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Abstract
We propose a method of obtaining the moment of some continuous bi-variate distributions with parameters
a,, B and ,, B, xy? (¢20,d 20)

in finding the nth moment of the variable where X and Y are

continuous random variables having the joint pdf, f(x,y).Here we find the so called & (c.d) defined
g.(c.d)=E(XY'+24), o

the nth moment of expected value of the t distribution of the cth power of X and
dth power of Y about the constant A .These moments are obtained by the use of bi-variate moment generating

. . c,d) . . . . T
functions, when they exist. The proposed g,(¢c.d) is illustrated with some continuous bi-variate distributions
and is shown to be easy to use even when the powers of the random variables being considered are non-negative

. . . c,d
real numbers that need not be integers. The results obtained using g,(¢.d)
using other methods such as moment generating functions when they exist.
Keywords: moment generating functions, bivariate distributions, continuous random variables, joint pdf,

are the same as results obtained

Introduction

c..d
X c20,d=0
Sometimes a researcher’s interest may be in finding the nth moment of the variable Y ( ’ ) where
X and Y are continuous random variables having the joint pdf, f(x,y)(Baisnab and

Manoranjan,1993;Freund,1992;Uche,2003).The moment is to be taken about some constant A (Hay,1973).The
method that has generally recommended itself here is the use of bi-variate moment generating functions, when
they exist to obtain these moments. However, moment generating functions can sometimes be difficult to
repeatedly differentiate and evaluate especially when n becomes large(Hay,1973;Spiegel, 1998).

g, (c.d)=E(XY' +4)

We here propose the so called & (c.d) defined "the nth moment of

expected value of the t distribution of the cth power of X and dth power of Y about the constant A .That is,

gn(c,d)zE(xcyd +l)n (1)

Now,
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gn(c,d):E(xcyd +/1)n = I j(xcyd +/1)n f(x,y)dxdy

n_t/uc/t,dt (2)

(o]

where = [ [ 575" f (5,3 dxdy

—00 —o00

Xand Y*°

is the t™ moment of the joint distribution of about zero.

g0 1
Note: that as expected <9 )
Also,

8" =Exy)+ A=, +A (3

’

Where Moy is the mean of joint probability distribution of X and Y about zero
(L) _

g 0 when A=—pu, (4)

The variance of joint distribution of X and Y is given by

b =g - g = g (A=) ©)

It is easily seen from equations 1 and 2 that,

(€) —_ 5(c0) (d) _ ,;(0.d)
xgnc _gnc and ygn =& (6)

To illustrate

ﬂland ’BZ that is

Suppose X and Y have bi-variate exponential distribution with parameters

X,y

1 —+—
flxy) =251 "o
1772

Then
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g =E(xy" +2) =Y 'Z A xS e, y)ddy

t=0

IBIIB2 > Jﬁn tJ‘ J‘ dt (:Bl ﬂzjdxdy

n
gf;“):Z BB )t +1)dt +1 (7)

=0\ !

For instance

2 (2
g§232)_z 1% 12z ;tﬁ+l3t+l

=0 \ 1

For t=0,1,2 for example for t=0,we have

(Zj/lz‘oxl:ﬂz
0

For t=1;
@Fﬁfxﬁ;xﬁxﬁ:zwfxﬁ;xzm:zuﬂfﬂ;
For t=2;
ﬁﬁ"ﬁ;‘xﬁ;xﬁxﬁ:ﬁ;‘xﬁ;x(416z):17,280ﬁfﬁ;
g = 17+ 24487 B +17,280 8 S

If X and Y have bi-variate exponential distribution with parameters ﬁl'B 2, so that

f(x,y)=ﬁ [lfﬁJ ;3 x>0,y>0

Then

P ZUA BB)t+t+1=34 % + (]Xﬂzxﬁx@{ Jxﬂlxﬁx@xzp{ jxﬁx,@x%
—F B3ERBHIRL 645

If A=-p B,then,
g ==pl B +3B) B, — 12 By +365 By =265 B,

This result is the third moment about the mean of the joint exponential distribution of X and Y with parameters

and . . . . o
’B 1 ﬁ 2 Note that using the familiar moment generating function approach to obtain this type of moment
would strictly speaking require one to first find the joint ‘mgf” of the two random variables about there means;

o

and . . . .
Hy before carrying out the necessary differentiations. That is one would have to find
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M. (4,8) — e%ﬁlﬁ:@ b) M. (4.5) (8)
X_ﬁloy_ﬁz XY
(t1:t)
Where = % is the joint mgf of X and Y for the present example. We would have to first differentiate

e‘(ﬁ’l +5,)(1-At )_1 (1=t )_1

three times and evaluate the results at t;=0 and t,=0, yielding the value

3 23 (e;d) _ (D
26’6 ! 'B 2 the same result that was more easily obtained using the proposed & T & here. If interest is in
finding the Skewness (Sk) ,kurtosis (Ku) of the joint distribution of X and Y. This can be obtained from the
expressions;

(LD

SK=(g:—l))3(ﬂ=—uxy) 9)
&)
and

gs"
KU:W(/’{:—IUW) (10)
For the Bi-variate Gamma distribution with @ =a,=1 and,

X

A

/_L—\

:%Tw

fy)= ,x>0,>0 48

1
BBB+B)r+x)

Thus €7 can be easily obtained using equation 2 as

2 ': AR BB )t +2)dt +1+ et +1)dt +2)
(cd) _
> BB, (12)

It is easy to calculate from equation 12 that the mean and variance of the joint distribution in equation 11 are

2 @2
from equations 4 and 5, 25,8, and 85, 5, respectively. The third moment about the mean of distribution is

3 23 4 4
88ﬁ1 '62 while the fourth moment is 2016ﬁ1 ﬁz
Evaluating

A +42 =168 B

2 +42 (288,)=-168'B
+61° (1218 ;) =+2883' B

HA(14458 B ) =-115213' B;
=2880' 5 =+28803' B!

The moment generating function for Equation 11 is

68



Journal of Natural Sciences Research wWww.iiste.org
ISSN 2224-3186 (Paper) ISSN 2225-0921 (Online) J LN |

Vo5, No9, 2015 ISTE

,81 + :62 _:81:62 (tl + tz)
(:61 + :62 )(1 o ﬂ1t1 )2 (1 o ﬂztz )2

Which is clearly difficult to use in obtaining the above moments than using the proposed &

()
gxn

Note that the moments of distribution of X can be easily obtained by evaluating

> Zl ﬂ’”ﬁi(ﬁﬁﬂtﬁﬁﬂ)

) — o0 13
g =g, o 13

got from equation 12 as

Similarly for g =g
> 7; A7 B (ﬁﬁ +1+,@ﬁ +2)
g =g = (14)

A+B

These are also easier and faster to use in evaluating the moments of the distributions of X and Y respectively of
equation 11 then using the corresponding moment generating functions.

BI-VARIATE MOMENT GENERATING FUNCTION

g = E(L X+ 4,7)

= [[(Axe+4,77) f(X,Y)dydx

_ J:[Z ’Z /ﬁtlt/lzn—txcty(n—t)df(x’y)dydx
t=0

n

= }Z /'th/’tz”_t” Xy r(x,y)dydx

t=0

n

n — /’

B Z ¢ AT
t=0—n

where ), o,y = ”x”y("_t)df (x,y)dydx

cth and (n—t)xd

Is the joint th moment of the distribution of X,Y about the origin.

Note that
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g, =E (4, X + /12Y)1 = Au + Au,.
if 4, = 4,

then g“l): U, + u,.

if d =0and A, =1,

we have that

gl =g and if c=0,and A, =

then
(0:d) (d)

g, = &,
Note also that

g}go 0 —1,

Example.
Let

Sy = Broe ™™ x>0,y>0
then

g0 =E(AX +AY") w( }Mﬁ [[xr ™ f(x)

then
o a5 R o
DINCYV AR TR

Finding g =E(AX+AY) =] jszw%z% )"

Evaluating for t=0

( JMM/)E 23 =()ALB B
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[é]ﬂﬂfﬁrlﬂfﬁﬁ=ﬁxﬁﬁxz=%

an _ <M 2/?1 ﬂz
-8 B ,32

Suppose c=1,d=1 and n=2

Evaluating for t=2

gél D (ﬂ’lX + /1 Y i(t]ﬂ,‘tlzzzﬂltﬂz(zndly_'_ 2%—1‘) )

=

Fort=0

( jﬂ“l 22,81 ,82(2 O)YY 12 6;,2

Fort=1 2
2 1191 p-1 p-1 611/1
2 _ 2
(J& BB )3)3 55
Fort=2

2 170 -2 0 _ ]2 i_6212
@Mﬂl B)4)2 =4 =

1
> 644, 6/12
gél 1) 2‘21_'_ ﬂ’l
ﬂl :B1ﬂ2 182

The variance of the joint distribution of X,Y
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N

gle? = E(XCYd + /l)n = (’:jl’” J‘: IO x“y” f(x,y)dxdy

t=0

/ﬁafgz 1=0

gyn ;d) N g

2
gl — g = 64 4, 6’12 6}“12 _ Zﬁ n Zﬁ
’ 1 Y AR )

6k 6Ak, 6K (4/15 LA A ] vy
B Bs B B BA B BB

g as noted above,

! { ) A" tj I thydte_[/;Jrﬂszdxdy

n(d)

gl =g for when A, =1,d =0, In the present example

=3 (g i (M)i s

similarly

(0;d)

g;ff) =g " “when A, =1,c = 0.Inthe present example

n t —(n—t .
g%) = Z (tjﬂl B, )(n — 1)’ +2.Note that;with A, =1
1 1
g =g =Y (’Zjﬂﬁﬂﬁ (t+2) = (sz;*’ﬂf% (Jﬂfﬂﬂm

=4, +i

B,

similarly with A, =1,we have that

gyl)_g(()l)
N ot oo 1Y) oo oo L I
> (leﬂ; )5(1—t)+2=.(0]/11 5 §1+2+m,11ﬂ2ﬁ
2 2

B+a B
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e 8 o o BB .

for the bi-variate exponential distributions with parameters

(c d) _ (&Xc n /lzyd) _ ﬁlﬁ Z (’Z]ﬂ{ﬂ’zﬂ[ _[_D; jithy(n_t)dg{’;lJré)dydx
1772

- Z[’]ﬂ{ﬂ;" et +1)(n—1)d +1

For example
2
e =E(AXAY) =Y (Jﬂ{/lj’ 2 B2t +1% )3(2— 1) +1

2
Lo]ﬂfﬂéﬂfﬂfﬁﬁ =1 BL61= 20 +OX By =T20L
For t =1:we have;

L Jpms R - 2an s R AR B 12281088

Fort =2:we have;
2
= ( ]ﬂiz/lzoﬂfﬁzoﬁ‘i' IXE = 212:8144! = 6212@4

@V = 612 X B + 2444, B2 B} + 72002

Slmllarly

g™ =E(AX°AY )’ =3 @M; BB )2 +1)3(1-1)+1

Fort=0:we have,

(o Jramaidi-nas-c

Fort=1:we have;
= [ljﬂfﬂzoﬁlzﬂzoﬁxﬁ = /111512 2= 211:812
(2 P = Zﬂ“lﬁl + 6/12:82
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&% =2 B +6AB) =ARR +MAAR B +364

wriace= g =6+ WS A ATVES 4% 4B A -
2 A+

For the bi-variate exponential distributions

N L T

t=0 {

v (2
Ll =) ( j/lf NG -2-0-1

t=0 {

Fort=0,we have ,

2
(sz;’ﬁ; x )7 = 7204¢

Fort=1,we have,

2
[ljw;x =124

Fort=2,we have

2
(2jﬂlzﬁzo XF: A

g = A2 + 124, 8 + 7208
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Smilarly

L3) _ 1 ) _

=3 P

Fort=0vwehane

o
Fort=1

@ﬂﬁﬁf 1=

- findlly & =4 +6f3

&7 =( +6,@)2 =X +1218 +3683
firdllyvaviace g™ —g = 1248 +T08 ~% —1234 -36 =644

o, =a,=1and pdf

For the bi-variate Gamma distribution with

f(x’y):ﬁlﬁ% (:@ _I_I@)(Hy)e ﬁl%],x>0;y>0

Suppose X and Y have a joint bivariate Gamma distribution with parameters
with pdf

)=

o, and B, and o, and B,

x.y

1 (xoﬁ‘1 +y%‘1)e '@?J,x>0;y>0 (15)

BA o + BB e

Then the nth moment of the joint distribution of

X¢ and Y

about zero is
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XU+ y® ') [;1+;2jdxdy

4, (c.d) = 7¥ﬂ y_jj
T+,Bl TJ.J. % x““e(;"g}dxdy+

: oI =
e+ BB )
letuziand\/:lthen

1 2

1

c,d
“,( )ﬂzﬂlrwl T

- - cn+l dn+0(2 Cn+1 dn+a
ll)czl +IBl 22>a2

Hence

y“le [ﬂ' ﬁjdxdy

M d”” icn +a, )dn+1+

Iglcn+0(l 2dn+l )Cl’l +a dn +1+IBCI1+1 dn+0€2W+1 dan +a2

(e.d) =
o B Va, + BB

Then the nth moment of the marginal distribution of X* about zero is obtained by setting d=0 in Equation 16,to

give
cn+a1 Cn +a1 cn+lﬁ2(xzﬁ+1ﬁ (17)

1, (c) = ,(c,0)= 1W+ﬁ %W

d
Similarly the nth moment of the marginal distribution of Y* about zero is obtained by setting ¢c=0 in Equation 16

O obtain ﬁq@dn-’-lﬁoﬁ +1+ﬁﬂ;1+%w +%
HROmA A )a + B o

(16)

(18)

o :ﬁaaz :k_zandﬁl =5 =2
Note that if in Equation 15 we set 2 2 ,we have a bi-variate chi-square
e . .. . X and Y¢ . . .
distribution then the corresponding nth moment of the joint distribution of is obtained by setting
k k
o =—",a,=—=and B =p,=2
2 2 in Equation 16 which yields,
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cn+dmﬁ+lﬁ4ﬁW+l+ ST, e} et
2 2 2 2
21+1E+ 2+1E
2 2

Or

k k
k. k ky k
pentdntll 52 cn+—1dn+1+22idn+—zcn+l
2 2

k—1+1 k—1+ k—2+1 L]
2 2 2 2 2 2
The nth moment of the marginal distribution of X° given this bi-variate chi-square distribution is obtained by
setting d=0 in Equation 19 yielding

[Tkt e
27 22 Jen+—+22 = )en+1
0 r ° 2r 20
xﬂn(c)_/'ln(c9 )_ kl_,.lF.F kZ+1F ( )
22 2 22 2

d
The corresponding nth moment of the marginal distribution of Y™ about zero is similarly obtained by setting ¢c=0

o =a,=1

in Equation 19.If in Equation 15,we set ! ,we have the bi-variate exponential distribution.We the

X and Y*?

obtain the corresponding nth moment of the joint distribution of given this bi-variate exponential

e .o =a,=1. .
distribution by setting ! 2 in Equation 16 as

4 d)zﬁlﬁz B Jen +1)dn +1+ BB BB Jen +1)dn +1

- 265,

BB Jen +1)dn +1+ B A6 B Jon +1)dn +1
) 285,
u,(c,d) =B " )en +1)dn +1 o)

The nth moment of the marginal distribution of X* about zero, given this joint exponential distribution is
obtained by setting d=0 in Equation 21 and is given as

14,.0)= " )cn +1 (22)

Note that if in Equation 18,we set c=d=1,we have the nth moment of the bi-variate Gamma distribution of
Equation 15 about zero, which is
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1, (1,1) = BB i Jn + e )nt 14 BB Jnt e+ a
o BB )a + BB ),

BB BIB )n+ e Jn 1+ BB Jn -ty Jn + ]

) “Ja + BB )

n+0:1 n+1 n+l n+a2
o 1)_ Jn+a)n+1+ B, Jn+a,)n+1 .
BB )a + BBy W

The corresponding nth moment of the bi-variate chi-squared distribution about zero is obtained by setting c=d=1
in Equation 19 yielding

22 2§ﬁ +k1ﬁ+1+2k;ﬁ +kzﬁ +1
u,(1,1)= ’ ’
" 2§+IE+2]§+IE

The nth moment of the marginal distribution of X(which is now chi-squared distributed) about zero is obtained
as
k k ky k
2n+1 ) B3
22 22 +21+22 22)n +1

M, (€)=, (c,0)= C
Hf Hﬁ

Also, setting c=d=1 in Equation 21 we obtaln the nth moment of the bi-variate exponential distribution about
Zero as

4,00 =55 (Jen +1) (26)

The corresponding nth moment of the marginal distribution of X(which is now exponentially distributed) about
zero is obtained by setting d=0 in Equation 21 which yields

H4,(0)=14,,0) = )n+1 (27)

The mgf of the bi-variate Gamma distribution of Equation 25 is easily obtained as

v U AU o AlI-A) A1)
. A+ )

Equation 23 is easier and quicker to use in finding the nth moment of the bi-variate Gamma distribution of
Equation 15 than differentiating n times the corresponding mgf given in Equation 28 with respect to, t; and t,
evaluating the result at t;=t,=0.Similarly,the Equations for the nth moment of the indicated marginal distributions
are easier and quicker to use than the corresponding marginal mgf in finding these moments. To illustrate further,

if =% = 2 ,we have the pdf

that is

(24)

(25)

X
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N ) (x_|_y)e_(;1+ﬁyj
ST BB (Bt By

Suppose X and Y have the bi-variate Releigh distribution with pdf
4o, 0y, (P +ay?)

x>0,y>0

f(x,y)— ( \/7+a\/7) (x+y)e ,x>0,y>0 (29)
then u (c,d)
4o,
,d_ cn dn alx+a2y)dxa,
H, (¢, d) Tr(a \/_+a\/_)f f (x+y)e ly
. ( oy 1) gy gy <“1x2+"’”2)dxdy)

\/;(0‘1\/;2+0’2\/;1)

let u=apX’ andv=a5y thentheu=20pk and thev=205)§.

) 0{06\/_ o { e’ o | ot
e J‘)( 76 ey |
) [q{m ]06 rru?vz ECM% %) q & rrvzuz 2dd\,]

thergfore,

o ) o

the moment of the marginal distribution of X* about zero is obtained by setting d=0 in Equation 30 that is

NI (A ﬂ)f {‘”ﬂjﬁ ]
HO=4,c0) &(0{ 5+ @( o +H+dg'o 2+1 3))

If we set c=d=1,in Equation 30 we obtain the nth of the bi-variate Releigh distributions of Equation 29 about
Zero as
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q%\/_ +1 HT r +l y r
U LD)= q 05 +l|=+l+0;” +1 3
n oo +aa)

that is

acplacy(\e o [ ) L) S A
M= vl 2 y lr g ®

The marginal of X is obtained from Equation 30 by setting c=1 and d=0 in Equation 30 as

_ _ 6{65\/@ T ;Hj_++—1{gﬂj_+
XM(D_MLO)_J;Z(O{\/Zﬁ%/Eg)\/;Og E Ha g ﬁ 1 €

Moment of continuous bi-variate distribution for normal
Suppose X and Y have the bi-variate normal distribution with pdf

1]

f(J’)E

, Jor —oo<x <og—eo< ) <og—eo< Y <og

—oo< 4 <3G >0,0, >0 (39

X and Y*?

Interest is to find the bivariate distribution of the joint distribution of the random variables where ¢

X¢y?

and d are any real numbers. Therefore the nth moment of the joint distribution of about zero is

R R ]

2 2
X—H Y- H
Let u = and v = ,
(01\/5} (O-z\/zJ

Integrating and substituting, we have

e =2 ot o |

Using binomial expansion, we have

t(c,d) = Z( }ﬁ wuzgle”d@( ] i (202) f

That is,

dxdy

cn

u [va +,u2) 27 gy
o,

80



Journal of Natural Sciences Research Www.iiste.org
ISSN 2224-3186 (Paper) ISSN 2225-0921 (Online) J LN

VoL, Nod, 2015 ISTE

)i )s
o ((en Lo ol (dn) >
’ —t 2 — 2
ey =3[ 2ot 225 (20 ) 222

t=0 t /A s=0 A /A
Fort,s=0,2....... ,that is provided t and s are even numbers. In other words provided we set
I )s 1
g st

Jr Jr

1 e v
— - 4 22 —
S XH _[ vie 22dv=0

P
For all odds values of t and s since for example with O we have that T Jfor all
odds values of ‘t’ that is for t=1,3,5,...... as may easily be verifed.

SUMMARY AND CONCLUSION
We have presented in this paper method of obtaining the moment of some continuous bi-variate distributions

a and o xy (¢>0,d >0
with parameters A 22 Py in finding the nth moment of the variable ¥ )where X
and Y are continuous random variables having the joint pdf, f(x,y).The proposed methods were the so called

_ cyd n
g,(c.d) defined g,(c,d) = E(X YT+ ﬂ)

" the nth moment of expected value of the t distribution of the

cth power of X and dth power of Y about the constant A .These moments are obtained by the use of bi-variate

. . . c,d) . . .
moment generating functions, when they exist. The proposed g"( d) exists for all continuous probability
distributions unlike some of its competitors such as factorial moments of moment generating function which do

. . . c,d . .

not always exist. The results obtained using & (c.d) are the same as results obtained using such other methods
as moment generating functions of available. The proposed method is available and easy to use without the need
for any modifications even when the powers of the random variable being considered are non-negative real

. . . c,d
numbers that do not need to be integers. The results obtained using g,(c.d)
using other methods such as moment generating functions when they exist.

are the same as results obtained

Reference

Baisnab AP, Manoranjan J (1993). Elements of Probability and Statistics, Tata McGraw — Hill Publishing
Company Limited, New Delhi. pp. 208-232.

Freund JE (1992). Mathematical Statistics (5th Edition), Prentice — Hall International Editions, USA. pp. 161-
177.

Hay, William (1973).Statistics for the social sciences: Holt, Rinchart and Winston Inc New York, PP 778-780.
Spiegel M.R (1998): Theory and Problems of Statistics, McGraw-Hill Book Company, New York. Pp 261-264.
Uche PI (2003). Probability: Theory and Applications, Longman Nigeria PLC, Ikeja Lagos. pp. 149-155.

81



The IISTE is a pioneer in the Open-Access hosting service and academic event management.
The aim of the firm is Accelerating Global Knowledge Sharing.

More information about the firm can be found on the homepage:
http://www.iiste.org

CALL FOR JOURNAL PAPERS
There are more than 30 peer-reviewed academic journals hosted under the hosting platform.

Prospective authors of journals can find the submission instruction on the following
page: http://www.iiste.org/journals/ All the journals articles are available online to the
readers all over the world without financial, legal, or technical barriers other than those
inseparable from gaining access to the internet itself. Paper version of the journals is also
available upon request of readers and authors.

MORE RESOURCES

Book publication information: http://www.iiste.org/book/

Academic conference: http://www.iiste.org/conference/upcoming-conferences-call-for-paper/

IISTE Knowledge Sharing Partners

EBSCO, Index Copernicus, Ulrich's Periodicals Directory, JournalTOCS, PKP Open
Archives Harvester, Bielefeld Academic Search Engine, Elektronische Zeitschriftenbibliothek
EZB, Open J-Gate, OCLC WorldCat, Universe Digtial Library , NewJour, Google Scholar

c Je‘ m l\l)l\C(())Ht\l(l\
I'OS

O ULRICHS\WEE  JournalTOCs |

£ 2 ¥ Elektromsche
008 Zeitscnnftendibliothek
( ) ¥/ \ "y
(’C\ | | LR
) A e

oCLC WF [ IBRARY

WorldCat



http://www.iiste.org/
http://www.iiste.org/journals/
http://www.iiste.org/book/
http://www.iiste.org/conference/upcoming-conferences-call-for-paper/

