 51014 3 8127( 1 615 3 812 510
14271149139 1615 2711 3 812 4013 51014)¢ 1 61530 2 711)( 3 812)( 4 913)( 51014)
(161449122715 51013 38113( 1 614 3 811 51013 271549127 1614 2715 3 8
114912 5101330 1 61430 2 7153¢ 3 811)¢4 912)( S1013)( 1 614 51013 4 912 3 811 2 7157
(1613381551012 2 7144 9113( 1613 2 714 3 815 4 911 510127( 1 613)( 2 714)
(3815904 9117(51012)(1 613 51012 4911 3815 2 7143( 1 613 4 011 2 714 51012 3
815301612 2 713 3 8144 015 S10413¢ 1 612)( 2 713)( 3 B14)¢ 4 915)( 51011}
(161251011 4915 3 814 2713)( 1 612 4 915 2 713 51011 3 8143( 1 612 3 814 510
11271349153 11015 5 9144813 3 712 2611)( 11015 4813 2 611 5914 3 712)
(11015 3 712 5914 2 611 4813)( 11015 2611 3 712 4 813 59147¢ 11015)( 2 611)
(371290 4813705 91477 11014 4812 2 615 5913 3711)( 11014 3 711 5913 2 /15 4
81230 11014 26153 711 4812 59133 110147¢ 2 61530 3 711)( 4 812)( 5 913)
(11014 591348123 711 2615)( 1101337155 912 261448113 11013 2 614 3 7
154811 59123 11013)( 2 6143¢ 3 715)¢4 B11)( 5 912311013 5 912 4 811 3 715 2 614)
(110134 B11 26145912 3715)( 11012 2613 3 7144815 59113¢ 11012)( 2 613)
(371490 4815705 91130 11012 5911 4 815 3 714 2613)( 11012 4 815 2613 5911 3
71430 11012 3 714 5 911 2 613 $8153( 110015¢ 2 61230 3 713304 8143( 5 915)
(1101159154814 3 713 2612)( 11011 4514 2 612 5915 37137 11011 3 71359
15261248145 11011 2612 3713 4 814 5 915)( 1 914 4 712 21015 5813 3 611)

84



Journal of Natural Sciences Research www.iiste.org
ISSN 2224-3186 (Paper) ISSN 2225-0921 (Online) l'JJ.rI
Vol.7 No.24 2017 IIS E

(151436115 813 21015 4712)(1 914 21015 3 611 4 712 5813730 1 9143 21015)
(361190 4712)(5 813)( 1914 5 813 4 712 3611 21015)(1 913 3 615 5 512 21014 4
711701913 21014 3 615 4 711 5812)( 1 913)( 21014)( 3 615)( 4 7113 5 B12)
(101358124 711 3615 21014)(1 915 4 711 21014 5 812 3 61570 1912 21013 36
144 715 5 81190 1 9127¢ 210030 3 61494 715305 8117¢1 912 5811 4 715 3 614 21013)
(1912471521013 5811 3614)(1 912 3 614 5811 21013 4 71530 1 9113 21012)
(361390 4714705 815701911 5 8154 714 3613 21012)(1 911 4 714 21012 5815 3
613901911 3 6155 615 21012 4 7147( 1 911 21012 3613 4 714 5 8153(1 915 5514
4713 3612 21011)( 1945 4715 21011 5 614 36127(1 915 3612 5 514 21011 4 713
01091521011 3 6124715 5814)( 1 915)( 210413 3 612)( 4 7139( 5 8147¢ 1 513 31015
57122 9144611701 513 2914 31015 4611 5 71230 1 813302 914)( 310157 4 6117
(571230 181357124611 31015 2 9149( 1 813 4611 2914 5712 31015)( 1812 2 ¢
13 31014 4 615 571131 B12)( 2 913)( 31014)(4 615)( 5 711)(1 812 5711 4615 31014
2013)(1 81246152 9135711 3101470 1812 31014 5 711 2913 4615)( 1.811)
(2 81230 31013)¢ 4 6149(5 715)( 1 811 5 7154614 31013 2912901 811 4614 2912 5
715 31013)( 1811 31013 5 715 2 912 4614901 811 2912 31015 4 614 5 715)
(181557144 613 31012 2911716154 613 2911 5 714 3101250 1 815 31012 5 7
142911461390 15152011 31012 4 613 5 7149( 1 8153¢ 291170 310023 4 613)(5 714)
(18144612 29155713 3101171 614 31011 5 713 2 915 4 6123 1 814 2 915 510
114612 5 71390 1 8147¢ 2 9157( 3101134 61205 713)(1 814 5713 4 612 31011 2 9153
(17122813 3 91441015 5611)(1 7129 2 81390 3 914)( 410155(5 611301 712 5 611 4
1015 3 914 2 8137(1 71241015 2613 5611 3 21430 1712 3 914 5 611 2 813 41015)
(171190 2812703 913)( 410147 56157(1 711 5615 41014 3913 2 8123 1 711 41014 2
5125615 39139017113 913 5 615 2 812 41014)(1 7112812 3 913 41014 5 615)
(1715561441013 3912 2811)(1 715 41013 2 811 5614 39123( 1715391256
142811 41013)( 1 715 2 811 3912 41013 5 6147¢ 1 715)( 2 8113( 3 9123 410137( 5 6147
(171441012 25155613 3911)(1 7143 911 5615 2 615 4101230 171428155 9
1141012 56139 1 714)( 2 8157 5 9113(41012)(5 61330 1 714 5 613 41012 3 911 2 8157
(171339155 612 28144101171 715 2 814 3 915 41011 5 612730 1 713)( 2 814)
(501590 410113 5612)(1 713561241011 3915 2 814)( 1 713 41011 2 814 5612 3
9157}

with imprimitive perfect residuum {1J

SUMMARY OF RESULT
» The perfect residuum of a solvable group is always identity while for unsolvable group is not trivial.
»  The perfect residuum of permutation group is prirmitive

3.1 VALIDATION
3.1.1 Algorithm for the result in 2.1.1
gap> S3:=SymmetricGroup(3);

Sym([1..3])
gap> P1:=PerfectResiduum(S1);

Group(())

gap> IsPrimitive(P1);
true

gap>quit;

3.1.2 Algorithm for the result in 2.1.2
gap> S4:=SymmetricGroup(4);

Sym([1..4])
gap> P2:=PerfectResiduum(S4);

Group(())

gap> IsPrimitive(P2);
true

gap>quit;

3.1.3 Algorithm for the result in 2.1.3
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gap> S5:=SymmetricGroup(5);
Sym([1..5])

gap> P3:=PerfectResiduum(S5);
Alt([1..5])

gap> IsPrimitive(P3);

true

gap>quit;

3.14 Algorithm for the result in 2.2.1
gap> A3:=AlternatingGroup(3);

Alt([1..31)

gap> P4:=PerfectResiduum(A3);

Group(())

gap> [sPrimitive(P4);

true

gap>quit;

3.1.5 Algorithm for the result in 2.2.2
gap> A4:=AlternatingGroup(4);

Alt([1..41)

gap> P5:=PerfectResiduum(A4);

Group(())

gap> IsPrimitive(P5);

true

gap>quit;

3.1.6 Algorithm for the result in 2.2.3
gap> AS:=AlternatingGroup(5);

Alt([1..571)

gap> P6:=PerfectResiduum(AS5);

Alt([1..5])

gap> IsPrimitive(P6);

true

gap>quit;

3.1.7 Algorithm for the result in 2.3.1
gap> D6:=Dihedral Group(IsGroup,6);

Group([ (1,2,3), (2.3) 1)

gap> P7:=PerfectResiduum(D3);

Group(())

gap> IsPrimitive(P7);

true

gap>quit;

3.1.8 Algorithm for the result in 2.3.2
gap> D8:=DihedralGroup(IsGroup,8);

Group([ (1,2,3.4), (2,4) 1)

gap> P8:=PerfectResiduum(D2);

Group(())

gap> IsPrimitive(P8);

true

gap>quit;

3.1.9 Algorithm for the result in 2.3.3
gap> D14:=DihedralGroup(IsGroup,14);
Group([ (1,2,3,4,5,6,7), (2,7)(3,6)(4,5) ])

gap> P9:=PerfectResiduum(D4);

Group(())

gap> IsPrimitive(P9);

true

gap>quit;
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3.1.10  Algorithm for the result in 2.4.1

gap> M1:=Group((1,2,3));

Group([ (1,2,3) ])

gap> L1:=Group((4,5));

Group([ (4,5) ])

gap> W1:=WreathProduct(M1,L1);
Group([ (1,2,3), (4,5,6), (1,4)(2,5)(3,6) ])
gap> P10:=PerfectResiduum(W1);

Group(()

gap> IsPrimitive(P10);

true

gap>quit;

3.1.11

Algorithm for the result in 2.4.2

gap> M2:=Group((1,2,3.4,5));

Group([ (1,2,3,4,5) ])

gap> L2:=Group((6,7,8));

Group([ (6,7,8) ])

gap> W2:=WreathProduct(M2,L2);

Group([ (1,2,3,4,5), (6,7,8,9,10), (11,12,13,14,15), (1,6,11)(2,7,12)(3,8,13)(4,9,14)(5,10,15) 1)
gap> P11:=PerfectResiduum(W2);

Group(())

gap> IsPrimitive(P11);

true

gap>quit;

Reference

1.

W

10.
11.

Audu M.S., K.E Osondu, A.R.j. Solarin (2003),”Research Seminar on Groups, Semi Groups and
Loops,” National Mathematical Centre, Abuja, Nigeria (October).

Burnside W. (2012),”Theory of Groups of Finite Order,” Ebooks $ 40395.

Hall M. Jr. (1959),” The Theory of Groups” Macmillan Company New York.

Hamma S. and Mohammed M.A. (2010),”Constrcting p-groups From Two Permutation Groups by
Wreath Products Method”,Advances in Applied Science Research, 2010, 1(3), 8-23

Hielandt, H. (1964),” Finite Permutation Groups”, Academic Press, New York, London.

Thanos G. (2006), “ Solvable Groups-A numerical Approach”

Joachim Neubiiser et al(2016), “Groups Algorithm and Programming”, 4.8.5, 25-Sep-2016, build of
2016-09-25 14:51:12 (GMTDT)

Kurosh A.G. (1956), "The theory of groups" , 1-2 , Chelsea (1955-1956) (Translated from Russian)
M. 9.

Bello et al. (2017), “a numerical search for polycyclic and locally nilpotent permutation groups”,
International Journal of scientific and engineering research, Vol. §, issue 8, 2017.

Milne J.S. (2009),” Theory of groups” September 21, 2009

William Burnside (2012)’’Theoryof Groups of Finite order’’Ebook$40395.

87



