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Abstract

Essentially GUT and Vacuum Field are related to Quantum field where Quantum entanglement takes
place. Mass energy equivalence and its relationship with Quantum Computing are discussed in various
papers by the author. Here we finalize a paper on the relationship of GUT on one hand and space-time,
mass-energy, Quantum Gravity and Vacuum field with Quantum Field. In fact, noise, discordant notes
also are all related to subjective theory of Quantum Mechanics which is related to Quantum
Entanglement and Quantum computing.
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Introduction:

Physicists have always thought quantum computing is hard because quantum states are incredibly
fragile. But could noise and messiness actually help things along? (Zeeya Merali) Quantum computation,
attempting to exploit subatomic physics to create a device with the potential to outperform its best
macroscopic counterparts IS A Gordian knot with the Physicists. . Quantum systems are fragile,
vulnerable and susceptible both in its thematic and discursive form and demand immaculate laboratory
conditions to survive long enough to be of any use. Now White was setting out to test an unorthodox
quantum algorithm that seemed to turn that lesson on its head. Energetic franticness, ensorcelled frenzy,
entropic entrepotishness, Ergodic erythrism messiness and disorder would be virtues, not vices — and
perturbations in the quantum system would drive computation, not disrupt it.

Conventional view is that such devices should get their computational power from quantum
entanglement — a phenomenon through which particles can share information even when they are
separated by arbitrarily large distances. But the latest experiments suggest that entanglement might not
be needed after all. Algorithms could instead tap into a quantum resource called discord, which would be
far cheaper and easier to maintain in the lab.

Classical computers have to encode their data in an either/or fashion: each bit of information takes a
value of 0 or 1, and nothing else. But the quantum world is the realm of both/and. Particles can exist in
'superposition’s' — occupying many locations at the same time, say, or simultaneously (e&eb)spinning
clockwise and anticlockwise.
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QUANTUM COMPUTING

So, Feynman argued, computing in that realm could use quantum bits of information — qubits — that
exist as superpositions of 0 and 1 simultaneously. A string of 10 such qubits could represent all 1,024 10-
bit numbers simultaneously. And if all the qubits shared information through entanglement, they could
race through myriad calculations in parallel — calculations that their classical counterparts would have
to plod through in a languorous, lugubrious and lachrymososhish manner sequentially (see 'Quantum
computing’).

The notion that quantum computing can be done only through entanglement was cemented in 1994,
when Peter Shor, a mathematician at the Massachusetts Institute of Technology in Cambridge, devised
an entanglement-based algorithm that could factorize large numbers at lightning speed — potentially
requiring only seconds to break the encryption currently used to send secure online communications,
instead of the years required by ordinary computers. In 1996, Lov Grover at Bell Labs in Murray Hill,
New Jersey, proposed an entanglement-based algorithm that could search rapidly through an unsorted
database; a classical algorithm, by contrast, would have to laboriously search the items one by one.

But entanglement has been the bane of many a quantum experimenter's life, because the slightest
interaction of the entangled particles with the outside world — even with a stray low-energy photon
emitted by the warm walls of the laboratory — can destroy it. Experiments with entanglement demand
ultra-low temperatures and careful handling. "Entanglement is hard to prepare, hard to maintain and hard
to manipulate,” says Xiaosong Ma, a physicist at the Institute for Quantum Optics and Quantum
Information in Vienna. Current entanglement record-holder intertwines just 14 qubits, yet a large-scale
quantum computer would need several thousand. Any scheme that bypasses entanglement would be
warmly welcomed, without any hesitation, reservation, regret, remorse, compunction or contrition. Says
Ma.

Clues that entanglement isn't essential after all began to trickle in about a decade ago, with the first
examples of rudimentary regimentation and seriotological sermonisations and padagouelogical
pontifications quantum computation. In 2001, for instance, physicists at IBM's Almaden Research Center
in San Jose and Stanford University, both in California, used a 7-qubit system to implement Shor's
algorithm, factorizing the number 15 into 5 and 3. But controversy erupted over whether the experiments
deserved to be called quantum computing, says Carlton Caves, a quantum physicist at the University of
New Mexico (UNM) in Albuquerque.

The trouble was that the computations were done at room temperature, using liquid-based nuclear
magnetic resonance (NMR) systems, in which information is encoded in atomic nuclei using(e) an
internal quantum property known as spin. Caves and his colleagues had already shown that entanglement
could not be sustained in these conditions. "The nuclear spins would be jostled about too much for them
to stay lined up neatly," says Caves. According to the orthodoxy, no entanglement meant any quantum
computation. The NMR community gradually accepted that they had no entanglement, yet the
computations were producing real results. Experiments were explicitly performed for a quantum search
without (e(e))exploiting entanglement. These experiments really called into question what gives quantum
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computing its power.
Order Out of Disorder

Discord, an obscure measure of quantum correlations. Discord quantifies (=) how much a system can be
disrupted when people observe it to gather information. Macroscopic systems are not e(e&eb)affected by
observation, and so have zero discord. But quantum systems are unavoidably (e&eb) affected because
measurement forces them to settle on one of their many superposition values, so any possible quantum
correlations, including entanglement, give (eb) a positive value for discord. Discord is connected
(e&eb)to quantum computing."An algorithm challenged the idea that quantum computing requires (e)
to painstakingly prepare(eb) a set of pristine qubits in the lab.

In a typical optical experiment, the pure qubits might (e) consist of horizontally polarized photons
representing 1 and vertically polarized photons representing 0. Physicists can entangle a stream of such
pure qubits by passing them through a (e&eb) processing gate such as a crystal that alters (e&eb) the
polarization of the light, and then read off the state of the qubits as they exit. In the real world,
unfortunately, qubits rarely stay pure. They are far more likely to become messy, or 'mixed' — the
equivalent of unpolarized photons. The conventional wisdom is that mixed qubits aree(e) useless for
computation because they e(e&eb) cannot be entangled, and any measurement of a mixed qubit will
yield a random result, providing little or no useful information.

If a mixed qubit was sent through an entangling gate with a pure qubit. The two could not become
entangled but, the physicists argued, their interaction might be enough to carry (eb)out a quantum
computation, with the result read from the pure qubit. If it worked, experimenters could get away with
using just one tightly controlled qubit, and letting the others be badly battered sadly shattered by
environmental noise and disorder. "It was not at all clear why that should work," says White. "It sounded
as strange as saying they wanted to measure someone's speed by measuring the distance run with a
perfectly metered ruler and measuring the time with a stopwatch that spits out a random answer."

Datta supplied an explanation he calculated that the computation could be(eb) driven by the quantum
correlation between the pure and mixed qubits — a correlation given mathematical expression by the
discord."It's true that you must have entanglement to compute with idealized pure qubits,” "But when
you include mixed states, the calculations look very different."Quantum computation without (e) the
hassle of entanglement,” seems to have become a point where the anecdote of life had met the aphorism
of thought. Discord could be like sunlight, which is plentiful but has to be harnessed in a certain way to
be useful.

The team confirmed that the qubits were not entangled at any point. Intriguingly, when the researchers
tuned down the polarization quality of the one pure qubit, making (eb) it almost mixed, the computation
still worked. "Even when you have a system with just a tiny fraction of purity, that is (=) vanishingly
close to classical, it still has power," says White. "That just blew our minds." The computational power
only disappeared when the amount of discord in the system reached zero. "It's counter-intuitive, but it
seems that putting noise and disorder in your system gives you power," says White. "Plus, it's easier to
achieve."For Ma, White's results provided the "wow! Moment" that made him takes discord seriously.
He was keen to test discord-based algorithms that used more than the two qubits used by White, and that
could perform more glamorous tasks, but he had none to test. "Before | can carry out any experiments, |
need the recipe of what to prepare from theoreticians,” he explains, and those instructions were not
forthcoming.

Although it is easier for experimenters to handle noisy real-world systems than pristinely glorified ones,
it is a lot harder for theoretical physicists to analyse them mathematically. "We're talking about messy
physical systems, and the equations are even messier," says Modi. For the past few years, theoretical
physicists interested in discord have been trying to formulate prescriptions for new tests. It is not proved
that discord is (eb) essential to computation — just that it is there. Rather than being the engine behind
computational power, it could just be along for the ride, he argues. Last year, Ach and his colleagues
calculated that almost every quantum system contains discord. "It's basically everywhere," he says. "That
makes it difficult to explain why it causes power in specific situations and not others." It is almost like
we can perform our official tasks amidst all noise, subordination pressure, superordinational scatological
pontification, coordination dialectic deliberation, but when asked to do something different we want
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“peace”.”Silence”, “No disturbance” .Personally, one thinks it is a force of habit. And habits die hard.
Modi shares the concern. "Discord could be like sunlight, which is plentiful but has to be harnessed in a
certain way to be useful. We need to identify what that way is," he says.Du and Ma are independently
conducting experiments to address these points. Both are attempting to measure the amount of discord at
each stage of a computation — Du using liquid NMR and electron-spin resonance systems, and Ma using
photons. The very ‘importance giving’, attitude itself acts as an anathema, a misnomer.

A finding that quantifies how and where discord acts would strengthen the case for its importance, says
Acin. We suspect it acts only in cases where there is ‘speciality’like in quantum level. Other ‘mundane

‘world’ happenings take place amidst all discord and noise. Nobody bothers because it is ‘run of the
mill’” But for ‘selective and important issues’ one needs ‘calm’ and ‘non disturbance’ and doing’ all

‘things’ amidst this worldly chaos we portend is ‘Khuda’ ‘Allah” or ‘Brahman” And we feel that
Quantum Mechanics is a subjective science and teaches this philosophy much better than others. But if
these tests find discord wanting, the mystery of how entanglement-free computation works will be
reopened. "The search would have to begin for yet another guantum property,” he adds. Vedral notes that
even if Du and Ma's latest experiments are a success, the real game-changer will be discord-based
algorithms for factorization and search tasks, similar to the functions devised by Shor and Grover that
originally ignited the field of quantum computing. "My gut feeling is that tasks such as these will
ultimately need entanglement,” says Vedral. "Though as yet there is no proof that they can't be done with
discord alone.”

Zurek says that discord can be thought of as a complement to entanglement, rather than as a usurper.
"There is no longer a question that discord works," he declares. "The important thing now is to find out
when discord without entanglement can be (eb)exploited most usefully, and when entanglement is
essential. ,and produces ‘Quantum Computation’"

Notation :

Space And Time

G5 : Category One Of Time
G, :Category Two Of Time
G5 : Category Three Of Time
T, : Category One Of Space
T,, : Category Two Of Space
T,s : Category Three Of Space

Mass And Energy

G, : Category One Of Energy
G, : Category Two Of Energy
G,g : Category Three Of Energy
T, : Category One Of Matter
T, : Category Two Of Matter
T,q : Category Three Of Matter

Quantum Gravity And Perception:

G,, :Category One Of Perception
G,, :Category Two Of Perception
G,, : Category Three Of Perception
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T,, : Category One Of Quantum Gravity 3
T,, : Category Two Of Quantum Gravity
T,, : Category Three Of Quantum Gravity

Strong Nuclear Force And Weak Nuclear Force:

G,,4 : Category One Of Weak Nuclear Force
G,s . Category Two Of Weak Nuclear Force 4

G, : Category Three Of Weak Nuclear Force
T,, :Category One Of Strong Nuclear Force
T,5 : Category Two Of Strong Nuclear Force
T,¢ : Category Three Of Strong Nuclear Force

Electromagnetism And Gravity:

G,g . Category One Of Gravity

G,q . Category Two Of Gravity

G5, : Category Three Of Gravity

T,g : Category One Of Electromagnetism
T,o : Category Two Of Electromagnetism
T5, : Category Three Of Electromagnetism

Vacuum Energy And Quantum Field:

G5, . Category One Of Quantum Field

G55 : Category Two Of Quantum Field

G, . Category Three Of Quantum Field

T;, : Category One Of Vacuum Energy 6
T34 : Category Two Of Vacuum Energy

T5, : Category Three Of Vacuum Energy

Accentuation Coefficients:

(a13)(1), (a14)(1), (a15)(1)' (b13)(1); (b14)(1), (b15)(1) (alﬁ)(Z)' (a17)(2), (a18)(2)

(bm)(z), (b17)(2)' (b18)(2) 4 (azo)m; (a21)(3), (azz)(3) , (bzo)m, (b21)(3)' (bzz)(3) 7
(az4)(4), (azs)(4)' (azs)(4)' (b24)(4), (bzs)@); (bza)(4)r (bzs)(s); (b29)(5)' (b3o)(5)/

(azg)(s), (a29)(5), (a30)(5), (a32)(6); (a33)(6)r (a34)(6); (b32)(6)r (b33)(6), (b34)(6)

Dissipation Coefficients
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(a13)(1), (a14)(1), (ais)(l), (bis)(l)' (b{4)(1), (bis)(l)' (a;G)(Z), (a17)(2), (ais)(z);
(bie)(z)' (b{7)(2)' (bis)(z) ) (alzo)(s): (aé1)(3)' (aéz)(s): (béo)e)' (b2’1)(3)' (béz)(g)

(a'24)(4), (aés)“), (alzs)@), (bé4)(4), (bés)(4)' (bée)(4), (bés)(s)' (bé9)(5); (béo)(s)

(alzs)(s), (aé9)(5), (0’30)(5) , (alsz)(G)' (aés)(@' (054)(6)' (béz)(@; (bés)(@, (b§4)(6)

Governing Equations: For The System Space And Time: 8
The differential system of this model is now
dG ! n
—=(a 13)( )G14 [(a13)(1) + (a13)(1)(T14, t)]613 S
d ! rn
GH = (a14)MGy3 — [(a14)(1) + (a1 @ (T, t)]614 10
aG ! "
5 = (a,5) MGy — [(‘115)(1) + (as) @ (T, t)]G15 1
d
L = (by3) DTy — [(bi) D = (b)) D (G, D] Ty 2
Tt = (byy) Vi3 — [(B5) D = (07) (G, O] Ty r
dar-
12 = (by5) VTys = [(b1s) P = (bi5) (G, O] Tis H
+(a13)(1) (T,4,t) = First augmentation factor 15
—(bi5)M(G,t) = First detritions factor 16

Governing Equations: Of The System Mass (Matter) And Energy
The differential system of this model is now

d ’ "
ﬁ = (016)? G617 — [(a16)@ + (af's) P (T17,0)]G16 18
aG ’ "

= (a17)( )616 [(a17)(2) + (a17)(2)(T17, t)]617 19
da ’ "

Gls = (a 18)( )Gy, — [(‘118)(2) + (a18)(2)(T171 t)]G18 20
dTye

78 = (b1g) DTy — [(b)® = (b15) D ((619), )] Tis .
d

L = (by)PTy6 = [(b)@ = (b)) P ((G10),O)]T1 #
dr

T8 = (1) DTy = [(ie)@ = (bi) P ((G1), )T z
+(a’1’6)(2) (Ty;,t) = Firstaugmentation factor 24
—(bY6)@((Gyo),t) = First detritions factor 25
Governing Equations: Of The System Quantum Gravity And Perception
The differential system of this model is now
dGZO = (az0)®Gyy — [(azo)(3) + (az, )(3)(T21:t)]G20 26
d

GZI (‘121)( )Gzo [(‘121)(3) + (a3’ )(3)(T21:t)]G21 21
d ’ "

GZZ (azz)( )Gz1 [(‘122)(3) + (azz)(3)(T21: t)]Gzz 28
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20 = (b)) DTyy = [(b50)® = (b50)® (Gaz, D] Tag #
C2 = (b,1) DTy — [(53) = (51) P (6o, O] Ts %
T2 = (b)) DTy = [(03)® = 05D (G623, O] T2 o
+(ayy)®(T,,, t) = First augmentation factor 32
—(by)®(G,3,t) = First detritions factor 33
Governing Equations: Of The System Strong Nuclear Force And Weak Nuclear Force:

The differential system of this model is now
d

724 — (a24)®Gas — [(@p)@ + (05) D (Tys, )] 6o *
D28 = (a25)® G — [(@s)® + (a55) @ (Tas, )] Gos ®
d 1 17
ﬁ = (a26) W G5 — [(ahe)™ + (@)™ (Tos5, )]G 3
T2 = (ba) D Tys — [(03)® = (b)) @ ((G7), )] Tes 5
dTZS (bzs)( )Ty, — [(bzs)(4) — (by: )(4)((627) t)]Tzs 38
d

T26 = (b26) M Tys — [(36)™ — (b5e) P ((G27), 1) 6 %
+(a’2’4)(4) (T,s,t) = First augmentation factor 40

—(by)®((G,),t) = First detritions factor 41

27

Governing Equations: Of The System Electromagnetism And Gravity:
The differential system of this model is now
d
ﬁ = (az8)®Gpo — [(azs)(s) + (ays)® (Tho, t)]st 42
dng (‘129)( )st [(‘1%9)(5) + (a§’9)(5)(T29: t)]629 “
dGso = ©) 1 () 1 3(5) 44

= (a30)" Gz — [(aso) + (azp)*™ (Tzo, t)]G3o
T2 = (bye) OToo — [(b30)® — (b5e) P ((G31), )] Tag 45
d I "

22 = (byo) O Tpg — [(b59)® — (b)) ((G31), )] T *
T2 = (b3) ' Tps — [(030)® = B3)® ((G31), ) T30 ‘”
+(a 3)®)(T,o,t) = First augmentation factor 48
—(b3s)®((G31),t) = First detritions factor 49
Governing Equations: Of The System Vacuum Energy And Quantum Field:

The differential system of this model is now
dG32 = (a3)®Gs3 — [(‘132)(6) + (a3, )(6)(T33:t)]G32 >0

249



Journal of Natural Sciences Research Www.iiste.org

ISSN 2224-3186 (Paper) ISSN 2225-0921 (Online) Ly
\Vol.2, No.4, 2012 IsTE
252 = (33) @Gz — [(@3)@ + (a45)© (T35, )] Ga 51
T8 = (a3) @633 — [(@3)@ + (@5,) O (T3, )] Gas 52
T2 = (by3)OTys — [(b3)® — (b5)©((Gas), )] Ty 53
T2 = (b33) Ty, — [(b52)© — (635)© ((Gs5), )] Tis 54
T4 = (by)OTy3 — [(b3)@ — (b53)©((Gas), )] T4 %
+(a%,)© (Ts3,t) = First augmentation factor 56
—(b5,)®((G35),t) = First detritions factor 57

Concatenated Governing Equations Of The Global System Space-Time-Mass-Energy-Quantum
Gravity-Perception-Strong Nuclear Force —-Weak Nuclear Force-Electromagnetism-Gravity-
Vacuum Energy And Quantum Field

[ ! n n 14 1 58
d612 _ (g YDG (a13)(1)‘ +(af3) P (Thy 1) H +(afs) #* (T, 1) ||+(a20)(3'3')(T21, t) | c
— — a3 14 — 13
dt " " "
| [+(ag) #+44) (Tys, ) || +(ag) 555 (T, 1) || +(a) 0% (T3, 1) | |
[ ! ! ! 1 59
011 _ (g YOG (@) V@) DT, 0 |[+@) O Ty, O [+ (@) T )] |
2 \Gig 13 — — - - 14
_ | +(aye) 44 (Tye ) | +(ay) 5555 (T, t) || +(aly)©566) (T, s, ) | _
[ ! ! n 14 60
s _ (, g (a19) P+ (afs) D (T1, ) ||+ (@) ) (17, 8) || +(a5) O3 (T4, 0)|
= U5 14— 15
dt " " "
| | +(ags) @) (Tys, t) | +(ayy) 555 (Ty, 1) ||+(a34)(6’6’6’6’) (Ts3,t) ‘
Wbere| (@)D (Tyy, t) | | (@) D(Ty,, ) I, (a}s) D (Tya, t)| are first augmentation coefficients for category 1, 2 and 3 61
|+(a’1’6)(2'2') (Ty7, t)|,|+(ai’7)(2'2') (Ty7, t)|, | +(aly) ®?) (T, 1) I are second augmentation coefficient for category 1, 2 and 3
|+(a’2’0)(3'3') (Ty1,t) |,|+(a’2’1)(3'3') (Ty1,t) I, +(ayy) 33 (T, t)| are third augmentation coefficient for category 1, 2 and 3
|+(a’2’4)(4'4'4'4') (Tys, t)| , | +(ays) @) (Tys, £) |, | +(ahs) @444 (Tys, ) | are fourth augmentation coefficient for category 1, 2
and 3
|+(a’2’8)(5'5'5'5') (Tyo, t)I,|+(a§’9)(5'5'5'5') (Tyo, t) I, +(aky) 555 (T, t)l are fifth augmentation coefficient for category 1, 2 and
3
|+(a’3’2)(6'6'6'6') (T33,t) l, | +(a5)6666) (Tyy, 1) |, | +(ayy) 6568 (Tys, t) | are sixth augmentation coefficient for category 1, 2 and
3
" . i)V =B V6, O] [= (1) ) (G1,O]|- (b50) (G2, )| ”
—L = (by3) VT, — - T,
ac = 0T [ (b)) (Gyg, )| |~ (B5) O (G, D] = (b)) (G55, )] |
[ ] 63
e _ gy g BB 6,0] [~BH) ) 610, O|[- GV Gan D] |
2t - \P1a 13 — ~ 14
| [ =059 444 (G, ) || = () ©555) (Ga, 1) ||~ (b42) @50 (G5, 1) |
n 1 1 64
s _ gy yor b1 =GP 6,0] [~Bi) ) G0, O||- B G 0] |
a — Wis 14 — 15
| [ = (b56) 44 (Gay, )| | = (b0) 5555 (G5, )] [~ (b51) @50 (G, 1) |
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Where| — (B DG, )|, | =BG, ) |,| - (PG, t) | are first detrition coefficients for category 1, 2 and 3 65
|—(b1”6)(2'2')(619, O], [= b)) 22 (G0, 1) |,| —(Ble) @2 (G, t)| are second detrition coefficients for category 1, 2 and 3
|—(b§’0)(3'3')(623, O], |= by B3 (Gos, )|, | = (b5) B3 (Gps, t) | are third detrition coefficients for category 1, 2 and 3
|—(b§ﬁ,)(4'4'4'4')(627, ], |=(bys) 4444 (G, )|, | = (bas) #44*) (G, ) | are fourth detrition coefficients for category 1, 2 and 3
|—(b§’8)(5'5'5'5')(631, )], |=(BE) 555 G4y, )|, | = (b3e) 55557 (Gay, t) | are fifth detrition coefficients for category 1, 2 and 3
|—(b§’2)(6'6'6'6')(635, ),|—(bss)(6668) (G, t)l, —(bY,) 6686 (G, 1) I are sixth detrition coefficients for category 1, 2 and 3
66
1016 — (0,6) DG (@50 P| (@)@ Ty, 0| +(@) D (s O] +@) 0T )] |
— — s 17 — 16
“ | [ +(@h) @A (T, ) || +(ahe) 5559 (Tyo, )] [+(aty) 0509 (T, )]
[ 67
10 — (a,,) DG (@) @[+ (@)@ (117, 0)|| @) @ (11, O || +(@5) O (T3, 0)|
—. — a7 16 — 17
dt
| [+(ags) #4449 (Tys, £)] | +(a50) ©5555) (T, 1) || +(a) @005 (T4, 1) |
68
28 = (a1) 26 (@16) @[ +(afp) @ (T17, 0 || (@) ) (T1a, ) || +(a5) 432 (T, 0)|
T 17 — 18
dt | +(ay,) @4t (T, t) | +(ayy) 55559 (T,o, ) | | +(al,)©6668) (T, , ) |
Where | +(al) P (T, t) |, | +(@i) P (T, ) |, |+ (alg) @ (Ty5, ) | are first augmentation coefficients for category 1, 2 and 3 69
|+(a’1’3)(1'1') (T4 t) I , | +(@l) V) (Tyy, t) |, | +(afs) V1 (Tyy, t)l are second augmentation coefficient for category 1, 2 and 3
|+(a’2’0)(3'3'3)(T21, t) |,|+(a’2’1)(3'3'3)(T21, t) I |+ (ad) B33 (T, t) I are third augmentation coefficient for category 1, 2 and 3
|+(a’z’4)(4"”"”"”"”) (Tps,t) I, | +(ay) @AY (Tye, )| |+ (ahe) @449 (T, t)l are fourth augmentation coefficient for category 1, 2
and 3
|+(a’2’8)(5'5'5'5'5)(T29, t) H+(a’2’9)(5'5'5'5'5) (Tzo,t) I |+ (@) 55555 (T, t)| are fifth augmentation coefficient for category 1, 2
and 3
|+(a’3’2)(6'6'6'6'6) (T33,t) \, I +(ays) 68068 (Tyy, 1) |, | +(ag,) ©068) (T,,, t)| are sixth augmentation coefficient for category 1, 2
and 3
70
e _ g, o (i) @[ ® G10, 0] |-G VG, 0||- G G0 |
7 - 16 17 = 16
| [=(bg) #4496y, )]~ (bg) 55559 (G5, )| |~ (b35) ©0959) (G35, 1) |
] 71
1 _ gy GRI ECDRIEHD) | BRG] SCARICHD .
e = W17 16 — 17
| = (bgs) #4449 (G, )] [~ (b3e) B5559 (G4, )| [~ (b35) ©0°09 (G55, 1) |
72
s _ gy o i) @[ =B 610, 0] |-GV G,0||- )G 0)] |
ar — Wis 17 — 18
| [ = (b5 4 Gy, )|~ (b3) B5555) (Gay, 1) || = (b3) ©0509 (G5, 1)
73

wherel — (b)) P (Gyo, t)l ,|—(b’1’7)(2)(G19, t)l | —(b15) @ (Gyo, t)| are first detrition coefficients for category 1, 2 and 3

G (1))

|—(b{’3)(1'1')(6, t) | =BG, t)l are second detrition coefficients for category 1,2 and 3

[— (b5 (G5, O], [~ (b5 (G5, 1)
[= (b5 ***D(G,,, O] | = (b5) “*44D(G,,, )|
3

[=(b5) 55559 (Gay, 0], [ = (b5e) 5559 (G4, )],

’

’

,I—(bé’z)(3'3'3')(623, t)| are third detrition coefficients for category 1,2 and 3

— (b)) @444 (G, t)| are fourth detrition coefficients for category 1,2 and

—(b4) 5555 (G, t) I are fifth detrition coefficients for category 1,2 and 3

[=(b5,) 5599 (G, )| |~ (b33) @655 (G5, 1)

—(bY,)(66660) (G, t)l are sixth detrition coefficients for category 1,2 and

y
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3

o 0 9 (@50) @[ +(a50)® (Ty1, O)][+(ae) 222 (T17, 0| [ +(afs) B (T, 0| ‘ ) “
pm 20 21 |+(aé'4)(4'4'4'4'4'4)(Tzs' t) I ‘ +(aly) 555555 (Tyo, t) ‘ ‘ +(al,)(666666)(T,, t)| 20

O  NGoL ex C  Ce)  Crplsal et | Ex G R o) ) "
dt |+(aé,5)(4'4'4'4'4'4)(TZSr t) | | +(ayo) 555555 (T,q, t) | | +(aly)©6:6666)(T,, t)l

i _ (o g, _ | (@080 0|+ @)@, Ol H@i) D@ 0] | 76
a [+ (ape) #++44D (Tys, £)|| +(ay) 55559 (Tyo, ) || +(afy) @555 (T3, )|

|+(a’2’0)(3)(T21, t) \, | +(ay)® (Tyy, t) L | +(ay,)® (Ty,, t)| are first augmentation coefficients for category 1, 2 and 3 ”

|+(a’1’6)(2'2'2)(T17, t) ,I +(ay,) @ (T, t)l, I +(ajg) #?A(T,,, t) | are second augmentation coefficients for category 1, 2 and 3

|+(a’1’3)(1'1'1') (Tyst) |,|+(a’1’4)(1'1'1') (Toa V)|, | +(afs) P11 (T, t)l are third augmentation coefficients for category 1, 2 and 3

|+(a'z'4)(4'4'4'4'4'4) (Tos,t) I , | +(ays) 44D (Tye, 1) |, | +(ags) @444 (T,yg, £) | are fourth augmentation coefficients for category

1,2and 3

|+(a’2’8)(5'5'5'5'5'5>(T29, t) \, | +(a3s) ©55555) (T, t) ||+ (asy) 55555 (T,q, t) I are fifth augmentation coefficients for category 1,

2and3

|+(a’3’2)(5'6'6'6'6'6) (Ts3,1) I , | +(ay;) 680080 (T, ) || +(ay,) ©50058) (T, t) | are sixth augmentation coefficients for category

1,2and 3

at _ g oy, | GO0 G 0| GG, |- (b1 6, )] - &
dt _|—(b§’4)(4'4'4'4'4'4)(627, t)”—(b§'8)(5'5'5'5'5'5)(631, t)”—( 1)(666:666) (G, t)‘_

O oo st i R G
a || (b5e) 444449 (G, 1)|| = (b3) 555555 (Gay, 1) || = (b5) @559 (G35, 1))

O N s oo ot e et N P
dt _ | —(bY)@44449 (G, 1) | | —(bYy)555555) G4y, 1) | | —(bY,)(666666) (G, t) ‘ |

|—(b§’0)(3)(623, t) I,I—(b;’l)(”(Gm, O], = (15)® (6,3, t)l are first detrition coefficients for category 1, 2 and 3 81

|—(b{’6)(2'2'2)(619, O,| =B 2P (G, t) I L= (b)) %22 (G, t)| are second detrition coefficients for category 1, 2 and 3

| — (b)) ALD(G, t) | —(By)AL(G, D) |, |- (b (G, t) | are third detrition coefficients for category 1,2 and 3

|—(b;;)(4'4'4'4'4'4)(627, t) I, | — (b)) @444 (G, 1) || — (s ) #4444D (G, t)| are fourth detrition coefficients for category 1, 2

and 3

|—(b;g)(5'5'5'5'5'5>(c31, t)H_(bé/g)(s,s,s,s,s,s) (G3l,t)|, —(byp) (555955 (G3l,t)| are fifth detrition coefficients for category 1, 2

and 3

|—(b§’2)(6'6'6'6'6'6)(63 s t) I,I —(bYy)(©66666)(G,o, 1) || —(byy) 666668 (G, t)| are sixth detrition coefficients for category 1, 2

and 3

Qos _ o g, _ | @0 @) s Ol +@5) o) (T D]| (@) Ty ) *
de | @i D (1, 0|+ (@) G2 Ty, O] +(a5) B (T 0] |

AGos _ o g, _ | @915 s Ol +@h) ) (T O]| (@) OO T, 1) ®
de | R @) 0, ][+ @) F22 (0, 0| [+ (@)W, 0] |
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! " " n 84
dGy (4,0)®6G (aze)(4)| +(a%s) ™ (Tys, 1) H+(a3o)(5'5') (T3, t) H"‘(asz})(ﬁ'ﬁ') (Ts3, ) ‘
= (a6 25 — 26
dt [+(ai9) D (T, O] [+(aie) @222 (T, O] [ +(agp) 32 (T, 0
Wherel(a’z’4)(4)(T25, t)|,|(a’2’5)(4)(T25, t)|, (a;’ﬁ)“)(Tzs,t)l are first augmentation coef ficients for category 1,2 and 3 85
|+(a’z’8)(5'5') (Tyo,t) ,I +(aye) 55 (Tho, t) I ,I +(ay) &%) (Tpo, t) I are second augmentation coef ficient for category 1,2 and3
|+(a’3’2)(6'6') (T33,t) |,|+(a’3’3)(6'6') (Ty3,t) I ,I +(aky) %) (Tys,t) | are third augmentation coef ficient for category 1,2 and 3
|+(a’1’3)(1'1'1'1)(T14, t) |, I +(al) CPED(Ty,, ) | +(a)s) VD (T, ) | are fourth augmentation coefficients for category1,2,and
3
|+(a{’6)(2'2'2'2)(T17, t) |, | +(ai,)@222(T,,, t) || +(afs) @222 (T, t)| are fifth augmentation coefficients for category 1, 2,and 3
|+(a’z’0)(3'3'3'3)(T21, t) I, I +(ay) G333 (T, ) ]| +(ay,) 3333 (T,,, ) | are sixth augmentation coefficients for category 1,2,and 3
[ ! " " n 1 86
ATos _ g swry, _ |20 L0 DG, O] |03 Gy D] 05) s O] |
= (D24 25 — 24
dt _ |—(b{'3)(1'1'1'1)(6, t)‘ —(b)@22D (G, 1) H_ (b2) B33 (G, 1) ‘ |
[ ! n ! ! 1 87
ATs _ o oy, _ |02 208 DG, O] |03 G || 00 G D) |
= (D25 24 — 25
dt | B PG, 0] | = (1) #2P (Gro, ) || () 23D (G, 1) |
! ! ! ! 88
o5 _ g oy, _ | o) Y25 DG, O] |- (i) O G, D] |- (55 ) (G, )
7 = D26 25 © 26
dt =G G, O [~ (i) 222D (610, 0) ||~ (b5) 232 (G5, 0|
Where I— (by )P (Gyr, )|, | = (5D (G0 ) l N = (b5 D (6,0 t) I are first detrition coef ficients for category 1,2 and 3 89
|—(b§’8)(5'5')(631, 0|, —(b;’g)(s's')(Ggl,t)l, —(bg’(,)<5'5')(631,t)| are second detrition coef ficients for category 1,2 and 3
|—(b§’2)(6'6')(635, )],|—(b5) 68 (G5, 1) |,| — (b3a) 0 (G5, t) | are third detrition coef ficients for category 1,2 and 3
|—(b{’3)(1'1'1'1)(6, t) |,|—(b{’4)(1'1'1'1)(6, 1], |= (i) DG, 1) l are fourth detrition coef ficients for category 1,2 and 3
|—(b{’6)(2'2'2'2)(619, t) I, | — (b)) @222 (G o, O) || = (b)) @2*2 (G0, t)| are fifth detrition coefficients for category 1,2,3
|— (byp)B333) (Gys, t) |, | —(bY)B333(G,a, ) | |- (b5) B33 (Gs, £) | are sixth detrition coefficients for category 1,2,3
; ] 90
46 _ (0 )G (a56) )| +(a3)® (Tyo, ) || +(ag) ) (Tys, ) || +(a) @9 (T3, £)]
= Azg 29 28
dt 1
[+ (@@ (T, ][40 2222 (11, D] [+(a50) 53232 (T, D) |
_ - ~ ] 91
dGyqg (0,06 (a’29)(5)‘ +(a%s)® (T, t) ‘ | +(ays) ) (Tys, t) H +(ay3) %) (T3, 1) | G
= dy9 28 — 29
dt | [+(@) T (T, B || +Hai) @222 D (T, O] [+(agy) 33233 (T, £)| |
[ ! " n n ] 92
dGsq © (aso)(s)‘ +(a50)® (Tzo, 1) I | +(aye) 4" (Tys, t) H +(a3) % (T35, 1) |
= (a ) > Gy — " " G
dt 30 29 |+(a1’5)(1'1'1'1'1) (Ti4 1) H+(a13)(2'2'2'2'2) (Ty7,t) ‘|+(a22)(3'3'3'3'3)(7121, t)| 30
93

Where |+(a’z’8)(5) (Tyq,t) | +(ahe)® Ty, ) || +(ae) B (Tyo, ) | are first augmentation coef ficients for category 1,2

’

and 3

(@) A (Tys, )|, |+ (@hs) @4 (Tys, t)| are second augmentation coef ficient for category 1,2

And [+(ag)**) (Tys, )

and 3

|+(a’3’2)(6'6'6) (T33,t) |,|+(a’3’3)(6'6'6) (T33,t) I ,I +(ayy) ©9 Ty, 1) I are third augmentation coef ficient for category 1,2
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and 3

|+(a{’3)(1'1'1'1'1)(T14, t) |, | +(a)) @rD(T,, PG (T, t)l are fourth augmentation coefficients for category 1,2,

and 3

"
18

|+(a’1’6)(2'2'2'2'2)(T17, t) |, | +(al,)®2229(T,,, t) I are fifth augmentation coefficients for category

1,2,and 3

|+(a” )B3333)(T,,, 1) I,I +(ay,)B3333)(T,,, 7)33333)(T,, t)l are sixth augmentation coefficients for category 1,2, 3

94
Ao _ o, | 0400 O (61, O] [0 G, O] 03P G 0] |
= (D2g 29 — 28
dt | = (i) DG, 6)| | = (1) 222D (G1o, 1) - (b50) ®233D) (Gas, 1) ||
[ 95
LT (655) V=)D (G0, 0] [~ (G O 039G, 0] |
= (D29 28 — 29
dt | =BG, 0] | = (b)) @22 (Gro, B) || - (b5 O3 (G, 8|
96
oo _ o o, | (030 O[5 P (651, 0] [~ (15) 4 (G, O] [- (b1 (G5, )]
= D30 29
dt I —(byi)LLLL)(G, t)l ‘ —(bi) @222 (G, 0, t) H (by) 33333 (G, t)‘
where |— (b55)® (G, t)| ,I—(b;’g)(s)(Ggl, —(b5)B(Gay, t)| are first detrition coef ficients 97
for category 1,2 and 3
|—(b§’4)(4'4')(627, — (b5 )4 (G, —(bys) **) (G, t)| are second detrition coef ficients for category 1,2 and 3
| —(b5,)(669) (G, t)l |—(b )66 (G, (3,658 (G, t)| are third detrition coef ficients for category 1,2 and 3
| —(bj)@111D (g, t)| I — (b)Y (G, 1) | are fourth detrition coefficients for category 1,2, and 3
| —(by)@2222)(G . 1) I,I —(by, —(bi) @222 (G o, 1) I are fifth detrition coefficients for category 1,2, and 3
| (byp) 33333 (G, 1) |, | (by)B3333) (Gys, ) || - (b3y) B3333 (G s, t) | are sixth detrition coefficients for category 1,2, and 3
98
4652 _ (o (@52) @[ +(@¥)® (Ts3, 0] [ +(a5) 55 (Tpo, O ||+ (ag) 4+ (Ty5, 0)| .
=\az2 33~ 32
dt | +(aly) WL (T, ) I +(al,)@22222)(T,, t) | | +(ayy)B33333)(Tyy, t) ‘
99
A _ o (@52) @[ +(a43)© (Taz, 0| [ +(a0) 559 (To, O | [+ () 44 (Ty5, 0)| .
=\az3 32~ 33
dt |+ (@)D (T, )| +(af) 22222 (Tyy, )] [+(ag) 33333 (T, 1)
100
631 _ oy g (@50) @[ +(@4)® (Tsz, O] [+(@50) 55 (Tpo, O ||+ (ape) 4+ (Ty5, ©)| .
= Q34 33~ 34
dt | +(al) BLLLLD (T, 1) ‘ +(aly)@22222)(T,, t) | | +(ay,)B33333)(Tyy, t) |
|+(a’3’2)(6) (T33, t)\,|+(a§’3)(6) (T3, t)\,|+(a§’4)(6) (T3, t)| are first augmentation coef ficients for category 1,2 and 3 101
|+(a’2’8)(5'5'5)(T29, 56) 555 (T, 40) 555 (T, ) | are second augmentation coef ficients for category 1,2 ,3
|+(a’2’4)(4'4'4') (Tys, t)| are third augmentation coef ficients for category 1,2 3

|+(a’1’3)(1'1'1'1'1'1)(T14, t) |, | +(ay,) (T, 1 )@LLLD (T t)| - are fourth augmentation coefficients

|+(a// )(2'2'2'2'2'2)(T17,t)| |+(a )(2'2'2'2'2'2)(T17,

t)| - fifth augmentation coefficients

|+(a’2’0)(3'3'3'3'3'3)(T21,t)I,I+(a’2’1)(3'3'3'3'3'3)(T21,t)H+(a§’2)(3'3'3'3'3'3)(T21,t)| sixth augmentation coefficients
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! " n n 1 102
AT o (5) O] 05) O (G, O (5) 529 (G50, 0] |- Bf) G 0] |
= (b3 33— 32
dt | — (b)) @111 (G, t)| |_( 11222222 (G, t) H_ (by,)333333) (G, 1) ‘
! n " n 1 103
AT 0 o (5) |03 @G5, O || (05 539 (G50, 0] |- GG 0] |
= (b33 32~ 33
dt | —(bl,) @D (G, t)| |—(b{'7)(2'2'2'2'2'2)(619, £) ‘ ‘ — (by)B333333) (G, t) ‘
! n n n 1 104
e B C T I C AL o) | TG Sl ) | ST G ST CAI) g
= (D34 33— 34
dt |- (i) DG, )] | = (i) #2222 (Gyo, £)] |- () G223 (Gya 1)
|—(b§’2)(6)(635, t)l,l—(bég)(ﬁ)((}“, t)| ,|—(b§’4)(6)(635,t)| are first detrition coef ficients for category 1,2 and 3 105
|—(b§’8)(5'5'5)(631, t) I,|—(b§i,)(5'5'5)(631, t) | ,|—(b§’0)(5'5'5)(631, t)| are second detrition coef ficients for category 1,2 and 3
|—(b§’4)(4'4'4')(627, t) | ,|—(b§’5)(4'4'4')(627, t) | ,|—(b;’6)(4'4'43(027, t)| are third detrition coef ficients for category 1,2 and 3
|—(b{’3)(1'1'1'1'1'1) G, t) |,|—(b{ﬁl)(l'l'l'l'l'l)(G, t)I,| —(by)TLILLD (G 1) | are fourth detrition coefficients for category 1, 2, and
3
|—(b;g)(zr“r”l)(clg, t) \,I—(bi})(z'z'z'z'z'z)(Gw, t)H —(bl)®22222 (G4, t)l are fifth detrition coefficients for category 1, 2,
and 3
|— (byy)B33333) (G, t) I, |— (by)B33333)(Gos, )|, - (yy) 333333 (G, t)| are sixth detrition coefficients for category 1, 2,
and 3
Where we suppose
(A) (a)®, (@)@, (@)™, ()@, (BN, (/Y™ >0, 106
i,j =13,14,15
(B) The functions (a;")®, (b;")™V are positive continuous increasing and bounded.
Definition of (p,))®, (1;)®:
(@i )P (T, ) < ()P < (Agz) P
BHPEG, ) < )W < bH® < (B3)P
© limz, (@)D (Tyg, t) = (p)® 107
limgLo(B{ M (G,t) = (1)@
Definition of (A;3)®, (B3)® :
Where ‘ (A13)D, (Bi3)D, (p)D, (1r)H® ‘ are positive constants and [i = 13,14,15
They satisfy Lipschitz condition: 108
" 1oy —( M2 )
|(a{')(1) (T4 t) — (‘1{')(1) (T1ao )] < (kys )P Tyy — Tiyle™ (M)t
16D G, 1) — (B V(G, O] < (ki3 )DIG — 6'[]le™ ()Pt
With the Lipschitz condition, we place a restriction on the behavior of functions 109

(@D (T, t) and(a) P (Tya,t) . (T4, t) and (T4, t) are points belonging to the interval
[(ky3)D, (M;5)D] . Itis to be noted that (a]")P(Ty4, t) is uniformly continuous. In the eventuality of

the fact, that if ( #,5 )™ = 1 then the function (a/")® (Ty,,t) , the first augmentation coefficient
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would be absolutely continuous.
Definition of (M5 )™, (ky3)® :
(D) (My3)D, (ky3)D, are positive constants

@® ™
(My3)D 7 (#y3)D

Definition of ( P;3 )™, (Q,3)™ :

(E) There exists two constants ( P;5 )™ and ( Q;5 )™ which together
with ( M,3)D, (ky3)D, (A;3)® and (B;3)® and the constants
(a)®, (@)@, )@, (BD®, )P, (W, i = 13,1415,

satisfy the inequalities

1

@l @D+ @0+ (Ag)D + (Pi)® (kis) V] <1

Gl GP +BDD + (Bi)® + (Q3)® (k1)) <1

Where we suppose

(F) (@)®, (@)@, (@H)®, )@, )P, (NP >0, i,j=1617,18

(G) The functions (a;")®, (b/")® are positive continuous increasing and bounded.
Definition of (p)®, (r;)@:

12 A (2)
(@) P(Ty7,6) < (p)P < (Ayg)

(BN P (610 t) < ()P < (Y@ < (B1s)®@

H)  limp_e@)® (77,0 = ()@

limg_e(b)® ((Gro), t) = ()@

Definition of (A;6)®, (B16)® :

Where | (A1), (B16)®, (0)®, (r,)® are positive constants and

They satisfy Lipschitz condition:

(@Y (T, 0) = (@) P (Tyy, O] < (i )P|Tyy — Tiy e~ (Mre) @t

151D ((G16)', £) = (B P((G10), )] < (K16 )P 1(G10) — (Gyo)'||e~(F16) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;)®(Ty,,t)

110

111

112

113

114

115

116

117

118

119

120

and(a;")®(T5,t) . (T{,,t) and (T}, t) are points belonging to the interval [(k;¢ )@, (M) P] . Itis

to be noted that (a;")® (T, t) is uniformly continuous. In the eventuality of the fact, that if ( M,4)® =

1 then the function (alf’)(z)(TU, t) , the SECOND first augmentation coefficient would be absolutely

continuous.
Definition of (M4 )®, (k)@ :
) (M) @, (k1)®, are positive constants

@® _wp®
(M16)® 7 (M16)@

Definition of ( P;3)®, (043)® :
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There exists two constants ( P, ) and ( 0, )® which together
with ( M,6)®, (k1) P, (A16)Pand (B¢ )@ and the constants
(@)@, (@)@, )@, D@, ()@, (1), i=16,17,18,
satisfy the inequalities
1 , * 5 e 123
Fool@P + @)@ + (Ae)@ + (Pie)@ (kis)@] <1

1

(M16)? [ (bi)(Z) + (bi’)(Z) + (316 )(2) + (Ql6 )(2) (]216 )(2)] <1 124

Where we suppose
@O @D,@, @), G, BN, GNP >0, ij = 2021,22 e
The functions (a;")®, (b/")® are positive continuous increasing and bounded.
Definition of (p)®, (r)®:
@) (Ty1,6) < @D < (Ap0)®
(BN ®(Gaz,t) < ()P < (BN® < (By )®
limr, o (ai)® (T, t) = (p)® 0
limg,e0(b{)® (Go3,8) = (1)@
Definition of (A,o )@, ( By )@ :
Where [(A20)®, ( By )®, (0)®, (1,)® | are positive constants and

They satisfy Lipschitz condition: 127

(@)D (T31,6) = (@)D (To0, O] < (kg )DITpy = Ty le (P20

()P (Ga', ) = (BYD (63, O] < (o )P1Goz = o' lle M)Vt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")®(T;,,t) 128
and(a;")® (Tyq,t) . (T3, t) And (T,4,t) are points belonging to the interval [( ka0 )®, (M, )®] . Itis

to be noted that (a;")®) (T4, t) is uniformly continuous. In the eventuality of the fact, that if ( M,,)® =

1 then the function (a;)®(T,,,t) , the THIRD augmentation coefficient attributable would be

absolutely continuous.

Definition of ( M, )®), (kye )@ : 129
(K) (M0 )@, (ky )P, are positive constants

@® _wp®
(M20)® 7 (M30)®

There exists two constants There exists two constants ( P, )® and ( 0,, ) which together with 130
(My0)®, (k30)®, (Ay0)Pand ( B,y )@ and the constants
(ai)(S)' (al{)(S)’ (bi)(g)l (bl,)(g)' (pi)(3)' (Ti)(3), i = 20121122'

satisfy the inequalities

1 , o ~ ~
(Fag)® [ (a)® + (ai)(g) + (Az0)® + (Pyo)® (kp)®] < 1
1

W[ (bi)(3) + (bi’)(3) + (BZO )(3) + (ézo )(3) (’220 )(3)] <1
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Where we suppose

(L) (@)™, (@)™, (@H®, (b)@, (bHW, (b >0, i,j=24,2526

(M) The functions (a,)™®, (b;")® are positive continuous increasing and bounded.

Definition of (p))™®, (1;)™:
(@) P(Ty5,8) < )@ < (Apg)™
BND((Gyr) t) < ()@ < (D@ < (Byy )@
limg, o (@)@ (Ty5,0) = (p)@
limg e, (b )® ((G7), £) = ()@
Definition of (A,, )@, ( B,y )® :

Where | (A,)®, (By )P, ()@, ()@ | are positive constants and [i = 24,25,26

They satisfy Lipschitz condition:

(@)D (T4, £) — (@)D (Tys, 0] < (Rga )P|Tys — Tys|e (M)t

(BN DP((G27)', ) = (B P ((G2), )] < (ks )PI(G7) = (Gp7)'[|e™(Tat) Ve

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")* (Tys, t)

131

132

133

134

and(a;")® (Tys,t) . (Tys,t) and (Tys, t) are points belonging to the interval [( &y, )™, (M, )®] . Itis

to be noted that (a{’)(“)(Tzs, t) is uniformly continuous. In the eventuality of the fact, that if (#,,)® =1

then the function (a))® (T,s,t) , the FOURTH augmentation coefficient would be absolutely

continuous.
Definition of (M, )@, (kpe )@ :
(N) (M )@, (kpe )@, are positive constants

(@)™ ™
(Mag)®) 7 (Mp4)®)

Definition of ( P,y )®, (04 )@ :

(0) There exists two constants ( P,, )® and ( 0,, )™ which together with
(My, )™, (ks )@, (A,.)Pand (B,, )™ and the constants

(@)@, (@)™, ()@, (D™, @)™®, ()™, i = 24,2526,

satisfy the inequalities

1 , . R )
(M24)® [@)® + @)™ + (A)® + (P)® (k)P <1

Gl 0P + GNP + (B)® + (02)® (k2)®] <1

Where we suppose

(P) (ai)(S)l (al{)(S)’ (alfl)(S)l (bi)(S)l (bL,)(S)’ (bL”)(S) > O’ l;] = 28:29:30

Q) The functions (a/")®, (b/")® are positive continuous increasing and bounded.

Definition of (p,))®, (;)®:
(@)D (Tz0,) < () < (Apg)®
BNP((Gs,t) < ()P < BN < (Bog)®
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(R) limTz—»oo(aL",)(S) (T29' t) = (pi)(S)
limcqw(b{')(s) (G31, t) = (ri)(S)
Definition of (A,5)®, (B,g)® :

Where | (A,6)®,(Bys)®, 0)®, (1)® | are positive constants and [i = 28,29,30

They satisfy Lipschitz condition:

(@) S (Tso,t) — (@) (Ta9, )] < (Kg )P|Tpo — Tygle™(M2a)®

15! ((G31)', ) = (B P ((G31), £)] < (kg YD 1(G31) — (Gay)'[Je™F2e)t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;)® (T, t)

138

139

140

and(a;")® (Tye,t) . (T30, t) and (Tyo, t) are points belonging to the interval [(k,g)®, (My5)®] . Itis

to be noted that (a}")® (T, t) is uniformly continuous. In the eventuality of the fact, that if ( M,g)® =

1 then the function (a;)® (T, t) , the FIFTH augmentation coefficient would be absolutely
continuous.

Definition of ( M,g ), (k,g ) :

(S) (M5)®, (kyg)®, are positive constants

@® _p®
(Mpg)®) 7 (Mg)®)

Definition of (P, )™, (0,5 )™ :

(T There exists two constants ( P,g )® and ( 0,5 ) which together with
(M,g)®), (ky5)®, (A,)Pand ( B,g )™ and the constants

(@)®, (@)®, (), ()P, )®, ()P, i =28,29,30, satisfy the inequalities

1 , . R ~
@[ @ + @)@+ (Arg) + (Pg)® (kpe)®] < 1

To®l GO+ @)D+ (Byg)® + (02)® (kag)®] < 1
Where we suppose
(a)®, (@)@, (@)@, B)®@, (B, (/)@ >0, i,j=3233,34
(V) The functions (a/")®, (b")® are positive continuous increasing and bounded.
Definition of (p,)©, (r;)®:
(@) (T33,8) < ()@ < (A3,)®
(BN O (G35, t) < (1)@ < (B)© < (B3, )©

(V) limTzﬁm(aL{,)(G) (T33' t) = (pi)(G)
limgeo (b)) ((G3s), £) = (11)©
Definition of ( A3, )®, (B;,)® :

Where ‘(432 ), (B3,)®, ()@, (1)©® ‘ are positive constants and [i = 32,33,34

They satisfy Lipschitz condition:
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(@) O (T43,6) = (@) (T35, O] < (Raz )O|Ts3 = Tzle (M)

(YO ((G35),6) = () O ((Gas), )] < (Raz )]1(Gas) = (Gas)'[J e~ M2 )

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (Tss, t) 146
and(a;")® (Ts3,t) . (T43,t) And (T3, t) are points belonging to the interval [( ks, )(©, ( My, )©®] . Itis

to be noted that (a!")(® (T3, t) is uniformly continuous. In the eventuality of the fact, that if ( M5, )(©® =

1 then the function (a}")(®(Ts3,t) , the SIXTH augmentation coefficient would be absolutely

continuous.

Definition of ( M;, )®, (ks )©® : 147
(M3,)®, (ks,)®, are positive constants

@® _mp©
(M32)(®) 7 (M37)®

Definition of ( B3, ), (03, )@ : 148

There exists two constants ( P;, )® and ( 05, )(® which together with
(M3,)®, (k3,)®, (A3,)@and (B, )® and the constants
(@)®, @)@, (5@, )@, )@, ()®,i=32,3334

satisfy the inequalities

1
(M3;)(®)

[(@)©® + @)@+ (A32)@+ (P32)® (ks) @] < 1

1

Gl 0@+ BD@ + (B3)@ + (052)@ (k) @] <1

Theorem 1: if the conditions (A)-(E) above are fulfilled, there exists a solution satisfying the conditions 149
Definition of G,(0),T;(0) :

G(O) < (Pys) VeVt T7G,0) = 67 > 0]
Ti(6) < (Qu3)PeM)Vt - [1,(0) =T >0
If the conditions (F)-(J) above are fulfilled, there exists a solution satisfying the conditions 150

Definition of  G;(0),T;(0)

Gi(®) < (Pre)PeM) Pt G,(0) =GP >0

Ti(t) < (Q16)PeM)Pt | T,0) =T >0

If the conditions (K)-(O) above are fulfilled, there exists a solution satisfying the conditions 151
Gi(t) < (Pye)Pe00Pt | G,(0) =G0 >0

T,(t) < (Qz0)Pe™0)Pt | 1,(0) =T >0

If the conditions (P)-(T) above are fulfilled, there exists a solution satisfying the conditions 152
Definition of G;(0),T;(0):

Gi(0) < (ﬁ24 )(4)6(1\7124)(4% ’ | G;(0) = Giﬂ > ()‘

Ty(t) < (Qpq )Pe™)Pt [T(0)=T0 >0
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If the conditions (U)-(Y) above are fulfilled, there exists a solution satisfying the conditions 153

Definition of G;(0),T;(0) :

Gi(O) < (Pye )P0t 7G,0) = 67 > 0]

A -a )(5)
Ti(t) < (Qpg) e M)t T,(0)=T?>0

Theorem 1: if the conditions (Y)-(X,) above are fulfilled, there exists a solution satisfying the conditions 154
Definition of G;(0),T;(0) :

Gi(O) < (Py ) Vet [7G,0) = 6P > 0]

Ti(t) < (03 )(G)e(M“)(G)t ) T,(0)=T">0

Proof: Consider operator A™ defined on the space of sextuples of continuous functions G;, T;: R, —» 155
R, which satisfy

Gi(0) =G, Ti(0) =T?, GP < (P13)W, T < (Q13), 156
0 < Gi(t) — GO < (P )We(Mis)De «
0<Ti(t) = T2 < (013 )(1)6(1@13 YD o
. 159

Gi3(t) = G5 + fot [(a13)(1)G14(5(13)) - ((a13)(1) + a1'3)(1)(7114(5(13)):5(13))) G13(5(13))] ds(13)

_ i 1 160
Gua(®) = 634 + [} @) V615(sa9) — (@)D + @)D (Tua(s09), 503) ) G1a(503)| dsas)
_ i 1 161
Gis(t) = G + J; [(@15) 614 (509)) — (@)@ + (@15) D (Tua(s013), Sam)) ) Gas ()| dsaz)

' : 1: 162
Ti3(t) = T103 + fot [(b13)(1)T14(5(13)) - ((b13)(1) — (b13)(1)(6(5(13)), S(13))) T13(S(13))] ds(13)

' ’ 1 163
T14(t) = T104, + fot [(b14)(1)T13 (5(13)) - ((b14_)(1) - (b14)(1)(6(5(13)), 5(13))) T14(S(13))] d5(13)

! ’ 1 164
T15(t) = T105 + fot [(b15)(1)T14(S(13)) - ((b15)(1) - (b15)(1)(G(S(13)), 5(13))) T15(S(13))] dS(13)

Where s,3) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A defined on the space of sextuples of continuous functions G;, T;: Ry — R,

which satisfy

Gi(0) = G°, T,(0) =T?, G® < (P )®,TO < (016)@, -
0<G() -G < (P )(Z)Q(Mlti Y@t -
0<Ti® - Ti0 = (016 )(2)€(M16 Bt 167
” 168
Gie(t) = GO% + fot [(alﬁ)(z)G17(s(16)) - ((aie)(z) + ai’6)(2)(T17(S(16)),S(m))) 016(5(16))] ds(16)

_ i I’ 169
G, (1) =G, + fot [(a17)(2)G16(S(16)) - ((a17)(2) + (a17)(2)(T17(S(16)),5(17))) G17(5(16))] ds(e)

_ i 1 170
Gig(t) = G% + fof [(a18)(2)617(5(16)) - ((a18)(2) + (als)@(T17 (sae))s 5(16))> 018(5(16))] dsge

171

Ti6(t) = T + fgt [(b16)(2)T17 (5(16)) - ((bie)(z) - (bfe)(z)(G(s(m))'5(16))) T16(S(16))] ds(1e)
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Ty, (t) =T + fot [(b17)(2)T16 (5(16)) - ((b17)(2) - (b{E)(Z)(G(S(le)),5(16))) T17(S(16))] ds(1e) 1

TIS @®) = T108 + fot [(b18)(2)T17 (5(16)) - ((bis)(z) - (bils)(z)(a(s(le)),5(16))) T18(5(16))] d5(16) 173

Where 5,6 is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, - R,

which satisfy

Gi(0) =GP, T;(0) =T, G < (Py)® T < (Q20)®, 174

0 < Gy(t) — G < (g )P (M)t 17
176

0<T;(t) =T < (Qz )(3)e(M20)(3)t
By 177

Gao(t) = G3p + fot [(azo)(S)Gn(s(zo)) - ((aéo)(S) + a’z’o)(3)(T21(5(20))'5(20))) 620(5(20))] ds (20

~ t ! " 178
Go1 (1) = G34 + fo [(a21)(3)620(s(20)) - ((a21)(3) + (a21)(3)(T21(s(20)), S(zo))) 621(5(20))] ds(20)

~ t 12 " 179
Gor(t) = G3, + fo [(azz)(B)Gu(S(zo)) - ((‘122)(3) + ()P (To1(s20y)s 5(20))) 522(5(20))] ds(20)
= t / " 180
Tyo(t) = To + fo [(bzo)(3)T21(5(20)) - ((bzo)(s) - (bzo)(s)(G(S(zo))x5(20))) Tzo(s(zo))] ds(zo)
T t ! " 181
T, (t) = T3 + fo [(b21)(3)T20(5(20)) - ((b21)(3) - (b21)(3)(G(5(20)); S(zo))) T21(5(20))] dsz0)
I t ! 12 182
Ty () = T3, + fo [(bzz)(s)Tu(S(zo)) - ((bzz)(3) - (bzz)(g)(G(s(zo)): 5(20))) Tzz(s(zo))] dszo)
Where s,y is the integrand that is integrated over an interval (0, t)
Proof: Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, —
R, which satisfy
Gi(0) =6}, T;(0) =T, G < (Poy)® TP < (Q24)®, 183
0= Gi(®) = GP < (Ppy ) We )t 1

185

0 < Ti(0) = T < (Qpy ) We M)t
By 186

Goa(t) = G3y + fot [(‘124)(4)625(5(24)) - ((a§4)(4) + a'2'4)(4)(T25(s(24)), 5(24))) 624(5(24))] dsaq)

Gos() = G35 + [(azs)(4)624(5(24)) - ((aés)“) + (alz's)(4)(T25(5(24))'5(24))) 625(5(24))] dS(24) o
Gao(t) = G + fot [(a26)(4’)G25(5(24)) - ((a'zs)m + (a56) P (Tas(520)), 5(24))) 526(5(24))] dS(24) -
Toa(®) = TS, + [(b24)(4)T25(5(24)) - ((b§4)(‘” - (i) ™(G (5(24))’5(24))) T24(5(24))] dsz4) 108
Tps(8) = T35 + | [(bzs)(4)T24(5(24)) - ((bés)m = (13)(G(sa), 5(24))> T25(5(24))] dS(24) 0
Toe(®) = T8 + i [ (020D Tas(500) = (B3P = 05 P(G(s20),520)) ) Tae(sc0)] A o

Where s(,4 is the integrand that is integrated over an interval (0, t)
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Proof: Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, —
R, which satisfy

Gi(0) =GP, Ty(0) = TP, G? < (Prg)®, TP < (Q25)®, 102
0<Gi(t) - Gio < (ﬁzs )(S)Q(MZS)(S)f o
194

0.<Ty(6) = T < (Qog )P Mae )t
By 195

Gog(t) = GJg + fot [(azs)(5)629(5(28)) - ((aés)(s) + alzls)(s)(Tw(S(zs)),5(28))) 628(5(28))] ds(zg)

~ t I 12 196
Goo(t) = Ggo + fo [(aZQ)(S)GZB(s(ZS)) - ((azg)(s) + (azg)(s)(ng(s(zs)); 5(28))) 629(5(28))] ds(zg)

~ t ! 12 197
G30(t) = G3o + [ [(a30)(5)629(s(28)) - ((a30)(5) +(a40) P (Tao(s28))» 5(28))) 630(5(28))] ds(zg)
M t ’ " 198
Ty(t) = Ty + fo [(b28)(5)T29(s(28)) - ((bzs)(s) - (bzs)(s)(G(S(zs))x5(28))) Tzs(s(zs))] ds(zg)
T t ! n 199
Tyo(t) = Tg + fo [(b29)(5)T28(5(28)) - ((b29)(5) - (b29)(5)(5 (5(28))15(28))) T29(S(28))] ds(zg)
T t ! " 200
T30(t) = T5p + fo [(b30)(5)T29(s(28)) - ((b30)(5) — (b3 (5)(6(5(28))'5(28))) T3o(5(28))] ds (zs)
Where s(,q) is the integrand that is integrated over an interval (0, t)
Proof:
Consider operator A©® defined on the space of sextuples of continuous functions G;, T;: R, — R,
which satisfy
Gi(0) =GP, T;(0) =T, G < (P5;)® T < (Q32)®, 201
0 Gi(D) = G < (Pyy )M ) 202
0 < Ti() = T{ < (Q5 )@l Me2) 208
~ t 12 1 204
G32(t) = G3, + fo [(‘132)(6)633(5(32)) - ((a32)(6) + a32)(6)(T33(5(32)): 5(32))) G32(5(32))] ds(zz)

~ t ! " 205
Gs3(t) = G??s + fo [(a33)(6)G32(5(32)) - ((a33)(6) + (a33)(6)(T33(s(32)), 5(32))) G33(5(32))] ds(32)

~ t ! " 206
G34(t) = G£4 + fo [(a34)(6)G33(5(32)) - ((a34)(6) + (a34)(6)(T33(5(32))' 5(32))) G34(5(32))] d5(32)

= t / " 207
Ty (t) = T3, + fo [(bsz)(G)Tss(S(sz)) - ((b32)(6) - (b32)(6)(G(5(32))'5(32))) T32(5(32))] ds(sz)
= t / " 208
Ty3(t) = T35 + fo [(bss)(G)Tsz(S(sz)) - ((b33)(6) - (b33)(6)(G(5(32))'5(32))) T33(5(32))] ds(sz)
T t ! " 209
T34(t) = T??4 + fo [(b34)(6)T33(5(32)) - ((b34)(6) - (b34)(6)(G(5(32))'5(32))) T34(5(32))] d5(32)
Where s(3,y is the integrand that is integrated over an interval (0, t)
€)] The operator A™ maps the space of functions satisfying 3into itself .Indeed it is obvious that
5 2 )
G13(®) < 65 + [} [(012)® (G244 ( Py ) Ve M12)M509)] ds(yy) =
(@19) D (P13)D (7,5 y®
(1 + (a13)(1)t)G{)4 + W(B(Ml?’) t— 1)
From which it follows that 210
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_ (P13)D+69,

o (€9) ~ ( ) ~
(Gy3(t) — GPy)e~(Mz < (a13) [(( Pi3)® + G&)e ot + (P3 )(l)l

(My3)D

(G?) is as defined in the statement of theorem 1

Analogous inequalities hold also for Gy4,Gis, Ti3, T1a T1s

(b) The operator A maps the space of functions satisfying into itself .Indeed it is obvious that
Gi6(t) < G + fgt [(‘116)(2) (637"'( Pg )@ Mis )(2)5(16))] dsue = (14 (a16)Pt)GL, +
(a16)?(P16)@ (M16)Pt _

(M) (e b 1)
From which it follows that

(P16)P+69,

A ol ()
(G16(t) — GPg)e~(Me @t < (16 = (( Pe)® + Gf7)e 617 + (Pie )(z)l

T (My6)®

Analogous inequalities hold also for Gy, G1g, T16, T17, T1s
€)] The operator A®) maps the space of functions satisfying into itself .Indeed it is obvious that

t ~ 7. \(3)
Goo(t) < G3o + [(azo)(s) (631"‘( Py )PeM20) 5(20))] dsco) =
(@20 (P20 [ (11,0)®
(14 (@z)Pt)G8y + LI (o) 1)
From which it follows that 211

_(P20)®)+69,;

—(Fy)® @) 5 < ) 5
(Gpo(t) — Gl (M20)Pt < L2 () @) 1 G0 )e\ B ) 4 (Byy)®

T (M30)®)

Analogous inequalities hold also for G, , G55, T2o, T21, T2z
(b) The operator A maps the space of functions satisfying into itself .Indeed it is obvious that

¢ ~ T, )4
Goa(t) < 6% + [ [(@2)® (635+( Poy ) Ve 2607500 dsiyy) =
0 4 @)P(P)P [ (i@
(1+ (az)®t)G35 + W(e(”b“ - 1)
From which it follows that

_(P2s Y B +69

(s )@ @ 5 5
(Gaa(t) — G2y)e=(Faa) Wt < (G2e) — ((1924)<‘*>+G§5)e< EE >+(P24)<4>l

T (Mp4)®

(GP) is as defined in the statement of theorem NUMBERED ONE

(© The operator A) maps the space of functions satisfying into itself .Indeed it is obvious that

t 5 g )(5)
Gos(t) < G + [, [(azs)(s) (Gg9+(P28 )Ee(Mzs) 5(28))] ds(zg) =

5 0 (a28) ) ( Prg )3 Mo YOt
(1 + ((128)( )t)ng + W(e( 28) - 1)

From which it follows that

_ (P28)®+69,

o oo s o )
(azs) (( Py )(5) + Ggg)e Gy + (P28 )(5)]

0 \,—(Myg)®
(Go5(t) — GPg)e™(Mze) t<m

(G?) is as defined in the statement of theorem 1

(d) The operator A maps the space of functions satisfying into itself .Indeed it is obvious that 212
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t =~ NG
G32(t) < G, + [(asz)(ﬁ) (63?3"‘( Py; )(©e(Ms2) 5(32))] ds(z) =
(@32) P (P32)® [ (f15,)©®
(1 + (a32)(6)t)G§’3 + %(B(Mn) t_ 1)
From which it follows that

_ (P32)®+695

o (6) ~ < ) ~
(G32(t) — G3,)e~ (M2 Ot < L2s2) (( Py, )® + G§’3)e 6% + (P35 )(6)]

~ (M32)®

(G?) is as defined in the statement of theorem ONE
Analogous inequalities hold also for G5, Gy¢, Tos, Tas, Tag

NeY) Néb)
It is now sufficient to take (f“) ,(Ab# < 1 and to choose
(M13)D 7’ (#M43)D)

(P3)® and (Q,3 )™ large to have

<(P13 )(1)+G?>

(a-)(l) - R -\ R

(Mll3)(1) (PIS)(l) + (( P13 )(1) + G]_O)e GJ < (P13 )(1)
[ (Q13 )(1)+T?

1D ((Q13)® + T; )e 1 + (Q13)" [ = (0Q13)

In order that the operator A™ transforms the space of sextuples of functions G; , T; satisfying 34,35,36
into itself

The operator A™ is a contraction with respect to the metric
d ((Gm,T(n), (G(z),Tm)) =

sup{max |6V (t) - Gi(z)(t)|e‘(’q13)(1)t,max IT® () - 1,® (t)|e‘("7’13)(1)t}
i teER+ teER+

Indeed if we denote 213
Definition of G,T: (G, T) =AM(G,T)

It results

163 - 67 < [1(@n® |67 = 67 |e~ MM (Fi W5t g1 +

F@WI6Y = 6 fem (M s e~ Vsas

(@) (T, )68 = 655 e seme s

61(? |(ais)® (TS)' saz) — (afs)® (TS): Sa3)| e_(’MB)(DS(B)B(’M13)(l)s(13)}ds(13)

Where s (43 represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|6 — G(z)|e—m13)“’t <

T (@D + @)D + (A + (P) P (Tan))d (60, 7D; 6@, 7@))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a}3)® and (bj%)™" depending also on t can be considered as not

conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition
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)(1)t )(1)t

necessary to prove the uniqueness of the solution bounded by ( P;3)®e ™1™t gnd (Q,3)PeMis
respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it

suffices to consider that (a;)™ and (b;")(?), i = 13,14,15 depend only on T,, and respectively on

G (and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) = 0 214
From 19 to 24 it results

G () > Gi()e[— Is{@H®~@Hh® (Tralsaz)sasldsas] > o

T, () = TeC®DY) > 0 fort>0
Definition of ((M15)®),, (M13)™), and ((My5)®), :
Remark 3: if G5 is bounded, the same property have also G,, and G5 . indeed if

Gi3 < (My3)@ it follows dz% < ((My3)®), = (a14)VGy4 and by integrating

Giq < ((/M13)(1))2 = Gp, + 2(“14)(1)((/Mls)(l))l/(ah)(l)

In the same way , one can obtain
Gis < ((7‘713)(1))3 =Gl + 2(‘115)(1)((W13)(1))2/(a15)(1)

If Gy, or G5 is bounded, the same property follows for G,5, G,s and G,5, G4 respectively.
Remark 4: If G5 is bounded, from below, the same property holds for G,, and G5 . The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.
Remark 5: If T;5 is bounded from below and lim,_,., ((b;)® (G(t),t)) = (bj,)® then T,, — oo.
Definition of (m)™® and ¢, :

Indeed let t; be sothat fort > t,

(b1)® = (NP (G (), £) < &, Ty3 (1) > (M)®

Then % > (a;,) V(M)W — g T, which leads to

(a10) D (m)®

Ty = ( . )(1 —ea1t) + Tl e 1t If we take t such that e~51¢ = % it results
1

Ty 2

@) ()@
(M) t= logsi By taking now ¢; sufficiently small one sees that T;, is unbounded.
1

The same property holds for Tys if lim,_,e (b}5)® (G(t),t) = (bjs)™
We now state a more precise theorem about the behaviors at infinity of the solutions

A . 5(2) N©3) 215
It is now sufficient to take (;;‘) @ ,(1(;[))(2) <1 and to choose
16 16

(1)@ and (014 )® large to have

(P16)D+6)

@@ | % 5 ‘(70 ) -
o |(P)® + ((P)P +60)e VT /< (Pie)®

(M16)2)
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(Q16 )(2)+T?

(1(51);(1) l(( Q16 )(2) + To)e ( T? ) + ( Ql6 )(2) <( @16 )(2)

In order that the operator A4 transforms the space of sextuples of functions G; , T; satisfying 34,35,36
into itself

The operator A is a contraction with respect to the metric
d (((6:)D, (1) D), ((6:0)P, (T:)P)) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’16)(2)t,max |Ti(1)(t) - Ti(z) (t)|e‘(ﬁ16)(2)t}
i tER4 tER4

Indeed if we denote

Definition of Gyo, Tre : ((Gro, T1o ) = AP (Gyo, Tyo)

It results 216
~ (T @) T @

62 = 6] = [j(@o)@ |6 = 6o (M0 a0 ®: 0 dsgy +

[ (@) @[6P - 62 |e~ M0 Psuoe (M0 Psao 4

als () (T(I), 5(16))|G(1) G(Z)|e_(M16)(2)5(16)e(M16)( )5(16) +

_ @ @
G(Z)K )(2)(T17 ,Sae)) — (a16)(2)(T17) sae)l e (M16)*s(16) ¢ (M16) *a0}ds 1)
Where s(44) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(Gr)® — (Glg)(z>|e—(ﬂ16>(2>t <

m((am)m + (a16)® + (A16)@ + (P16) P (kie)?)d (((619)(1). (T10)®; (G19)®@, (T19)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis (34,35,36) the result
follows

Remark 1: The fact that we supposed (a}s)® and (b}%)® depending also on t can be considered as not

conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

(Z)t (Z)t

necessary to prove the unigueness of the solution bounded by (P,5)®@eM16)’t and (Q,4)@e(M16)
respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a;)® and (b;")®, i = 16,17,18 depend only on T,, and respectively on
(G19)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) = 0

From global equations it results

G = G?e[_ Io{@)@~(T17(sa6))510)}ds(16)| >0

T, () > T2eC-CDP) > 0 fort>0

Definition of ((My6)®),, (M16)®), and ((My6)®),

Remark 3: if G4 is bounded, the same property have also G;; and G,z . indeed if
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Gy < (M;)@ it follows % < ((My6)®), = (a17)®Gy7 and by integrating

Gi7 =< ((ﬂ16)(2))2 = Gi; + 2(“17)(2)((’1\7116)(2))1/(“17)(2)

In the same way , one can obtain

Gig < ((/M16)(2))3 = Gis + 2(“18)(2)((/1\7[16)(2))2/(5118)(2)

If G;; or G5 is bounded, the same property follows for G, , G;5 and G,4, G,, respectively.

Remark 4: If G, is bounded, from below, the same property holds for G, and G;5 . The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.
Remark 5: If T, is bounded from below and lim_,., ((b;")® ((G19) (1), 1)) = (b;,)® then T, — oo.
Definition of (m)® and ¢, :

Indeed let t, be sothat fort >t,

(b17)® — (B{")P ((G10) (D), 1) < £, Ty (t) > (M@

Then S22 > (a3,)@ ()@ — e, T, which leads to
@ m)@ :
T, = (M) (1 —e 2% + TYe %2 If we take t such that ezt = % it results
2

@ ()@ .
Ty7 = (w) t= logé By taking now e, sufficiently small one sees that T;, is unbounded.

The same property holds for Tyg if lim,_, (b15)® ((G1o) (), t) = (big)®
We now state a more precise theorem about the behaviors at infinity of the solutions of equations 37 to
42

3@ NO! 217
% ,(1(;‘))(3) < 1 and to choose
20 20

(Py0 )@ and (Qy0 )@ large to have

It is now sufficient to take

[ (P20 )(3)+G?
@® | 5 5 o R
o | (P20)® + ((P20)® + G)e J < (Py)®
[ (220)®+17
(bi)(3) ~ 3) 0 _< 0 ) ~ 3) ~ 3)
Wp0)® (( Q20)" +T; )e ] + (Q20)" [ = (Q2)

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying 34,35,36
into itself

The operator A®) is a contraction with respect to the metric
d (((6:)D, (T3)®), ((6:0)®, (T35)®)) =

sup{max |Gi(1)(t) - Gi(z)(t)|e'(“7’2°)(3)t,max |Ti(1)(t) - Ti(z) (t)|e'm20)(3)t}
. teRy teR4

Indeed if we denote

Definition of G,3, T3 :( @, (‘TZ) ) = d‘l(3)((623)r (T23))

It results
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|G~2((1)) - Gi(2)| = fot(azo)m |Gz(1) - Gz(i)|e_(’MZO)B)S(ZO)emZO)(3)S(2°) ds(z0) +
[ (@565 — G2[e™ M0 Vsng=(Feo Vstan)
(alzlo)(s)(Tz(i)' 5(20))|Gz((1)) - Gz((z))|e_(ﬁz")(”s(z")e(ﬁz")ms(“) +

2 " 1 17 2 —(M 3) M 3)
Gz(o)|(a20)(3)(Tz(1)'5(20)) _ (azo)(B)(Tz(l),S(z(])N e~ (M20)""5(20) o (M20) S@0}ds (50
Where s,) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

6O — G@|e~ (P20 @t < 218

G55 (@)@ + (@) + (A20) + (Poo)® (ko)) (((G23)©, (To) V5 (625), (135)P))
And analogous inequalities for G; and T;. Taking into account the hypothesis (34,35,36) the result
follows

Remark 1: The fact that we supposed (ay,)® and (b4,)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition
necessary to prove the uniqueness of the solution bounded by ( P,o)®e ™20t qnd (Q,)® e M0t
respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a;)® and (b;")®,i = 20,21,22 depend only on T,; and respectively on
(G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G, (t) > (;L,Oe[—f(f{(ai)(z‘)—(a{')m(Tz1(5(20))'5(20))}‘15(20)] >0
T, (t) > TP > 0 fort>0
Definition of ((/1\7[20)(3))1, ((/Mzo)e))z and ((/Mzo)(3))3 :

Remark 3: if G,, is bounded, the same property have also G,, and G, . indeed if
Gyo < (My)® it follows % < (My0)®), = (a31)® Gy, and by integrating
Gy1 < ((ﬁzo)(3))2 = G31 + 2(a21)(3)((W20)(3))1/(a’21)(3)

In the same way , one can obtain
Gaz < ((7\7120)(3))3 = Gg, + 2(a22)(3)((7\7’20)(3))2/(‘1’22)(3)

If G,, or G,, is bounded, the same property follows for G,,, G,, and G,,, G, respectively.
Remark 4: If G,, is bounded, from below, the same property holds for G,; and G,, . The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.
Remark 5: If T,, is bounded from below and lim,_., ((b;)® ((G,3)(t),t)) = (b5;)® then Ty, — oo.
Definition of (m)® and &5 :

Indeed let t; be so that for t > t4
(b21)® = (b )P ((G23)(0), t) < &3, Ty (8) > (M)
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Then C2L > (az;)® (m)® — &,T,; which leads to

(az0)®m)®

€3

Ty, = ( )(1 —e788) + T2 e3¢ If we take t such that e~%3t = % it results

) ()@ ) . .
T,y = (w) t= logi By taking now &; sufficiently small one sees that T,, is unbounded.

The same property holds for Ty, if lim,_, (535)® ((Go3)(¢), t) = (b3,)®
We now state a more precise theorem about the behaviors at infinity of the solutions

. . NO) NG 219
It is now sufficient to take % ,(1(;‘) <1 and to choose
24 24

(P, )™ and (Q,, )™ large to have

(P20)M+67

(ap@ ~ R _<7Q> R
(le4)(4) (P24)(4) + (( Py )(4) + Gjo)e ¥ < (Pyy )(4)
[ (Q24 )(4)+T?
(b‘)(4) ~ _< T) . R
SIS |((QD+Te VT ()@ < (02)®

In order that the operator A transforms the space of sextuples of functions G; , T; into itself

The operator A™ is a contraction with respect to the metric
d (G, (1)), ((6:), (T;)®)) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’24)(4)t,max |Ti(1)(t) - Ti(z) (t)|e_("724)(4)f}
i tER+ tER4

Indeed if we denote

Definition of (G,,), (T57) :  ((G7), (T27) ) = AP ((Go7), (T7))

It results

1657 = 6] < [3(@2)® |68 — 62 |e (M0 e (M) Psen disiyy +
Jy (@) @65} = G5 [emManVsen = (Fa sz 4

(@) DTS2, 500)|651) — 657 |~ Fad) s (e san 4

1 (Mo )® 7. . (4)
(;Z(i)|(aé’4)(4) (Tz(;)'5(24)) — (@)@ (Tz(é):5(24))| e~ (M24)"5(24) o (M24) S@N}ds (pq)
Where s(,4) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows
|(G2™ ~ (027)(2)|3_(T424)(4)t S
1 , —~ ~ ~
W ((‘124)(4) + (‘124)(4) + (A24)(4) + (P24)(4)( k24)(4))d (((627)(1), (T27)(1); (G27)(2), (T27)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a4,)® and (by,)® depending also on t can be considered as not

conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P,,)®e ™0™t gnd (Q,,)®e M)t
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respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a})™® and (b;")®, i = 24,25,26 depend only on T, and respectively on
(G,7)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G; (t) > GiOe[— f;{(ag)m—(a{’)m(Tz5(5(24))'5(24))}‘15(24)] >0

T; (t) = Tioe(_(bl!)wt) >0 fort>0

Definition of ((M,4)®),, (M4)®), and ((M,)®), :

Remark 3: if G,, is bounded, the same property have also G,s and G, . indeed if

Gaa < (My4)® it follows 22 < ((M,4)™®), — (a}s)® G and by integrating

Gas < ((7\7[24)(4))2 = Ggs + 2(“25)(4)((7\7124)(4))1/(61’25)(4)

In the same way , one can obtain

Gz6 < ((/M24)(4))3 = Gge + 2(“26)(4)((7\7124)(4))2/(61'26)(4)

If G,5 or G, is bounded, the same property follows for G, , G, and G,, , G5 respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,5s and G,,. The proof is
analogous with the preceding one. An analogous property is true if G5 is bounded from below.
Remark 5: If T, is bounded from below and lim,_,« ((b/)® ((G,,)(t),t)) = (bys)™® then T,5 — oo.
Definition of (m)® and ¢, :

Indeed let t, besothatfort >t,

(b25)™® = (b )P ((G27) (), 1) < £, Tps (£) > (M)®

Then dzzts > (a5)®(mM)® — &,T,5 which leads to
@ ()@ .
Tys = (M) (1 — e~#st) + T e 5+t If we take t such that e ™54t = % it results
4
@ ()@ ) . .
T,s = (M) t= logsi By taking now ¢, sufficiently small one sees that T, is unbounded.
4

The same property holds for Tyq if lim,_,, (b36)® ((Go7)(¢), t) = (b3e)®
We now state a more precise theorem about the behaviors at infinity of the solutions ANALOGOUS

inequalities hold also for G, , G390, T2s, T29, T30

A . (5) NG 220
It is now sufficient to take (;;‘) @ ,(1(;[))(5) <1 and to choose
28 28

(P, )® and (Q,5 )® large to have

[ ((f’zs)“)w?)
o | _ - _
) (P)® + ((Pg)® + Gjo)e € < (Py)®

(M3g)

[ _( (Q28 )(5)+T?>
((Q2)® + Tjo)e g +(028)® < (Q2)®

)
(M25))
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In order that the operator <A transforms the space of sextuples of functions G; , T; into itself

The operator A®) is a contraction with respect to the metric
d (((G30)®, (T)D), ((6:)P, (T31)@)) =

sup{max |Gl-(1)(t) - Gi(z)(t)|e‘("7’28)(5)t,max |Ti(1)(t) - Ti(z) (t)|e‘(ﬁ28)(5)t}
i tER4 tER4

Indeed if we denote

Definition of (G1), (T31) 1 ((G31), (T31) ) = A®((G31), (T31))
It results

|G~2(é) _ 5i(2)| < fot(azs)@) |GZ(;) _ GZ(Z)|e—(7‘7128)(5)5(28)3(7‘7128)(5)5(28) ds(zg) +
Jy (@ba)®1GS3) = 6 FenVstzmre (a0 Pz
(@) (TS, 526)) |Gs) — Gz(?;)|e'm28)(5)5<28>emzs)(S)S(ZfD +

2 " 1 " 2 —(Moa)(®) Moa)(B)
Gz(g)|(a28)(5)(Tz(9)'5(28)) _ (azs)(s)(Tz(g):S(zs))| e~ (M28)"s(28) o (Mz23) 5@9)}d s (g
Where s, represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(Gs)® — ((;31)(2)|e—(17128)(5)t < 221
G5 (@)@ + (@) + (A0 + (Peo)® (ko)) (G50 @, (Ts) @5 (650, (13)?))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a4s)® and (bys)® depending also on t can be considered as not

conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by ( P,g)®e ™29t and (Q,5) e M)t
respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a;)® and (b;")®, i = 28,29,30 depend only on T,, and respectively on
(G31)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) =0and T; (t) = 0

From 19 to 28 it results

G, (t) = Gioe[_ fot{(az{)(s)‘(af')(s)(Tze(5(28))'5(28))}‘15(28)] >0

T, (t) > TP > 0 fort>0

Definition of ((M5)®),, ((M26)®), and (M,5)®), :

Remark 3: if G,g is bounded, the same property have also G,q and G;, . indeed if
Gy < (Mye)® it follows d:% < (M5)®), — (a39)®) G, and by integrating
Gyo < ((ﬁzs)(s))z = G3o + 2(“29)(5)((’Mzs)(s))l/(aé'a)(s)

In the same way , one can obtain
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Gz < ((/Mzs)(s))3 = G3o + 2(“30)(5)((7\7[28)(5))2/(51'30)(5)

If G,4 or G5, is bounded, the same property follows for G,g, G3, and G,g, G,o respectively.
Remark 4: If G,5 is bounded, from below, the same property holds for G, and G, . The proof is
analogous with the preceding one. An analogous property is true if G4 is bounded from below.

Remark 5: If T,g is bounded from below and lim,_,., ((b;")® ((G31)(t),t)) = (b5e)® then T,y — o.

Definition of (m)® and & :
Indeed let t5 be so that for t >t
(b29)® = (b)Y ® ((G31) (), 1) < &5, Tzg () > (M)®

Then 22 > (a,5)®) (m)® — £5T,o which leads to 222

) (m)(5)
Tyq = (w) (1 —e~5st) + Toe st If we take t such that e ™55t = § it results

5

& (m)(®

Ty = (M) t= logsi By taking now &5 sufficiently small one sees that T,q is unbounded.
5
The same property holds for Tsq if lim,_,, (b36)® ((G51)(¢), t) = (b3e)®
We now state a more precise theorem about the behaviors at infinity of the solutions ANALOGOUS
inequalities hold also for Gss, G4, T52, T3z, Tas
@)®  © 223

It is now sufficient to take < 1 and to choose

(M32)(®) 7 (M37)(®)
(P;,)® and (Q5, )© large to have
(P32 )(6)+G?

NON _ —<7o> .
(a) (Ps)©® + (( Py, )© + Gjo)e € < (P3,)®

(M33)(®

[ _( (Q32 )(6)+T?>
((Q32)®@ +TP)e T 4 (052)@ < (032)©@

)
(M32)(®)

In order that the operator A transforms the space of sextuples of functions G; , T; into itself

The operator A(® is a contraction with respect to the metric

d (((629)®, (T3)D), (G, (T:))) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’32)(6)t,max |Ti(1)(t) — Ti(z) (t)|e_("732)(6)t}
i tER4 tER4

Indeed if we denote

Definition of (Gss), (Tss) :  ( (Gas), (T5) ) = A ((Gss), (T3s))

It results
~(1 ~(2 t 1 2 () (6 M=) (6
|G§2) _ Gi( )| < fo (as,)® |G3(3) _ 63(3)|e (M32)"5(32) o (M32)"”5(32) ds(sz) +
[y (@) @163 — 62 ]em M2 Vsme (s Vst
(@) O (T, 532) |63 — 62 |e M52 V2 (M52 Vs62) .

” 17 — (M=) (&) Was)(6)
G§§)|(a32)(6)(T3(;),3(32)) _ (a32)(6)(T3(32),s(32))| e~ (M32)"”s(32) [1(M32) SG2}ds (39
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Where s (3, represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|(G35)® = (G35)@]e~Ms2t37 <

@ (@)@ + (@)@ + (A5)@ + (P) @ (Rs)@)d (((635) D, (T3)D; (G35)P, (1)) )
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a4,)® and (b3,)©® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition
necessary to prove the uniqueness of the solution bounded by ( Ps,)©e M2t gnd (Qs,)©@ (M)t
respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a;)® and (b;")®, i = 32,33,34 depend only on T;; and respectively on
(G35)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) = 0and T; (t) =0 224
From 69 to 32 it results

G; (t) > Gioe[_f(]t{(ag)(e)_(agl)(e)(T33(5(32))‘5(32))}d5(32)] >0

T, (£) = TPe-®DD) > 0 fort>0

Definition of ((M5,)®),, ((M32) @), and (M5,)®), :

Remark 3: if G, is bounded, the same property have also Gs3 and Gs, . indeed if
Gz, < (M3,)® it follows d:% < ((M35)®), = (a33)®G3; and by integrating

G33 < ((ﬁ32)(6))2 = G35 + 2(“33)(6)((T432)(6))1/(a53)(6)

In the same way , one can obtain

G3g < ((/Msz)(é))s. = G3y + 2(a34)(6)((7\7’32)(6))2/(‘1’34)(6)

If G35 or G, is bounded, the same property follows for G;,, G5, and G5, , G5 respectively.

Remark 4: If G;, is bounded, from below, the same property holds for Gs; and G5, . The proof is
analogous with the preceding one. An analogous property is true if G55 is bounded from below.

Remark 5: If T, is bounded from below and lim,_,. ((b;")® ((G35)(t),t)) = (b33)® then Ty; — oo.
Definition of (m)© and & :

Indeed let t, be so that for t > t,

(b33)® = (b )O((G35) (D), 1) < 6, T3z (£) > (M)©

Then d?: > (a33)®(mM)® — g,T,; which leads to

(a33)©(m)©®

€6

T35 = ( )(1 —e~%") + The %! If we take t such that e~%st = % it results

(6) () (6)
T35 = (w) t= log;—6 By taking now ¢4 sufficiently small one sees that T;5 is unbounded.

The same property holds for Ty, if lim,_,,, (b5,)© ((Gs5)(t), t(£), ) = (b44)®
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We now state a more precise theorem about the behaviors at infinity of the solutions

Behavior of the solutions 225

Theorem 2: If we denote and define

Definition of (0,)®, (6,)®, (1)), (t,)V :

)P, (6,)P, ()W, (7))@ four constants satisfying

—(0)® < —(a13)W + (ai) W — (a15) P (T14, ) + (1) P (T4, 1) < —(0)®

— (@)™ < =(bi)® + (b1) P ~ (b15) PG, 1) — (b (G, 0) < —(z)W
Definition of (v;)@, (v,)®, (u))@, (up) D, v®, 4D :

By (v,))® >0, (v,)™ < 0 and respectively (u,)® > 0, (u,)™ < 0 the roots of  the equations
(@) PEO) + @)DV — (01)® = 0and (51D (UD)” + (@) PuD — (b)) = 0
Definition of (v,)@,, (7,)®, (i1,)®, (1)@ :

By (v))® >0, (#,)® < 0 and respectively (ii,)® >0, (i1,)® < 0 the roots of the equations
(aﬂ)m(vm)z + (0)Pv® — (a,;)® = 0 and (b14)(1)(u(1))2 + (1) Du® — (b)) = 0
Definition of (m)®, (my)®, (1)@, (u)®, (Vo)™ :-

If we define (m))@, (m,)®, (u)®, (u,)® by
(mz)(l) = (Vo)(l)’ (ml)(l) = (Vl)(l)' if (Vo)(l) < (Vl)(l)
(mz)(l) = (Vl)(l)' (ml)(l) = (‘71)(1) Jif (Vl)(l) < (Vo)(l) < (171)(1);

0
and |(vy)® = %
14

(mz)(l) = (V1)(1)' (m1)(1) = (Vo)(l)» if (171)(1) < (Vo)(l)
and analogously
(1) = W)W, ()™ = W)@, if )™ < ()™
()™ = @)@, ()™ = @)W, if w)® < )™ < @)™,

0
and | (ug)™® = %
14

(12)® = )@, @) ® = ()W, if @)™ < (ue)™® where (u)®, (@)™
are defined by 59 and 61 respectively

Then the solution satisfies the inequalities

Gl DP-0™) < G4(6) < Gy

where (p,)™ is defined by equation 25

1
(m)®

®_ 1) 1 (1)
Ge(ED -1t < 6, () < )@ GPae Tt

(a15) D6y SO (py)® —(s,)D 0 —(59®
T PG D) [0 — = |4 e < Gus(0) <

(a15)(1)6{)3
m)D((5)D=(a]5)D)

[eGDWE _ =@Mt 1 G0 e=(ai) Dty

The "Mt < Ty (1) < The (R W+ e
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(11 )<1) T%e®DWt < T (¢) S H)® (1) T e(R) D+ M)t

bq5)D @ —(p! @D —(p! D
(#1)<1>E(;i’;m?&s)m) [e(Rl) RETRC t] + The~®197 < Ty5(6) <

(a15) D1y [ (ROD+r13)D)e _ —(Rz)(l)f] 0 g—(R)Me
G2 D((R)D+(rm) D+ (R D) [€ ! ! € +Tise

Definition of (5))W, (S,)®, (R)W, (R,)W:-
Where (S)® = (a;3)® (m;)™ — (aj3)™
(52)(1) = (a15)(1) - (P15)(1)
(R)W = (b13) P ()™ — (b15)™
(R)W = (bi5) ™ — (r5)™

Behavior of the solutions

_If we denote and define

Definition of (6,)®,(6,)®, (t))?, (1)@ : 226
61)®,(0,)@, (1))@, (1,)® four constants satisfying

—(02)® < =(a16)® + (a1))® = (a1) @ (T, 1) + (@) P (Ty7, ) < —(0)®
(1) < =(b16)® + (bi)P = (b15) P ((G1o), t) = (b17) P ((G1o),t) < (1))@
Definition of (v;)®, (v,)®, (1)@, (uy)® :

By (v{)® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots

(e) of the equations (a,,)@(v®)* + (6,)Pv® — (4;)@ = 0

and (b)) @ (u®)” + (1) Pu® — (by)® = 0 and

Definition of (7)®,, (7))@, (@)@, (1)@ :

By (1)@ >0, (v,)® < 0and respectively (&;)® >0, (i1,)® < 0 the

roots of the equations (a,,)® (1/(2))2 + (0)Pv® — ()P =0

and (by,)@(u®)” + (1,)Pu® — (by;e)® = 0

Definition of (m,)®,(m,)® , (u))?, (uy)® :-

(f) If we define (m)@, ()@, (u)®, (1)@ by

(mz)(z) = (Vo)(z)' (m1)(2) = (Vl)(z): if (Vo)(z) < (Vl)(Z)

(my)@ = (v))®, (Mm@ = )P ,if V)P < (V)? < (1)@,

0
and |(vo)® = %

(mz)(z) = (V1)(2)’(m1)(2) = (Vo)(z)' if (171)(2) < (Vo)(z)

and analogously

(12)® = )@, (u)® = ()@, if (u)® < (u)®

(12)® = W)@, (u)® = @)@, if w)® < We)® < @)@,

and | (u)® = T“
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(12)® = @)®, @)@ = We)?, if (@)® < (ue)®

Then the solution of 19,20,21,22,23 and 24 satisfies the inequalities
G eGP =010t < 6 (1) < GO eVt

(p-)<2> is defined by equation IN THE FOREGOING

G169((51)(2) (ple')(Z))t <G 7(t) < G16 (Sl)(Z)t

(m )(2) (2)

(a18)PG? @_ @ (5@ (5@
((m1)<2>((soé?—(pl;)s(ﬁ—(sz)<2>) [e((51) i) — e t]+G?8e CIT < Gig(0) <

(a15) 26} )@t _ —(ale) @t 0 —(a )@t
(mz)(Z)((Sl)(Z)_l(Z’m)(z)) [eGV™E — e~(@18)7] 4 GPge™(@18) L)

TOe®DPt < T, (¢) < TOe(ROP+(10P)e |

(1 )(2) — o The®Pt < Ty (1) S (2) foe(R0 @10
(b19)P'T} RO@t _ 0l @t] & 10 o ble) Pt
oy [ — O 4 Thhe I < Tyg(1) <
(a10) DT ROP+r10@)e _ o-R)Pe]| 4 0 o~(R) Pt
(ﬂZ)(Z)((Rl)(2)+(T16)(2)+(R2)(2)) e( 1 16 ) —e 2 ] + T18e 2

Definition of ($,)®, (S,)®, (R))@, (R,)?:-
Where (S)® = (@:0)@(m)® — (a1)®
(Sz)(z) = (als)(Z) - (p18)(2)
(Rl)(Z) = (bls)(z)(ﬂz)(l) - (bie)(z)
(Rz)(z) = (bis)(z) - (7'18)(2)

Behavior of the solutions 227

Theorem 2: If we denote and define
Definition of (6,)®, (6,)®, (1))@, (7,)® :
)@, (6,)®, (t))®, (7,)® four constants satisfying
—(0)® < —=(a50)® + (23)® = ()@ (T2, 1) + (a5) P (T, 1) < ()@
—(1)® < =(b30)® + (b3)® = (b30)P (G, 1) = (bF)P((G3),t) < = (1)@
Definition of (v;)®, (v,)®, (u)®, (ux)® :
By (v))® >0, ,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@)@ (V@) + (@)@ = (2,0)® =0
and (b)) u®)’ + (1) Pu® — (by)® = 0and
By (v,)® > 0, (#,)® < 0and respectively (i1,)® > 0, (i1,)® < 0 the
roots of the equations (aZI)(3)(V(3))2 + (0,)Pv® — (a,0)® =0
and (b,))@(u®)” + (1) Pu® — (b,0)® = 0
Definition of (m;)®,(m,)®, (u)®, (uy)® :-
If we define (my)®, (m)®, (1)@, (W)@ by
(mz)(3) = (Vo)(3)’ (m1)(3) = (Vl)(3)' if (Vo)(3) < (Vl)(3)
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(my)® = (1), (M)N® = NP, if V)P < V)P < [T,

GO
and |(vy)® = R
21

(mz)(3) = (V1)(3)' (m1)(3) = (Vo)(3): if (‘71)(3) < (Vo)(s)
and analogously

(#2)(3) = (uo)(3)’(#1)(3) = (ul)(B)v if (uo)(g) < (ul)(B)

_ . _ T
12)® = W)®, (1)® = @)@, if w)® < (we)® < (@)®, and|(ue)® = %

(12)® = @)@, (@W)® = W)@, if @) < we)®
Then the solution of 19,20,21,22,23 and 24 satisfies the inequalities

GLe (DP9t < 6, (¢) < 6I,eV®t
(pi)(3) is defined by equation IN THE FOREGOING

62,e(EDP-w20) < G, (1) <Soo® Goyee

(m )(3) (3)

(a22)®6) 3 (p, 1)@ —(s)3 0 (5@t
oG ey [P = e |4 68,0760 < Gp(0) <

(a )(3)(;0 3) NG —(al 3
Oy e —eT @ T + Gapem() T

TZOOe(R1)(3)t < Tzo(t) < Tzooe((Rl)(3)+(r20)(3))t ‘

@ ®) ®
o )(3) T2 e®RDPt < ) < )(3) ((Rl) +(r20)®)t
(b22)®TS 3) EPWING @)
(”1)(3)((;i)(”—z((;?éz)@)) [e(Rl) t _ o—(bzz) t] +Te (b22)Pt < T,,(t) <

(a22) D1y [((Rl)(3)+(rzo)(3))t_ —(R2><3)t] GRS
12) D ((R)P+(120) P +(R2) ) € ¢ + Toze

Definition of (5,)®, (5,)®, (R,)®, (R,)®:-
Where (5)® = (az0)® (m;)® — (a30)®
(52)(3) = (azz)(3) - (Pzz)m
(RDD = (b30)® (1)@ = (b30)®
(Rz)(3) = (béz)(s) - (7’22)(3)

Behavior of the solutions 228

Theorem 2: If we denote and define

Definition of (6,)®, (6,)®, (1))@, (1,)® :

()@, (6)®, (1)@, (1)@ four constants satisfying

—(0)® < —=(a3)™® + (a35)® = (a3) P (T2s, ) + (a35) P (Tys,t) < —(a)@

()™ < =(b3)™ + (b35)® = (b)) P ((G27),t) — (35) P ((G27), t) < — (7)™

Definition of (v;)®, (v,)®, (u)®, (uy) @, v™®, u® :

By (vi)¥ >0, ,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations

2
(azs)(4)(V(4)) + (01)(4)‘/(4) - (a24)(4) =0
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and (bys)® (u®)” + (1) @u® — (b,,)® = 0and
Definition of (#,)®,, (#,)®, (71,)®, (7i,)® :
By (v))® > 0, (#,)® < 0 and respectively (&i,)® >0, (i1,)® < 0 the
roots of the equations (a,s)® (v(4))2 + (0,)Pv® — (a,,)® =0
and (bys)@(u®)” + (1) Pu® — (b)) = 0
Definition of (m,)®, (m)®, (u)®, (u)®, (v))™® :-
(f) If we define (m;)®, ()@, ()@, (u)® by
(m)® = )@, (m)® = W)W, if (V)@ < ()@
(m)® = ()@, (m)® = @)D, if (v)® < (v)® < (1)@,

and |(ve)® = %
25

(m)® = W)@, (m)® = W)@, if )P < ()™
and analogously
(12)® = )@, ()™ = (W)@, if (ue)® < (u)™®
()™ = @)@, ()@ = @)™, if w)® < @)™ < @)™,

0
and | (u)@ = %
25

(ﬂz)m = (ul)(4)' (#1)(4) = (uo)(4)r if (771)(4) < (uo)(4) where (ul)(4)t (771)(4)

are defined respectively
Then the solution satisfies the inequalities
GLe(EDW -0t < 6, (¢) < GL,eD™

where (p,)™ is defined by equation IN THE FOREGOING:

6o,e(DW-w20") < G (1) =

5,)@)
w S 024 et

)(4)

( (a26) 62, [e((51)(4)—(1124)(4))f — e—(Sz)(4)f ] + 6363—(52)(4)t < Gye(t) <

Mm)B ()W -(p22) P -(52)®)

(a )(4)60 5@ (!l \(4) 0 —(ah )@
P (el ) [P0 — e W] 4 Gfemi

|T204e(R1)(4)t S Tou(t) < T204e((R1)(4)+(724)(4))t ‘

R)®t RH@ @)
o )(4) ’]‘24 e(R1) < Tyu(t) < )(4) (( W +(20)W)
(b26) VT3, RO@t _ —bh) @t 0 (L)@
@ (R Db ®) [e( VT — em(b20) ] + Toee™ P20 < Tye(t) <
(a26) W15, e((Rl)(4)+(Tz4)(4))t _ e—(Rz)(4)t] + Tzoee—(Rz)(4)t

(U2) D (R D +(120) D +(Ry) @)
Definition of (5,)™, (5,)®, (R)®, (R,)®:-
Where (S)® = (ay,)® (m,)® — (ab)@
(52)(4) = (aze)(4) - (Pza)m
(R1)(4) — (b24)(4)(#2)(4) _ (b§4)(4)
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(Rz)(4) = (bée)m - (7”26)(4)
Behavior of the solutions 229

Theorem 2: If we denote and define
Definition of (6,)®,(6,)®, (1))®, (t,)®:
(@ (06)®,(0)®, (t))®, (r,)® four constants satisfying
—(0,)® < —(a}e)® + (ahe)® — (a%p)® (Tr0, 1) + (a5e)® (Tr9, 1) < —(07)®
—(12)® < =(b35)® + (b30)® = (b7) P ((G31), t) = (b39) P ((Gs1), ) < —(2)®
Definition of (v;)®, (v,)®, (u))®, (up)®,v®, u® :
(h) By (1,)® >0, (v,)® < 0 and respectively (u,)® > 0, (u,)® < 0 the roots of the
equations (a;6)® (V™) + (6,) v — (a5g)® = 0
and (b,0)® (u®)” + (1) OuU® — (bye)® = 0and
Definition of (7))®,, (1), (@)™, (@)™ :

By (1,)® > 0, (#,)® < 0and respectively (i1;)® >0, (1,)® < 0 the

roots of the equations (a,q)® (v(s))2 + (0)Pv® — (a)® =0

and (by0)®U®)” + (1)OU® — (bye)® = 0
Definition of (m,)®, (m»)®, (u)®, (), (v)® :-
(i) If we define (my)®, (my)®, (1), (W)™ by

(m)® = ()™, (m)® = (W), if W) < (W)

_ , _ G3
m)® = @)@, m)® = @D, if 7))@ < )@ <), and |(v)® =

(mz)(s) = (V1)(5)' (m1)(5) = (Vo)(s): if (‘71)(5) < (Vo)(s)
and analogously

(12)® = ()@, (u)® = W)®, if we)® < (u)®

— , _ TS
#)® = @)®, @)@ = @)@ if @)® < )@ < @)@, and|(we)® =72

(1) = @)@, )P = W), if @) < (u6)® where (uy)®, (@) are defined by
respectively
Then the solution satisfies the inequalities

G356 (V@20 D) < G (1) < (et

where (p;)® is defined by equation IN THE FOREGOING

1

WGSBQ((SI)(S)_(pZS)(S))t < Gyot) < (;Ggse(&)(s)f

my) )

(a30)963s (51 =(28)Nt —(5)®)¢ 0 ,—(5)®t
MmO (0O~ P () (0@ — om0 |4 e < Gy (0) <

(a30) 63 DOt _ ,—(aho)®t 0 ,—(ab)®t
gy [ = e 4+ Ghoenteh

Toe®®t < T (1) < T e(ROP+020) ) \
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1 (5) 1 - ©
(u)® Tzose(Rl) F<Th(t) < WTzoge((Rﬂ +(r28) )t

(b30)(5)T2°3
(1) (RO -(b5)®)

[e(R1)(5)f — e—(béo)(S)t] + Tsooe_(bé")(S)t S Tao(t) <

(a30) gy [(<R YDt (r2) )t _ —(Rz)(s)f] 0 o=(R)®t
2O (RO +(r20) D+ (R ) 1€ ! € + Tsoe

Definition of (5,)®, (5,)®, (R)®, (R,)®:-
Where (5)® = (a,9)®(m,)® — (a3e)®
(52)(5) = (a30)(5) - (p30)(5)
(R)® = (b28)® (12)® — (b35)®
(R)® = (b30)® — (r39)®
Behavior of the solutions 230

Theorem 2: If we denote and define
Definition of (6,)®, (6,)®, (1))@, (1,)© :
) ()@, (0)®, (1))@, (,)® four constants satisfying
_(02)(6) < _(aéz)(ﬁ) + (a§3)(6) - (aé’z)(G)(T33,t) + (‘1’3'3)(6)(7133 1) < _(51)(6)
—(12)® < —(b5,)© + (b33)® — (b5)©((G35), 1) — (b55) O ((G35), ) < — (1)@
Definition of (v;)©, (v,)®, (u)®, (up)®,v®,u® :
(k) By (1)® >0, (v,)® < 0 and respectively (u,)® > 0, (u,)© < 0 the roots of the
equations (az3)®@(v®)” + (6,)©v® — (a;,)® =0
and (b33) @ (u®)” + (1) ©u® — (b5,)© = 0and
Definition of (7,)@,, (7,)®, (i1,))®, (1,)©® :

By (v))® > 0, (#,)® < 0 and respectively (7i;)® >0, (i1,)©® < 0 the

roots of the equations (as3)® (1/(6))2 + (0,)Ov® — (a3,)©® =0

and (b3)©(u®)” + (1) @u® — (b3,)® = 0
Definition of (m,)©, (m,)®, ()@, (u)®, (v)® :-
M If we define (m;)(©, ()@, (1)@, (u2)© by

(mz)(s) = (Vo)(s)’ (ml)(é) = (V1)(6): if (Vo)(ﬁ) < (V1)(6)

_ , _ 63
()@ = )@, ()@ = T, if @)@ < 1)@ < N, and | © = Z

(mz)(G) = (V1)(6)' (m1)(6) = (Vo)(é): if (‘71)(6) < (Vo)(ﬁ)
and analogously

(ﬂz)(G) = (uo)(G)’ (#1)(6) = (ul)(G)' if (uo)(G) < (u1)(6)

_ , _ Ty,
(1)@ = @)@, (1)@ = @)@, if W)® < (W)@ < (@)@, and|(ue)® = é

(1) = W)@, (1)@ = (ue) @, if (@)@ < (up)® where (uy)®, (;)®are defined
respectively

Then the solution satisfies the inequalities
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Goze((sl)(s)_(p”)(s))t < Gyp(t) < G??Ze(sl)(ﬁ)t

where (p;)© is defined by equation IN THE FOREGOING

1
(m)®

nge((sl)(ﬁ)_(p“)(é))t < Gs3(t) < G3,e eVt

(6)

(a34) 63, [ (0@ -32) @)t _ o=(5)©t ] 0 p—(52)©t
+ < <
((m1)(6)((51)(6)—(Psz)(6)—(52)(6)) er € Gase < Gaa(0) <

(a30)963, [ sD®t _ —(a} )(G)t] 0 ,—(a} )(6)t)
(mz)(ﬁ)((Sl)(ﬁ)—(ag4)(6)) e e * + G34e 4

|T302e(R1)(6)f < Ty, (t) < TS, e(RD O+ @)t |

O © )
i )(6) Te R < Toy (1) < (6) T3e e(R)+(r32) )t
(b39) 12 R)©)¢ —i)®¢ 0 ,—(bh)©t
(ul)(s)((Rl)(ﬁ)_3(§,§4)(s)) e( v —e b34) ] + T34e (b34) < T34(t) <
(a3)©1, (R1)©®)+(132) )¢ —(R)®)¢t 0 ,—(Ry)©®¢
2O ((RD©+(r52) @+ (R)®) [e( D) - e ] + T3

Definition of (5,)®, (5,)®, (R))®, (R)®:-
Where (5,)© = (a3,)© (m;)© — (a3,)®
(52)(6) = (a34)(6) - (P34)(6)
(Rl)(s) = (b32)(6)(/,42)(6) — (béz)(ﬁ)
(R)® = (b3) = (13)©
Proof : From GLOBAL EQUATIONS we obtain 231

dv(l)

= (@) = (@) = @) + (@)D (T10,0) = (@)D (Tr0, VD = (a3) Py

Definition of vV :- y@ = f13
G1a

It follows

((a )(1)(V(1)) + (o, )(1)v(1) — (a4 )(1)) <
From which one obtains
Definition of (v,)W, (vo)® :-

dv(l)

s - ((a14)(1)(v(1))2 + (a)v® — (a13)(1))

@  For0<|)® =Ll< 1)@ < (7))@
v (t) 2 (Vl)(1)+(C)(1)(Vz)(1)8[_(a14)(1)((v1)(1)_(V0)(1))t] ©® = 0=
- 1+(C)(1)e[—(a14)(1)((V1)(1)—(vo)(1))t] ' o) D—(v @

it follows (vo)® < v (1) < (v,) P

In the same manner , we get

ey ®) < (71)(1)+(5)(1)(72)(1)8[—(a14)(1)((71)(1)—@2)(1)) t] (6)(1) _ @)D= (v)®
- 1 +(C—)(1)e[—(a14)(1)(m)(1)—(vz)(ﬂ) t] ' o) D —(wy)®
From which we deduce (v,)® < v(l)(t) < (7,)®
b If 0<(v))® < ()P = < v,)@® we find like in the previous case,
1 p
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D+ D ()Wl - @D (@DD-2) ) ]

™ < < 4y <
(va) 140 el @D (DD -0 W) s v <
a1 D (@)D -y @
T D+ D @)D~ @D (EDD-2)D) < )W
i - O(wH D@, ® = \1
14(@)Wel~ @D D- D) ]
(c) If 0< ()P < @)D <) = G“ , We obtain

(71)(1)+(f)(1)(vz)(l)e[—(alz})(l)((71)(1)—(72)(1)) t]

D <« @ <
(VI) SV (t) = 1+(5)(1)e[—(a14)(1)((Vl)(l)—(vz)(l)) t]

< (v)®

And so with the notation of the first part of condition (c) , we have

Definition of v (¢t) :-

(mz)(l) < V(l)(t) < (ml)(l): V(l)(t) — G13(t)
G14(1)

In a completely analogous way, we obtain
Definition of u®(t) :-

Ty3(t)
(Hz)(l) < u(l)(t) < (/11)(1), u(l)( t) = T13(t)
14

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :If (a}5)® = (a},)®, then (6,)® = (0,)® and in this case (v))® = (¥,)D ifin
addition (vo)® = (v,)® then v (t) = (v4)™ and as a consequence G,5(t) = (vo) Gy, (t) this also
defines (v,)™ for the special case

Analogously if (bj5)® = (b),)D, then (t,)® = (1,)® and then

(u)® = (@) PVif in addition (ug)® = (u;)® then Ty5(t) = (ug) P Ty, (t) This is an important
consequence of the relation between (v;)™® and (v,)®, and definition of (uy)™®.

Proof : From GLOBAL EQUATIONS we obtain 232

dv( )

= (16 )(2) - ((a )(2) — (g )(2) + (a1 )(2)(T17: t)) - (a£'7)(2)(T17,t)v(2) - (a17)(2)V(2)

Definition of v® :- @ = G1e
G17

It follows

V@

(@A@Y + @)V ~ (@)?) < %= < = (@@ @) + @)V ~ (@)@)

From which one obtains

Definition of (v,)®, (v,)@ :-

0
@  Foro<(v)® =35 < (v)® < (7))@
17

1)@ +(0) @ vy @Dl @N P (D@0 @)
140 @ el @@ (0DP-00) @) ]

©® = v)@P-wx)@

@)
V() = o) @D =)@

it follows (vo)® < v®@(t) < (v)@®

In the same manner , we get
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e ®) < (vl)(z)+(C)(z)(vz)(z)e[-(a17)(2>((vl)(2)-(vz)(2>) t] ((_:)(2) _ M
- 1+(C)(2)e[-(a17)(2)((ﬂ)(z)-(vz)(z)) t] ' )@ -(T)®@
From which we deduce (vo)® <v@(t) < (7,)®
0
(e) If 0< (V)® < (v))® = % < (1)@ we find like in the previous case,
17
@ - @ +(©O@ ()@ el @D (DP-02@) ] -
(Vl) < ©) @ @ < v (t) <
140 @ el @@ (D@ -2 @) ]
_ a1 @)@ — )@
@+ @Dy @el @D TP ®)d e
1+(©@el @@ (DD -m2) @) ] -
0
() If 0< ()@ < (@)@ < (v)@ =2, we obtain
17

@)D+ D@y @l @D (P -2 @) ]

2 <« @ <
(V) = viIE(e) < 1+ @ el @D (D@ -2 @) {]

< (Vo)(z)

And so with the notation of the first part of condition (c) , we have
Definition of v®(¢t) :-

(mz)(z) < V(Z)(t) < (ml)(z), V(Z)(t) _ G16®
Gy7(t)

In a completely analogous way, we obtain
Definition of u®(¢) :-

(‘UZ)(Z) < u(Z)(t) < (ﬂl)(z)’ u(z)(t) — T16(t)
T17(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (as)@ = (ai;,)@, then (6,)® = (0,)® and in this case (v;)® = (¥,)@ if in addition (vy)® =

(v))® then v@ (t) = (v,)® and as a consequence G;4(t) = (Vo) PGy, (t)

Analogously if (bj5)® = (b}5)@, then (1;)® = (1,)® and then

(u)® = () @if in addition (ug)® = (u;)® then Ty4(t) = (ug) @ Ty, (t) This is an important
consequence of the relation between (v;)® and (v,)®

Proof : From GLOBAL EQUATIONS we obtain 233

av® , , ., .,
= (@0)® — (@)@ = (@) + (@) (T, D) = (@) Ty, OV = (a1) v
Definition of v® :- y® = G20
Ga1
It follows

av®
dt

B ((a21)(3)(v(3))2 + (o) v — (azo)(3)) <

From which one obtains

s - ((a21)(3)(v(3))2 + () OV — (azo)(3))

G _
For0 < (vy)® = G—z;l’ <)® < @)®
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v () = WO+ OOy @el @D (eDD-00 @) ©)® = v)®-w®
- 140 @ el @@ (0DE-00) @) ] ’ )P -()®
it follows (vo)® < v®(t) < (v)®
In the same manner , we get
. )@ (@)D =@
v® (1) < TP+ @)Dl ~@2D (0O -0D) ] ©)® = P —(vg)®
B 140 @l @D®(ED-2@)) ’ () ®-)®

Definition of (,)® :-

From which we deduce (vy)® < v®(t) < (1,)®
0

If 0<(v)® < (v))® = % < (1,)® we find like in the previous case,
21

)P+ ()Pl - @2 (DP-2)P) ]
1+(C)(3)e[—(az1)(3)((1’1)(3)—(1/2)(3)) t]

v)® < < v®@) <

(pl)(z») +(O® (Vz)(3)e [—(a21)(3) ((71)(3) -(fz)(3)) f]
1+ (@@l "@D@(EDE-m2)@)

< (@)@

0
If 0<()® < @)® < )® = % , we obtain

(vl)(s)+(C—)(3)(Vz)(s)e[—(a21)(3)((vl)(3)—(vz)(3)) ¢]

(3)
V. < ()<
V1) (®) 1+(5)(3)6[—(az1)(3)((51)(3)—(172)(3)) t]

=< (Vo)(S)

And so with the notation of the first part of condition (c) , we have
Definition of v®(¢) :-

(mz)(3) < V(B)(t) < (ml)(3), V(3)(t) _ G20(®)
G21(t)

In a completely analogous way, we obtain
Definition of u®(t) :-

1) < u®@ < (W), |10 =23
T21(t)

Now, using this result and replacing it in GLOBAL EQUATIONMS we get easily the result stated in the
theorem.

Particular case :

If (ayy)® = (ay))®, then (6,)® = (0,)® and in this case (v;)® = (#,)® if in addition (v))® =

(v1)® then v® (1) = (v4)® and as a consequence G, (t) = (V)@ G,1 (1)

Analogously if (b5,)® = (b5)®, then (1,)® = (1,)® and then

(u))® = (@1, @if in addition (1y)® = (u;)® then Ty, (t) = (ux)® Ty, (t) This is an important
consequence of the relation between (v;)® and (v,)®

Proof : From GLOBAL EQUATIONS we obtain 234

dv(® , "
Pr (az)® — ((az4)(4) — (ahs)® + (ah) @ (Tys, t)) — (a45) @ (Tys, VP — (a,5) Pv®
Definition of v® :- p@® = G2e
Gzs
It follows
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2 dv® 2
~ (@)@ (V)" + (0)v® = (4;0)®) < 2= < = (@) P (V®)” + @)DV ® = (a,0)®)

From which one obtains
Definition of ()@, (vy)® :-

G _
(d) For 0 <|(vp)® = ﬁ < ()W < @)W
() D) D ()@
@ (t) > (V1)(4)+(C)(4)(vz)(4)e[ (azs) ((v1) o) )t] (C)(4) _ W@ —(vy)@
= 4+(C)(4)e[_(azs)(4)((vl)(4)_(v0)(4)) t] ) (Vo) @ —(v)®
it follows (vo)® < v®(t) < (v)@®
In the same manner , we get
@ ®) < (Vl)(4)+(f)(4)(v2)(4)e[‘(az5)(4)((?1)(4)—@2)(4)) t] (f)(4) _ )@ (ve)@
= 4+(®(4)e[—(azs)(‘l')((ﬂl)(‘l-)_(vz)(‘l-)) t] ' (Vo)(zl-)_(vz)(‘l-)
From which we deduce (vo)® <v®(t) < (7))@
0
(e) If 0< ()@ < (V)@ = % < (1,)™® we find like in the previous case,
25
) ® (v ® —(vg) @) £
() < O egelia o e )
1+ @@ P(0DW-w2) W) ]
. ~(4) = —(azs) B (@)@ @) @) ¢
TP+ QD @el e (Vl_ ) < ()@
1+(O@Wel@P(EDP-2®)
0
(f) If 0.< ()@ < (@)@ <|(v))® = 22| , we obtain
25

TDD+OD @) Del~@29D (0 ®-0)?) ]
1+ (@@ el @B (DD -T2 ®) ]

v)® < v®() < < (V)™

And so with the notation of the first part of condition (c) , we have

Definition of v®(¢t) :-

(m)® < v® (1) < (m)@, [v® () = 2L
Gzs(t)

In a completely analogous way, we obtain

Definition of u™®(¢) :-

1) < uP () < W)@, | @@ =23
Tp5(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.
Particular case :
If (ay)® = (ays)™@, then (6,)® = (0,)® and in this case (v;)® = (#,)@ if in addition (vy)® =
(v))W then v (1) = (v,)™® and as a consequence G,4(t) = (Vo)™ G,s(t) this also defines (v,)®
for the special case.
Analogously if (by,)® = (bys)®, then ()@ = (1,)™® and then

(u))™@ = (i1,) @if in addition (uy)® = (u)® then T,,(t) = (ue) @ T,5(t) This is an important

consequence of the relation between (v;)® and (¥,)®, and definition of (u,)®.
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Proof : From GLOBAL EQUATIONS we obtain 235
av(®

a (‘128)(5) - ((aés)(s) - (alzg)(s) + (alzls)(s) (Tz9, t)) - (aélg)(s)(Tzq, t)V(S) - (azq)(s)v(s)

Definition of v(® :- y® = Gz8
G29

It follows

2 av(® 2
- ((a29)(5)(v(5)) + (02)(5)V(5) - (azs)(s)) < :;t < - ((a29)(5)(v(5)) + (01)(5)1/(5) - (azs)(s))

From which one obtains
Definition of (¥,)®, (vy)® :-

G _
) For 0 <|(vp)® = GLQZ < ()@ < @)®
V(S)(t) > (V1)(5)+(C)(5)(Vz)(s)e[_(azg)(5)((v1)(5)_(V0)(5)) f (C)(S) O ®
T s o®@P(0n®-00®) ! — 00®-w)®
it follows (vo)® < v®(t) < (v))®
In the same manner , we get
v (¢) < (vl)(S)+(c‘)(s)(vz)<s)e[—(azg)(s)((v1)(5)_(vz)(5))t] &) = 1) O —(vg)®
= 5+(C_)(S)e[_(azg)(s)((vl)(s)_(vz)(s)) t] ' T )OO -7)®

From which we deduce (vo)® < v®(t) < (75)®
0
(h) If 0< (V)® < (v)® = % < (7,)® we find like in the previous case,
29

O+ (v D~ @2 P (DO -02)P) ]
1+(C)(5)e[—(azg)(S)((vl)(s)—(vz)(5)) f]

v)® < < vO() <

@O+ @)Dl @2 (-2 P) ]
1+(0)® el @2 O(FDE-2®) ]

< [@)®

0
(i) If 0.< (1)@ < (7)® <|(v))® =22 , we obtain
29

@O+ @)Dl @@ -w2)) ]
)(8) |~ (@20) (@@ - ) ]

(v)® < vO () < < (vp)®

1+(C
And so with the notation of the first part of condition (c) , we have

Definition of v®(¢) :-

(mz)(S) < V(S)(t) < (ml)(s), V(S)(t) _ G2s®)
G2o(t)

In a completely analogous way, we obtain

Definition of u®(t) :-

(#2)(5) < u(S)(t) < (/11)(5)! u(s)(t) _ T2s(®)
To9(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.
Particular case :

If (a)® = (ayy)®, then (6,)® = (0,)® and in this case (v;)® = (¥,)® if in addition (vy)® =
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(vs)® then v (1) = (v,)® and as a consequence G,g(t) = (Vo)™ G,o(t) this also defines (vy)®
for the special case .
Analogously if (by5)® = (by)®, then (1,)® = (1,)® and then
u)® = () ®if in addition (ug)® = (u;)® then T,g(t) = (uy) P Ty (t) This is an important
consequence of the relation between (v;)® and (v,)®, and definition of (u,)®.
Proof : From GLOBAL EQUATIONS we obtain 236

dav(® , , . )
ac (a52)"® - ((a32)(6) — (a33)® + (ay)® (Tss, t)) — (a43)© (T35, )V — (a35)@v©®
Definition of v(® :- y(6 — G2
G33
It follows

2 dav(® 2
~ (@)@ (V@) + (0)Ov©® = (43)@) < 2= < = (@) O (V@) + (@) OV ® = (a;,)®)

From which one obtains

Definition of (#,)(®, (v,)® :-

. G2 _
() For 0 <|(vg)® = 22/ < ()@ < (1)@

W) O+(0) O () @l @39 (D -0 @) 1]

_ v)®-w)®
[-(@3)® (v O-(w)©)) ] :

(6) (6) —
vO(t) > (O = o @=wp®

1+(C)®e
it follows (v)©® <v©(t) < (v,)®

In the same manner , we get

v(ﬁ)(t) < (vl)(6)+(c')(e)(72)(e)e[-(agg)(s)((ﬁ)(6)_(172)(6))t] (C')(G) _ M
a 14+(0)@el (@3 (DO -m2))) ’ v0)©-)®
From which we deduce (vo)® <v®(t) < (¥,)©®
0
(k) If 0< (v)® < (v)® = % < (1)@ we find like in the previous case,
33
© — OO @y ®@e[ @O (O-02@) o
)™ < <vO@) <
1+(0)©)el~(@3 @ (D@ -0 @) ]
OO @@ V(@ O-w )]
1+(0)©) el (@@ (FDO -T2 @) ] =)
0
0) If 0< (v)® < @)® <|(v)® =§L , we obtain

@O+ @)@l @3 (@DO -2 @) ]
14(0)©) el (@@ (T - @) ]

(v)® < vO(r) < < (v))®

And so with the notation of the first part of condition (c) , we have

Definition of v©(¢) :-

(mz)(G) < v(©) t) < (m1)(6), (6 ®) = G3o(t)
G33(t)

In a completely analogous way, we obtain
Definition of u®(t) :-
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1)@ < u®®) < @)@, |u®(0) =245
T33(8)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a4,)©® = (ajs)®, then (6,)© = (0,)® and in this case (v;)©® = (,)©@ if in addition (v,)©® =
(v1)® then v©(t) = (v,)® and as a consequence Gs,(t) = (vo)©® G35(t) this also defines (v,)©
for the special case.
Analogously if (b55)® = (b53)®, then (7,)© = (1,)© and then

(uy)® = (,)@if in addition (ug)® = (u;)® then Ts,(t) = (uy)® T35 (t) This is an important
consequence of the relation between (v,)© and (v,)®, and definition of (u,)®.
We can prove the following 237
Theorem 3: If (a])Pand (b;")™V are independent on ¢ , and the conditions

a')V(al)® - (a3)P(a,)® <0

( 13) 14 13 14

(a13)(1)(a14)(1) - (als)(l)(au)(l) + (‘113)(1) (p13)(1) + (ah)(l) (P14)(1) + (p13)(1) (p14)(1) >0
(1) P (b1)® = (b13) P (1) >0,

(b{3)(1)(b{4)(1) - (b13)(1) (b14)(1) - (bis)(l) (7’14)(1) - (b{4)(1)(7’14)(1) + (7’13)(1) (7’14)(1) <0
with (py3)®, (1)@ as defined by equation IN THE FOREGOING are satisfied , then the system

If (a]YPand (b}")® are independent on t, and the conditions (SECOND MODULE)

a, )@ )® — (a)P(a; )@ <0

( 16) 17 16 17

(@16)@(@17)® = (a160)P(@17)® + (a16) P (P16)? + (@17) P P1)P + (P16) P (p217)P > 0
(b16) P (b)) @ = (b16) P (b17)@ >0,

(bie)(z)(bb)(z) - (b16)(2)(b17)(2) - (bia)(z)(rn)(z) - (b{7)(2)(7’17)(2) + (7’16)(2)(7”17)(2) <0
with (p1s)@, (1,,)@ as defined by equation IN THE FOREGING are satisfied , then the
system(THIRD MODULE)
Theorem 3: If (a;')® and (b;")® are independent on ¢ , and the conditions 238
ay)®(ah)® — (ay0)®(a,1)® < 0

(azo)*’(az1) 20 21

(arzo)(s)(ah)(?’) - (azo)(s)(au)m + (azo)(3)(P20)(3) + (a'21)(3)(p21)(3) + (on)(g)(Pu)(g) >0
(béo)(3)(bé1)(3) — (b)) ()@ >0,

(béo)(3)(bé1)(3) - (bzo)(3)(b21)(3) - (béo)(3)(rz1)(3) - (bé1)(3)(7’21)(3) + (7”20)(3)(7”21)(3) <0
with (p,0)®, (1,1)® as defined by equation IN THE FOREGOING are satisfied , then the system
We can prove the following(FOURTH MODEULE CONSEQUENCES)
Theorem 3: If (a})* and (b]")® are independent on ¢ , and the conditions

a a —a a <

(a54) P (a25)™ = (a24)® (a5)*® < 0

(a’24)(4)(a’25)(4) - (‘124)(4) (‘125)(4) + (024)(4) (P24)(4) + (alzs)m (st)(4) + (P24)(4) (st)(4) >0
(b£4)(4)(b£5)(4) — (b)) (by5)™ >0,

(b£4)(4)(b£5)(4) - (b24)(4)(b25)(4) - (bé4)(4) (7”25)(4) - (bés)m (7”25)(4) + (7”24)(4) (7"25)(4) <0
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with (p,4)®, (,5)® as defined by equation IN THE FOREGOING are satisfied , then the system
eorem 3: If (a])®and (b;")® are independent on t , and the conditions
Th 3: If (a))®and (b}")® are independ d th ditions (FIFTH MODULE 239
CONSEQUENCES)
(a%8) ™ (a59)® — (az8)® (az0)® < 0
(a%8) ™ (a59)® — (a26)® (a20)® + (a28)® (P26) + (ah9)® (020)® + (P28) (P26) > 0
(b36)® (030)® = (bye)® (b,9)® > 0,
(bés)(s)(bét;)(s) - (bzs)(s) (b29)(5) - (bés)(s) (7”29)(5) - (b2’9)(5) (7"29)(5) + (7"28)(5) (7"29)(5) <0
with (p,5)®, (130)® as defined by equation IN THE EQUATION STATED IN THE FOREGOING
are satisfied , then the system
Theorem 3: If (a;)®and (b;")® are independent on ¢ , and the conditions 240
(a42) @ (a53)® — (a32)®(a33)®@ < 0
(@52) @ (a53)® — (@32) @ (@33)@ + (@3)@ (0320 + (@33)@ 033)© + 32)@ (033) > 0
(a52)(© (b53)® — (b3) @ (b33)© >0,
(b55) (b33) = (b32) @ (b33)® — (b5,) @ (r33) = (b33) @ (133)© + (r32) @ (132)® < 0
with (p33)®, (133)® as defined by equation IN THE FOREGOING are satisfied , then the system

(a13) D61y — [(@1)® + (@15) D (T10)]Gr3 = 0 241
(1) W 615 = [(@1) + (@)W (T14)]G1s = 0 242
(a15)PGs — [(@15)D + (a15) P (T14)]Gi5 = 0 243
(b13) DTy = [(b13) ™M = (b13)P(6) ]Tys = 0 244
(b1) PTy5 = [(b1) W = (1) P (6) ]Tys = 0 245
(by5) DTy = [(b15) ™M = (b15)P(6) ]Tys = 0 246
has a unique positive solution , which is an equilibrium solution for the system

(a16)(2)617 - [(ais)(z) + (ails)(z)(Tn)]Gm =0 247
(a17) PGy — [(ab)(z) + (a1’7)(2)(T17)]G17 =0 248
(a16)@Gy7 — [(ais)(z) + (ails)(z)(Tn)]Gm =0 249
(b16) P17 = [(b16)® — (b16) P (G19) IT16 = 0 250
(b17)PTy6 = [(b1)® = (b17)P(619) IT17 = 0 251
(b18)PTy7 — [(b1s)® — (b15) P (G19) ITrs = O 252
has a unique positive solution , which is an equilibrium solution

(azo)(s)Gm - [(aéo)(S) + (ago)(3)(Tz1)]Gzo =0 253
(@) Gz0 — [(@20® + (@) (T51)]Gz1 = 0 254
(@22)P o1 = [(a2)® + (@5) P (T51)]Gzz = 0 255
(b20) T2y = [(b30)® = (b56)P (G23) |Tz0 = 0 256
(b21)®Tz0 = [(b31)® = (531)P (G3) Ty = 0 251

(b22)PTo1 = [(032)® = (b32)P(G23) 1Tz = 0 258
has a unique positive solution , which is an equilibrium solution
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(a24) PG5 — [(a5)™® + (a5) P (T25)]Gra = O 259
(azs)(4)624 - [(alzs)@) + (aéls)(4)(T25)]st =0 260
(a26) PG5 — [(a36)™ + (az6)® (T25)]G26 = O 261
(b24)(4)T25 - [(b£4)(4) - (bélzl)(4)((627)) IT2a= 0 262
(b25) T4 = [(b35)™® = (025)((G27)) 1Tos = 0 263
(bzs)(4)T25 - [(bés)m - (béle)m((cn)) IT26 = 0 264
has a unique positive solution , which is an equilibrium solution

(a26)® G5 = [(a36) + (a75)® (T29)] G5 = 0 265
(a20)Gzg — [(a26)® + (a59)® (T29)]Gog = 0 266
(a30)®Gp9 — [(also)(s) + (a’3'0)(5)(T29)]G30 =0 267
(bzs)(S)TZt; - [(bés)(s) - (bé’s)(s) (G31) [Tog = 0 268
(bzg)(S)Tzs - [(béta)(s) - (bélta)(s)(Gn) IT29 = 0 269
(b30)(5)T29 - [(béo)(s) - (bélo)(s)(Gn) IT50= 0 270
has a unique positive solution , which is an equilibrium solution

(@52)© G5 = [(@3)@ + (a55) @ (T33)] G52 = 0 271
(a33)©G3; — [(a33)® + (a53)© (T33)]G33 = 0 272
(a34) @G35 — [(a3)® + (a5) @ (T33)]G34 = 0 273
(bsz)(G)T33 - [(béz)(ﬁ) - (bélz)(G)(G%) IT32 =0 274
(b33) T3z — [(b3)® = (b35) @ (G35) ITs5 = 0 275
(b3) T3z — [(53) = (b3) @ (G35) 1Tza = 0 276

has a unique positive solution , which is an equilibrium solution

Proof: 277
(a) Indeed the first two equations have a nontrivial solution G5, G4 if

F(T) = (ais)(l) (a£4)(1) - (a13)(1) (a14)(1) + (a13)(1) (aﬂ)(l) (Tya) + (‘114)(1) (‘11’3)(1) (Tia) +

(ails)(l) (T14)(a1’4)(1) (Ta) =0

Proof: 278
(@) Indeed the first two equations have a nontrivial solution G;¢, Gy, if

F(Tyo) = (ais)(z) (a£7)(2) - (a16)(2) (a17)(2) + (aiﬁ)(Z) (a1'7)(2)(T17) + (ai7)(2)(a£’6)(2) (Ty7) +

(ails)(z) (T17)(a1'7)(2)(T17) =0

(a) Indeed the first two equations have a nontrivial solution G,g, G5, if 279
F(Ty3) = (aéo)@)(aél)@) - (azo)(3)(a21)(3) + (alzo)(3)(aé’1)(3)(T21) + (aél)(3)(a§'0)(3)(T21) +
(alzlo)m(T21)(a§’1)(3)(T21) =0

(a) Indeed the first two equations have a nontrivial solution G,,, G5 if 280
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F(Ty) = (a5)® (a35)™® = (a24)® (a25)™ + (a22)® (a55)® (Tys) + (a35) @ (@)™ (Tzs) +

(a7)® (Ty5)(az5) P (Tys) = 0

(a) Indeed the first two equations have a nontrivial solution G,g, G, if 281
F(T31) = (a26)(a30)® — (a26)® (a20)® + (a35)®(a79) ) (T + (a30)® (a3) P (Too) +
(alzls)(s)(ng)(aget)(s)(ng) =0

Proof: 282
(a) Indeed the first two equations have a nontrivial solution Gs,, G5 if

F(T35) = (a32)®(a33)® — (a32)@ (@33) @ + (a32)® (a3)© (T33) + (a33) @ (a) @ (T33) +

(alslz)(ﬁ) (Tss)(a§’3)(6)(T33) =0

Definition _and uniqueness of Ty, :- 283

After hypothesis £(0) < 0, f(o0) > 0 and the functions (a;")"(T,,) being increasing, it follows that
there exists a unique Ty, forwhich f(Ty,) = 0. With this value , we obtain from the three first
equations

— (a15) V614
[(a19) W +(ays)D(11,)]

_ (a13) V614
[(a1)P+@mHD(rf,)]

Definition _and unigqueness of Ty, :-

Gis G1s

After hypothesis £(0) < 0, f(o0) > 0 and the functions (a;")®(T,,) being increasing, it follows that
there exists a unique Ty, forwhich f(T;;) = 0. With this value , we obtain from the three first
equations

— (a18)PG17
[(ale) @ +(aly)@(T3,)]

— (a16)®G17
[(a19)P+@fe)@(11,)] '

Definition_and unigueness of T;; :-

G16 G18

After hypothesis £(0) < 0, f(e0) > 0 and the functions (a;")"(T,,) being increasing, it follows that
there exists a unique T;; forwhich f(T;;) = 0. With this value , we obtain from the three first
equations

(a22)P6z1

(a20)®6y1 —
[(a2)®+(a35)®(15,)]

T [(@0®+@®m)]

Definition _and unigueness of T;¢ :-

G2o

GZZ

After hypothesis £(0) < 0, f(o0) > 0 and the functions (a;")®(T,s) being increasing, it follows that
there exists a unique T,s for which f(T,s) = 0. With this value , we obtain from the three first
equations

(a26) P65

(a24) Y6z -
[(a26) ™ +(a56)P(135)]

T (@@ @@ ()]

Definition and uniqueness of Ty, :-

Gag

Gae

After hypothesis £(0) < 0, f(e) > 0 and the functions (a)")® (T,,) being increasing, it follows that
there exists a unique T,y for which f(T;5) = 0. With this value , we obtain from the three first
equations

_ (a30)®6Gy9
[(a30)®+(azp) ™) (135)]

_ (a28) 629
(@) +(ahp) P (T55)]

G28 G30
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Definition _and uniqueness of T55 :-

After hypothesis £(0) < 0, f(o) > 0 and the functions (a!")® (T,5) being increasing, it follows that
there exists a unique T35 for which f(T55) = 0. With this value , we obtain from the three first
equations

_ (as2)®G33 — (a34)®Gs3
[(@32) @+ ®(133)] [(@3)®+(a5)®(133)]

(e) By the same argument, THE SOLUTIONAL EQUATIONS OF THE GLOBAL EQUATIONS 284
ADMIT solutions G, 3, Gy, if

9(G) = (b)) D (b1 = (b13) P (b1 )@ -

(1) (B P (6) + (1) P (bi5) P (@ ]+(bi5) P () (b)) P (6) = 0

Where in G(Gy3, G4, G15), G13, G15 must be replaced by their values . It is easy to see that ¢ is a

G32 G34

decreasing function in G, taking into account the hypothesis ¢(0) > 0, (o) < 0 it follows that there
exists a unique Gy, such that ¢ (G*) = 0

U] By the same argument, the GLOBAL EQUATIONS admit solutions Gy, G, if

@(Gr9) = (b16)P (b17)® — (b16) P (by7)® —

[(b16)® (b17)® (G10) + (b17) P (b16) P (619)]+ (i) P (G10) (bi7) P (G1o) = 0

Where in (G19)(G16, G17, G1g), G, G1g Must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G, taking into account the hypothesis @(0) > 0, ¢(o0) < 0 it follows that
there exists a unique Gj, such that @((G19)*) = 0

9) By the same argument, SOLUTIONAL EQUATIONS admit solutions G,g, G, if

9(Ga3) = (b30)® (b3)® = (by0)® (b)) —

[(B30)® (B3P (G13) + (b31)® (b30) P (G23) |+ (b56) P (G23) (b51) P (G3) = 0

Where in G,35(G,o, G121, G22), G0, G2, Must be replaced by their values from 96. It is easy to see that ¢ is
a decreasing function in G, taking into account the hypothesis ¢(0) > 0, () < 0 it follows that
there exists a unique G;, such that ¢ ((G,3)*) =0

(h) By the same argument, the GLOBAL EQUATIONS admit solutions G,,, G5 if

9(Ga7) = (b34)® (b35)™ = (b20)® (b25)® —

[(03)® (035)® (G27) + (b35) ™ (b51) D (G2) ]+ (b54) P (G27) (b35) P (G27) = 0

Where in (G,7) (G4, Gos, G26), G24, Go6 Must be replaced by their values from 96. It is easy to see that ¢
is a decreasing function in G, taking into account the hypothesis ¢(0) > 0, ¢(o0) < 0 it follows that
there exists a unique G55 such that ¢ ((G,;)*) =0

(i) By the same argument, the GLOBAL EQATIONS AND CONCOMITANT DERIVED 285
EQUATIONS admit solutions G,g, G,q if

@(G3y) = (bés)(s)(bét))(s) - (bzs)(s)(bw)(s) -

[(b26)® (b26)®)(G31) + (b39)® (b36) P (G3)|+(b75) ™ (G31) (b76)®(G51) = O

Where in (G31)(Gyg, Go9, G30), Gog, G0 Must be replaced by their values from 96. It is easy to see that ¢

is a decreasing function in G, taking into account the hypothesis ¢(0) > 0, ¢() < 0 it follows that
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there exists a unique G,4 such that ¢((G3,)*) =0

()] By the same argument, the GLOBAL EQUATIONS admit solutions Gs,, G35 if 286
@ (Gas) = (b3) @ (b53)® = (b32)® (b33)® —

[(032)© (b33)© (G35) + (b33)© (032) @ (G35) |+ (b32) @ (G35) (b3)® (G35) = 0

Where in (G35) (G4, G, G34), G35, G5, Must be replaced by their values It is easy to see that ¢ is a

decreasing function in G55 taking into account the hypothesis @(0) > 0, ¢ () < 0 it follows that there

exists a unique G35 such that ¢ (G*) =0

Finally we obtain the unique solution

G:, given by ¢(G*) =0, T}, given by f(T;,) = 0 and

Gr. = (a13)V6i, G = (a15) V61,
B 7 (@l ®@+@n®()] 1 T T (@) D+alnD(11,)]
(b13)(1)T1*4. (b15)(1)T1*4

Tis = (b1 D-biHD (6]

[l T15 = [(bis)(l)—(b{’s)(l)(c"*)]

Obviously, these values represent an equilibrium solution THE SYSTEM
Finally we obtain the unique solution of THE SYSTEM
Giy given by ¢((G19)") = 0, Ty; given by f(T;;) = 0 and

Gt = (a16)?G}, G = (a19)?G3,
167 @@ +a@f@(13,)] 1 T8 T (@)@ +@)p@(11,)]
Ty, = (016) DT}, , Ty = (b1) DT,

[(616) P -1 P ((619)7)] T [0l @ -0 @ ((619)9)]
Obviously, these values represent an equilibrium solution of THE GLOBAL EQUATIONS

Finally we obtain the unique solution of THE GLOBAL EQUATIONS 287
y q
G31 given by ¢((G23)") = 0, T3, given by f(T5;) = 0 and
Gl = (a200®634 Gr = (a22)®63,
207 [ah)®+@@(13,)] T T E T [(@h)@P+(@s) B (T5)]
T* — (b20) T3, T = (b2) 3Ty,
207 [(bh)@-bh)®(6230] T T2 T (5@ -055) 3 (6237)]

Obviously, these values represent an equilibrium solution of GLOBAL SYSTEM
Finally we obtain the unique solution of THE SYSTEM 288
G35 given by ¢(G,7) = 0, T35 given by f(T55) = 0 and

G, = (a2)®635 G: = (a26) G}
2T (@)W +@p®(135)] T T2 T [(ahe) W +(ake) @ (T35)]

T — (b2) T35 T — (b26)WT55 289
2T (bh)W-0E)@((G2)M] T 20T [(bhe) W - (03 W (G27)7)]

Obviously, these values represent an equilibrium solution of THE GLOBAL SYSTEM

Finally we obtain the unique solution of THE GLOBAL SYSTEM 290

G3o given by ¢((Gs1)") = 0, T3 given by f(T35) = 0 and

Gt = (a28)(5)G;9 Gr = (0-30)(5)62*9
28 7 [(ag)®+(@h)®(139)] T T30 T [(a30) D +(afp)®)(T3)]

T+ — (b28) T34 Tr = (b30)PT59 291
28 T ) -0s B Gz 0N] T T30 T i) D - 05 B ((631))]

Obviously, these values represent an equilibrium solution of THE SYSTEM
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Finally we obtain the unique solution of THE DERIVED EQUATIONS OF THE GLOBAL
EQUATIONS

G33 given by ¢((G3s)") = 0, T3 given by f(T53) = 0 and

G* (a32)(6)633 Gt = (a34)(6)6;3

32 T @@ +@© ()] | 3 T (@b @+ @k ©(155)]
- (bsz)(é)Tg*g T (b34)(6)T33

32 T 0l @-0ln© (G50 ' 3t T [Bhp©@-0F)® (635)7)]

Obviously, these values represent an equilibrium solution of THE SYSTEM

Asymptotic Stability Analysis Of The System Space —Time —Mass —Energy- Quantum Gravity- 292
Perception-Strong Nuclear Force-Weak Nuclear Force-Gravity-Electromagnetism-Vacuum

Energy and Quantum Field

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions
(@)® and (b])® Belong to CV( R,) then the above equilibrium point is asymptotically stable.
Proof:_Denote
Definition of G;, T; :-
G; = G} + G; T, =T +T;

F] am!HW
(““) — (1) = (@)@, = ) (G) =sy

Then taking into account DERIVED EQUATIONS OF THE GLOBAL EQUATIONS neglecting the

terms of power 2, we obtain

T8 = (@) + P13) V)G + (@13) VG — (@13) V65T .
% = (@)D + P1)P)Gyy + (1) VGy3 — (g14) P61, Tyy 24
% = —((@i5)® + P15) D) Gys + (a15) PGy — (q15) P G6isTyy 7%
dT13 = —((bi3)® = () D) T3 + (b13) VT4 + X2 15(503)() T3 G;) 2%
‘752‘* = —((b1)D = ) P)Tis + (1) PVTis + 1215500 T G)) o
25 = (i) ® = (1) V) Tas + (bis) DTy + L1135 (55 Tis Gr) .

If the conditions of the previous theorem are satisfied and if the functions (a})® and (b})® Belong
to C®(R,) then the above equilibrium point is asymptotically stable
Proof: Denote
Definition of G;, T; :-
G=G+G T =T +T,

i) 6b
(“”) — (1) = @)@ | e ) WO ((6,0)) =5,

taking into account equations DERIVED EQUATIONS OF THE GLOBAL EQUATIONS and

neglecting the terms of power 2, we obtain

dG
— = ((am)(z) + (p16)(2))G16 + (a16)(2)G17 - (‘he) G16T17 299

dt
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di% = _((‘137)(2) + (P17)(2))Gl7 +(a17) PGy — (q17)P G, Ty,
dilg = ((als)(z) + (pls)(Z))GIB + (als)(z)Gn - (‘hs)( GigTy7
dTm = _((bm)(z) - (Tie)(z))Tm + (b1e)@Ty; + 21 16(5(16)(1)T16G )
dgf = —((b1N® = (1 DP)T17 + (1) PTi6 + Xj216(san () Ti7 G))
dzm = ((bl )(2) - (rIS)(Z))TIB + (b18)(2)T17 + 21 16(5(18)(1)T18G )

If the conditions of the previous theorem are satisfied and if the functions (a/')® and (b;")® Belong
to C® (R, ) then the above equilibrium point is asymptotically stable.
Proof: Denote
Definition of G;, T; :-
G,=G'+G, ,T,=T +T,

(T3) = (Q21)(3) ((st) ) = Sij

Then taking into account equations DERIVED FROM THE GLOBAL EQUATIONS and neglecting the

terms of power 2, we obtain

a(a21)< ) a(b )

G , .

praie ~((@20)® + (220)P) G0 + (a20) P G2y — (420)P G350 T2 30

G , .

721 = _((a21)(3) + (p21)(3))((}21 + (a21) P Gap — (421) P63, Ty

G , .

722 = _((azz)(S) + (pzz)(S))Gzz + (a22) PGy — (22) P63, Ty

dr , *

=2 - —((030)® = (1:0)®) T30 + (b20) P T2 + X350(520) () T20G5)

dT , *
=B = —((b)® = (10)P)T21 + ()P T + X7250(s 1) (1 T21Gy)

dT , *

d_iz = _((bzz)(3) - (Tzz)(3))T22 + (bzz)(3)T21 + Z:?520(5(22)(})7’22(Gj)

If the conditions of the previous theorem are satisfied and if the functions (a;)® and (b;")® Belong
to C“( R, ) then the above equilibrium point is asymptotically stable.(FOURTH MODULE)
Proof: Denote
Definition of G;, T; :-
G,=G'+G, ,T,=T +T,

6(azs)( (T55) = (@2)™ | ==—((G7)" ) = sy

Then taking into account equatlons DERIVED EQUATIONS OF THE GLOBAL EQUATIONS
MENTIONED HEREINBEFORE and neglecting the terms of power 2, we obtain

B(b )( )

dSM — —((a24)(4) + (p24)(4))G24 + (a24) PG5 — (q24) P G34Tys 301
dszs = —((a35)™ + (25) ) G5 + (A25) PGz — (q25) P G35Tos

d§26 = _((aze)(4) + (st)(4))G26 + (a26) G5 — (426) G365

T2 = (05 = (2a) @) T2g + (b2a) DT + X28,4(S 2y T34 Gy)
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d”ﬂ“zs

= ((bzs)(4) (rzs)(4))Tzs + (bzs)(4)T24 + ngm(s(zs)(j)Tz*st)

dT
l = ((b26)(4) - (Tzs)(4))T26 + (bye) P Ty5 + 21 24(5(26)(1)T26G )
ASYMPTOTIC STABILITY ANALYSIS(FIFTH MODULE)
If the conditions of the previous theorem are satisfied and if the functions (a!')® and (b;")® Belong

to C® (R, ) then the above equilibrium point is asymptotically stable.

_Denote

Definition of G;, T; :-

G, =G} + G ,n=W+T
mm“ m)

(T3o) = (ng)(s) ) ((631) ) = Sij

Then taking into account equatlons DERIVED EQUATIONS OF THE GLOBAL EQUATIONS and

neglecting the terms of power 2, we obtain

dG , X
= ~((a28)® + (126)) G + (a26) P G0 — (426) P G35 T2 302
dG

d29 = ((a29)(5) + (P29)(5))Gz9 + (azq)(s)st - (%9)( G39T 29
dG , N
730 = _((‘130)(5) + (P30)(5))G30 + (‘130)(5)GZ9 - (Q30)(5)630T29
dT , X

d:8 = _((bzs)(s) - (Tzs)(s))Tzs + (byg) DT, + 2?228(5(28)(j)T28(Gj)
dT , X
d_:g = _((bzca)(s) - (r29)(5))T29 + (b29)(5)T28 + 2?228(5(29)(j)T2‘JGj)
dT , X
_d:o = _((b30)(5) - (r30)(5))'1[‘30 + (b3) T, + 2?228(5(30)(j)T30(Gj)

ASYMPTOTIC STABILITY ANALYSIS(SIXTH MODULE RAMIFICATIONS ON THE
CONCATENATED GLOBAL EQUATIONS)

If the conditions of the previous theorem are satisfied and if the functions (a;")® and (b;")® Belong
to C(9(R,) then the above equilibrium point is asymptotically stable.
_Denote
Definition of G;, T; :-

G =G +G; T, =T +T;

3@ .
%(733) = (Q33)(6) ((G35)") = Sij

Then taking into account equatlons DERIVED FROM THE CONCATENATED GLOBAL
EQUATIONS and neglecting the terms of power 2, we obtain

6(b )( )

dG , .
732 = _((asz)(6) + (p32)(6))G32 + (a3)©Ga3 — (432) 63, T3 303
4G , .
733 = _((a33)(6) + (P33)(6))G33 + (a33) @ Gsy — (q33) @G35 Tas
4G , .
734 = _((a34)(6) + (P34)(6))G34 + (a34) @ Gsz — (q34) @634 T3
dT
2 = ((b32)(6) - (r32)(6))']1'32 + (b3)®Ts; + Z; 32(5(32)(;)T32G )
daT , .
733 = _((b33)(6) - (T33)(6))T33 + (b33)©Ts, + 2?132(5(33)(1')7133@1')
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dTzy

T _((b§4)(6) - (r34)(6))']r34 + (b34)(6)T33 + 2?132(5(34)(j)T§4Gj)

The characteristic equation of this system is

(DD + Bi9)® = (1) (DD + (@i)D + (p15)D)

(DD + (@)D + (1)) (@) D64 + (1) P (@12) V61 )]

(((/1)(1) + (b)) P = (113)P)s 4y a0 Tra +(b14)(1)5(13),(14)Tf4)

+ (DD + (@)D + @) P) (@) V613 + (1) D (1) D614

(((A)(l) + (i) P — () P)saa,anTis + (b14)(1)5(13),(13)T1*3)

(WD) + (@D + (@) + Pi)D + P @) WD)

(WD) + (b1 D + BiDD = (1)D + (D) HD)

+((DD) + (@)D + @)D + P12)® + Pr)®) WD) (15) V6s
DD + (@)D + P13)®) ((@15) P (1) V61 + (21 (@15) D (g13) V65 )

(((/1)(1) + (b{3)(1) - (Tls)(l))5(14),(15)Tf4 +(b14)(1)5(13),(15)Tf3)} =0

.
(D@ + Bi)? = (1)) (DD + (@)@ + (1))

(WP + (@)@ + (1) @) (@) PG, + (@17)P (016) PGl )]

(DD + B10@ = (10)P)sananTir +Bi)Psae,anTir)

+ (DD + @)@ + 0:17)P) (016)PGi6 + (016)P (017)P G )

(WP + Bi® = (10P)sana0T7 + 1) Psa6),a0Tis)

(@) + (@)@ + (@)@ + P10 + P:)P) WP)

(WD) + (Bi)@ + BN = (3P + (13,)P) NP

+ (WD) + (@) + (@DP + P1)P + P1)P) DP) (415)DGyg
(D@ + (@10)® + P16)P) (1) P (@7)PGi7 + (a17)P (1) P (G16) PGi)

(W@ + (i@ = (1) ®)san,as Tir +(b17)Psue,an s )} = 0

N
(DP + 03P = )N(DP + (@) + (0:))

[((W® + (@)@ + @200 (@209 631 + (221200650 | 690
(DD + B30 = (20 P)sn,enT51 +B2)Pso,enT51)

+ (WP + @D + P21)®) (@200 630 + (2200 (020) V634 )

(((/1)(3) + (béo)(g) - (7”20)(3))5(21),(20)7';1 + (b21)(3)5(20),(20)T2*0>
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(@) + (@)D + (@)@ + @200 + P2)®) DD)

(D) + (B3P + B = (120 + (0P) WD)

+ (WD) + (@)@ + (@)D + 220D + 0:0P) WD) (422)P 622
+(D® + (@20)® + 020)P) ((@22)P(421) 631 + (20D (02)P (20) P 630)

(((/1)(3) + (béo)(s) - (Tzo)(s))5(21),(22)T51 +(b21)(3)5(20),(22)T50>} =0

.
(DD + b5 = DD + (@)@ + (p26)™)

(DD + (@50@ + 2)®) (425) P G35 + (225)® (024) 63
(DD + B3P = (20D )s(25),9) T35 +(b25) D520, T5s)
+ (P + @)@ + (25)®)(@2) D634 + (020)® (425) 635 )

(DD + B2)® = ) P)s@syeaTss + b2) D50 @0 Ts)
(@) + (@)@ + (@)@ + P2a)® + (025)P) DP)

(WD) + ()@ + (b3)® = (20D + (125)®) WP)
+((W®) + (@)@ + (@)@ + ©20P + 25)®) WD) (426)P 626
(DD + (@)@ + 02)®) ((a26) P (25)D G35 + (025)® (06)® (426)D6G34)

(((/1)(4) + (bé4)(4) - (r24)(4))5(25),(26)T2*5 +(b25)(4)5(24),(26)T;4)} =0

.
(DO + B3)® = )OS + (@5)® + (30)®)

(DS + (@5) + P26)) (426) G35 + (a2) ) (426) G35 )|
(DD + B3)® = (126)®)529),29) T30 +(B20) DS (25,200 5o
+ (DD + (@)@ + (126))(426) 630 + (a26) (426) G35

(DD + B30 = (28) D)5 291,20 Ts + (B29) P508,20)T55)
(W) + (@) + (@) + (20) + (020)) (D)

(D) + (B3)® + (3)® = (1)@ + (120)) (D)
+ (D) + (@) + (@59 + B2) + 020)P) DD (30) PGz
+H(D® + (@) + 020)®) ((@30) (426630 + (226)® (230)® (726)® G35)

(((/1)(5) + (bés)(s) - (rza)(s))5(29),(30)T59 +(b29)(5)5(28),(30)T58>} =0

+
((/1)(6) + (b§4)(6) - (T34)(6)){((A)(6) + (a§4)(6) + (P34)(6))

(W + (@)@ + 32)) (@)@ 65 + (@3) @ (:) 63, )|
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(((A)(G) + (b52)©@ = (r32)©)533),33) T3 +(b33)(6)5(32),(33)T§3)
+ (D@ + (@)@ + 033)©) (452)© 632 + (a32) @ (453)©63)
(((/1)(6) + (05)© = (132) @) 5333y T35 + (bss)(6)5(32),(32)T;2)

(W) + (@)@ + (@)@ + P3)©@ + (3)@) D)

(@) + (B5)@ + (b)©@ = (5@ + (15)@) W©)
+((WO) + (@)@ + (@)@ + )@ + P3)@) D) (420) G4
D@ + (@32)@ + P52)®@) (a3 (433) @635 + (a35) @ (a3 @ (452) ©63,)
(((/1)(6) + (béz)(6) - (Tsz)(6))5(33),(34)T§3 +(b33)(6)5(32),(34)T§2>} =0
And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and

this proves the theorem.
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