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Abstract:    

Laws bears ample testimony ,infallible observatory, and impeccable demonstration to the fact that the 

essential predications, character constitutions, ontological consonances remain unchanged with evolution, 

despite  the system’s astute truculence, serenading whimsicality,assymetric dispensation or on the other hand  

anachronistic dispensation ,eponymous radicality,entropic entrepotishness or the subdued behaviour 

,relationally contributive, diverse parametrisizational,conducive reciprocity to environment, unconventional 

behavior, enuretic nonlinear freneticness ,ensorcelled frenzy, abnormal ebulliations,surcharged fulminations 

or the inner roil. And that holds well with the evolution with time. We present a model of the 

generalizational conservation of the theories. A theory of all the theories. That all conservation laws hold and 

there is no relationship between them is bête noir. We shall on this premise build a 36 storey model that 

deliberates on various issues, structural, dependent, thematic and discursive, discursive. Paper throws light 

on at least six unsolved problems in physics, if not completely solve them, for which we are putting all 

concerted efforts and protracted endeavors. 

Key words Zero point energy of vacuum, Dark matter, Dark energy 

 

Introduction: 

What is an event? Or for that matter an ideal event? An event is a singularity or rather a set of singularities or 

a set of singular points characterizing a mathematical curve, a physical state of affairs, a psychological 

person or a moral person. Singularities are turning points and points of inflection : they are bottle necks, 

foyers and centers ;they are points of fusion; condensation and boiling points or tears and joy; sickness and 

health; hope and anxiety; they are so to say “sensitive" points; such singularities should not be confused or 

confounded, aggravated or exacerbated with personality of a system expressing itself; or the individuality 

and idiosyncrasies,penchance,predilections,proclivities,propensities  of a system which is designated with a 

proposition. They should also not be fused with the generalizational concept or universalistic axiomatic 

predications and postulation alcovishness, or the dipsomaniac flageolet dirge of a concept. Possibly a 

concept could be signified by a figurative representation or a schematic configuration. "Singularity” is 

 

 

 

 

 

 

mailto:drknpkumar@gmail.com


Journal of Natural Sciences Research                                                             www.iiste.org 

ISSN 2224-3186 (Paper)   ISSN 2225-0921 (Online) 

Vol.2, No.4, 2012 

 

174 

 

essentially, pre individual, and has no personalized bias in it, nor for that matter a prejudice or 

procircumspection of a conceptual scheme. It is in this sense we can define a "singularity" as being neither 

affirmative nor non affirmative. It can be positive or negative; it can create or destroy. On the other hand it 

must be noted that singularity is different both in its thematic discursive forms from the” run of the mill day 

to day musings and mundane drooling. There are in that sense "extra-ordinary”. Each singularity is a source 

and resouce,the origin, reason and raison d’être of a mathematical series, it could be any series any type, and 

that is interpolated or extrapolated to the structural location of the destination of another singularity. This 

according to this standpoint, there are different, multifarious, myriad, series in a structure. In the eventuality 

of the fact that we conduct an unbiased and prudent examination of the series belonging to different 

"singularities" we can come to indubitable conclusion that the "singularity" of one system is different from 

the "other system" in the subterranean realm and ceratoid dualism  of comparison and contrast of systems. 

EPR experiment derived that there exists a communications between two particles. We go a further step to 

say that there exists a channel of communication however slovenly, inept, clumpy, between the two 

singularities. It is also possible the communication exchange could be one of belligerence, cantankerousness, 

tempestuousness, astutely truculent, with ensorcelled frenzy. That does not matter. All we are telling is that 

singularities communicate with each other. 

Now, how do find the reaction of systems to these singularities?. You do the same thing a boss does for you. 

"Problematize" the events and see how you behave. I will resort to "pressure tactics”. “intimidation, 

terrorization of deriding report", or “cut in the increment" to make you undergo trials, travails and 

tribulations. I am happy to see if you improve your work; but may or may not be sad if you succumb to it and 

hang yourself! We do the same thing with systems. Systems show conducive response, felicitous 

reciprocation or behave erratically with inner roil, eponymous radicalism without and with glitzy conviction 

say like a solipsist nature of bellicose and blustering particles, or for that matter coruscation, trepidiational 

motion in fluid flows, or seemingly perfidious incendiaries in gormandizing fellow elementary particles, 

abnormal ebullitions, surcharges calumniations and unwarranted(you think so! But the system does not!) 

Unrighteous fulminations. 

 So the point that is made here is like we problematize the "events" to understand the human behaviour we 

have to "problematize" the events of systems to understand their behaviour. 

This statement in made in connection to the fact that there shall be creation or destruction of particles or 

complete obliteration of the system (blackhole evaporation) or obfuscation of results. Some systems are like 

“inside traders" they will not put signature at all! How do you find they did it! Anyway, there are 

possibilities of a CIA finding out as they recently did! So we can do the same thing with systems too. This is 

accentuation, corroboration, fortificational,.fomentatory note to explain the various coefficients we have 

used in the model as also the dissipations called for. 

In the bank example we have clarified that various systems are individually conservative, and their 

conservativeness extends holistically too. That one law is universal does not mean there is complete 

adjudication of nonexistence of totality or global or holistic figure. Total always exists and “individual” 

systems always exist, if we do not bring Kant in to picture! For the time being let us not! Equations would 

become more energetic and frenzied..  

We take in to consideration the following variables: 

1.  Zero Point Energy Of the Vacuum 

2. Cosmological constant variability 

3. Dark Matter 

4. Super symmetry 

5. Dark Energy 

6. Expanding Universe 

7. Microwave Sky 

8. Motion and orientation of the Solar System. 

9. Mass of Quantum Vacuum 

10. Deceleration of the accelerated expansion of the universe 
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11. Discrete Structure of Space and Time 

12. GTR and Quantum Mechanics(We have given the linkage model of these two in a separate paper) 

 

Classification methodologies. Bank’s example of equality of Assets and Liabilities, and interconnected 

inherent inter accountal transaction holds good for these systems too.  

  

ZERO POINT ENERGY OF THE VACUUM AND COSMOLOGICAL CONSTANT 

VARAIBILITY: 

MODULE NUMBERED ONE 

 

Notation : 

    : Category One Ofzero Point Energy                 

    : Category Two Of The Zero Point Energy(There Are Many Vacuums) 

    : Category Three Of The  Zero Point Energy       

    : Category One Of The Variability Of Cosmological Constant(Note That There Exists Different 
Vacuums And Constantancy Does Not Hinder The Production And Dissipation Of Zero Point Energy) 

    : Category Two Of The Variability Of Cosmological Constant  

    :Category Three Of The Variability Of The Cosmological Constant(We Repeat Assets=Liabilities 
Does Not Mean Inter Account Transfers ,Production Of, Or Closure Of The Accounts Or In This Case 
Systems)  

 

Dark Matter And Super Symmetry--- 

 Module Numbered Two: 

    : Category One Of  Super Symmetry             

    : Category Two Of Super Symmetry 

    : Category Three Of Super Symmetry 

    :Category One Ofdark Matter 

    : Category Two Of Dark Matter  

    : Category Three Of Dark Matter 

Expanding Universe And Dark Energy: 

Module Numbered Three: 

    : Category One Of  Dark Energy 

    :Category Two Of Dark Energy 

    : Category Three Of Dark Energy 
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    : Category One Of Expanding Universe 

    :Category Two Of Expanding Universe 

    : Category Three Of Expanding Universe 

Motion And Orientation Of The Solar system And Microwave Sky(Note Both Change From Time To 
Time): Module Numbered Four: 

 

    : Category One Of Motion And Orientation Of The Solar System 

    : Category Two Of Motion And Orientation Of The Solar System 

    : Category Three Of Motion And Orientation Of The Solar System 

    :Category One Of Microwave Sky 

    :Category Two Ofmicrowave Sky  

    : Category Three Of Microwave Sky 

Mass Of Quantum Vacuum And Deceleration Of The Expanding Universe 

:Module Numbered Five: 

    : Category One Of  Deceleration Of The Accelerated Expansion Of The Universe(Rate Is Not 

Constant) 

    : Category Two Of Deceleration Of The Accelerated Expansion Of The Universe 

    :Category Three Of deceleration Of The Accelerated Expansion Of The Universe 

    :Category One Ofmass Of Quantum Vacuum 

    :Category Two Of Mass Of Quantum Vacuum  

    :Category Three Of mass Of Quantum Vacuum 

Gtr And Quantum Mechanics And Discrete Nature Of Space And Time 

:Module Numbered Six: 

    : Category One Of Gtr And Quantum Mechanics(There Are Many Quantum Systems And There Are 

Many Systems To Which Gtr Would Hold Classification Is Based On Those Systems) 

    : Category Two Of Gtr And Qm 

    : Category Three Ofgtr And Qm 

    : Category One Of Discrete Natute Of St 

    : Category Two Of Discrete Nature Of St 

    : Category Three Of  Discrete Nature Of ST 

(   )
( ) (   )

( ) (   )
( )  (   )

( ) (   )
( ) (   )

( ) (   )
( ) (   )

( ) (   )
( ) 
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are Dissipation coefficients 

ZERO POINT ENERGY OF THE VACUUM AND COSMOLOGICAL CONSTANT 

VARAIBILITY: 

MODULE NUMBERED ONE 

 

The differential system of this model is now (Module Numbered one) 
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 (   )
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 )( )  (   

  )( )(   )]       

 (   
  )( )(     )    First augmentation factor   

 (   
  )( )(   )     First detritions factor  

DARK MATTER AND SUPER SYMMETRY--- 

MODULE NUMBERED TWO 

A theory in physics proposing a type of symmetry that would apply to all elementary particles (Note again 

that there are various systems of elementary particles. Bank example stands in good stead every time) 

The differential system of this model is now ( Module numbered two) 
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 (   
  )( )(     )    First augmentation factor   

 (   
  )( )((   )  )     First detritions factor   

EXPANDING UNIVERSE AND DARK ENERGY: 

MODULE NUMBERED THREE 

 

The differential system of this model is now (Module numbered three) 
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 (   )

( )    [(   
 )( )  (   
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 (   
  )( )(     )    First augmentation factor  

 (   
  )( )(     )     First detritions factor   

MOTION AND ORIENTATION OF THE SOLARSYSTEM AND MICROWAVE SKY(NOTE 

BOTH CHANGE FROM TIME TO TIME) 

: MODULE NUMBERED FOUR: 

The differential system of this model is now (Module numbered  Four) 
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 (   
  )( )(     )    First augmentation factor  

 (   
  )( )((   )  )     First detritions factor   

 

 

MASS OF QUANTUM VACUUM AND DECELERATION OF THE EXPANDING UNIVERSE 

:MODULE NUMBERED FIVE 

 

 

The differential system of this model is now (Module number five) 
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GTR AND QUANTUM MECHANICS AND DISCRETE NATURE OF SPACE AND TIME 

:MODULE NUMBERED SIX 

 

The differential system of this model is now (Module numbered Six) 
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 (   
  )( )(     )    First augmentation factor  

 (   
  )( )((   )  )     First detritions factor   

HOLISTIC  CONCATENATE SYTEMAL EQUATIONS HENCEFORTH REFERRED TO AS “GLOBAL 
EQUATIONS” 

(1) Zero Point Energy Of the Vacuum 

(2) Cosmological constant variability 

(3) Dark Matter 

(4) Super symmetry 

(5) Dark Energy 

(6) Expanding Universe 

(7) Microwave Sky 

(8) Motion and orientation of the Solar System. 

(9) Mass of Quantum Vacuum 

(10) Deceleration of the accelerated expansion of the universe 

(11) Discrete Structure of Space and Time 

(12) GTR and Quantum Mechanics(We have given the linkage model of these two in a separate paper 
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Where (   
  )( )(     )   (   

  )( )(     )   (   
  )( )(     )   are first augmentation coefficients for category 1, 2 and 3  

  (   
  )(    )(     )  ,  (   

  )(    )(     )  ,  (   
  )(    )(     )  are second  augmentation coefficient for category 1, 2 and 3   

  (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )  are third  augmentation coefficient for category 1, 2 and 3  

 (   
  )(        )(     )   ,  (   
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  )(        )(     )  are fourth augmentation coefficient for category 1, 2 and 3 
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  )(        )(     )   (   
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  )(        )(     )   are fifth  augmentation coefficient for category 1, 2 and 3 
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  )( )(     )  are first augmentation coefficients for category 1, 2 and 3   
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  )( )(     )   are  first  augmentation coefficients for category 1, 2 and 3  
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  )(     )(     )  are second augmentation coefficients for category 1, 2 and 3    

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )    are third augmentation coefficients for category 1, 2 and 3    

 (   
  )(           )(     )  ,  (   

  )(           )(     )    (   
  )(           )(     )  are fourth augmentation coefficients for category 1, 2 

and 3   

 (   
  )(           )(     )   (   

  )(           )(     )    (   
  )(           )(     )  are fifth augmentation coefficients for category 1, 2 and 3   

 (   
  )(           )(     )    (   

  )(           )(     )   (   
  )(           )(     )  are sixth augmentation coefficients for category 1, 2 and 

3    

 

  

    

  
 (   )

( )    [ 
(   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(   )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 ]      

 

    

  
 (   )

( )    [
(   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(   )   

  (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 ]      
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 (   )

( )    [ 
(   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(   )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

 ]      

 

 (   
  )( )(     )    (   

  )( )(     )     (   
  )( )(     )   are first  detrition coefficients  for category 1, 2 and 3   

 (   
  )(     )(     )  ,  (   

  )(     )(     )  ,  (   
  )(     )(     )   are second detrition coefficients for category 1, 2 and 3      

 (   
  )(      )(   )    (   

  )(      )(   )  ,  (   
  )(      )(   )   are third detrition coefficients for category 1,2 and 3  

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )  are fourth  detrition coefficients  for category 1, 2 and 

3  

   (   
  )(           )(     )   (   

  )(           )(     )    (   
  )(           )(     )  are fifth  detrition coefficients  for category 1, 2 and 

3   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )  are sixth detrition coefficients  for category 1, 2 and 3   

 

  

    

  
 (   )

( )    [ 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(    )(     )   

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )

 ]      

 

    

  
 (   )

( )    [ 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(   )(     )   

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )

 ]      

 

    

  
 (   )

( )    [ 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(    )(     )  

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )

  ]      

 

 

      (   
  )( )(     )   (   

  )( )(     )   (   
  )( )(     )                                                               

  (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                                                

  (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                                                

 (   
  )(       )(     )   (   

  )(       )(     )   (   
  )(       )(     )    are fourth augmentation coefficients for category  1, 2,and  3  

 (   
  )(       )(     ) ,  (   

  )(       )(     )   (   
  )(       )(     )   are fifth augmentation coefficients for category  1, 2,and  3  

 (   
  )(       )(     ) ,  (   

  )(       )(     ) ,  (   
  )(       )(     )  are sixth augmentation coefficients for category  1, 2,and  3  

 

  

    

  
 (   )

( )    [
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(    )(     )   

 (   
  )(       )(   )    (   

  )(       )(     )  – (   
  )(       )(     )

]      

 

    

  
 (   )

( )    [
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(    )(     )   

 (   
  )(       )(   )    (   

  )(       )(     )  – (   
  )(       )(     )

]      
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 (   )

( )    [ 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(    )(     )   

 (   
  )(       )(   )    (   

  )(       )(     )  – (   
  )(       )(     )

]      

 

       (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )                                                             

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                                               

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                                             

 (   
  )(       )(   )   (   

  )(       )(   )  ,  (   
  )(       )(   )                                                                

 (   
  )(       )(     ) ,  (   

  )(       )(     ) ,  (   
  )(       )(     )                                                             

– (   
  )(       )(     )  – (   

  )(       )(     )  – (   
  )(       )(     )                                                             

 

  

  

    

  
 (   )

( )    [ 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 ]      

 

    

  
 (   )

( )    [ 
(   

 )( )  (   
  )( )(     )   (   

  )(    )(     )   (   
  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 ]      

 

    

  
 (   )

( )    [ 

(   
 )( )  (   

  )( )(     )   (   
  )(    )(     )   (   

  )(     )(     )   

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )

 

 ]      

 

       (   
  )( )(     )    (   

  )( )(     )    (   
  )( )(     )                                                               

     (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                                                 

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                                                               

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )   are fourth augmentation coefficients for category 1,2, and 3 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )  are fifth augmentation coefficients for category 1,2,and  3 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )   are sixth augmentation coefficients for category 1,2, 3    

 

  

    

  
 (   )

( )    [ 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(     )(     )   

 (   
  )(         )(   )    (   

  )(         )(     )  – (   
  )(         )(     )

 ]      

 

    

  
 (   )

( )    [ 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(     )(     )   

 (   
  )(         )(   )    (   

  )(         )(     )  – (   
  )(         )(     )

 ]      
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 (   )

( )    [ 
(   

 )( )  (   
  )( )(     )    (   

  )(    )(     )  – (   
  )(     )(     )   

 (   
  )(          )(   )    (   

  )(         )(     )  – (   
  )(         )(     )  

]      

 

      – (   
  )( )(     )      (   

  )( )(     )     (   
  )( )(     )                                                                

 (   
  )(    )(     )    (   

  )(    )(     )    (   
  )(    )(     )                                                             

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                                                              

 (   
  )(         )(   )   (   

  )(         )(   )     (   
  )(          )(   )   are fourth detrition coefficients for category 1,2, and 3 

 (   
  )(         )(     )   (   

  )(         )(     )   (   
  )(         )(     )  are fifth detrition coefficients for category 1,2, and 3 

– (   
  )(         )(     ) , – (   

  )(         )(     )  – (   
  )(         )(     )  are sixth  detrition coefficients for category 1,2, and 3 

 

  

    

  
 (   )

( )    [
(   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

]      

 

    

  
 (   )

( )    [
(   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

]      

 

    

  
 (   )

( )    [
(   

 )( )  (   
  )( )(     )   (   

  )(     )(     )   (   
  )(      )(     )   

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )

]      

 

 (   
  )( )(     )   (   

  )( )(     )   (   
  )( )(     )                                                                 

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                                                                 

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )                                                                  

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )   - are fourth augmentation coefficients 

 (   
  )(           )(     )   (   

  )(           )(     )   (   
  )(           )(     )    - fifth augmentation coefficients 

 (   
  )(           )(     ) ,  (   

  )(           )(     )   (   
  )(           )(     )   sixth  augmentation coefficients   

 

  

    

  
 (   )

( )    [
(   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(     )   

 (   
  )(           )(   )    (   

  )(           )(     )  – (   
  )(           )(     )

]      

 

    

  
 (   )

( )    [
(   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(     )   

 (   
  )(           )(   )    (   

  )(           )(     )  – (   
  )(           )(     )

]      

 

    

  
 (   )

( )    [
(   

 )( )  (   
  )( )(     )  – (   

  )(     )(     )  – (   
  )(      )(     )   

 (   
  )(           )(   )    (   

  )(           )(     )  – (   
  )(           )(     )

]      

 



Journal of Natural Sciences Research                                                             www.iiste.org 

ISSN 2224-3186 (Paper)   ISSN 2225-0921 (Online) 

Vol.2, No.4, 2012 

 

186 

 

 (   
  )( )(     )    (   

  )( )(     )     (   
  )( )(     )                                                               

 (   
  )(     )(     )    (   

  )(     )(     )    (   
  )(     )(     )                                                                 

 (   
  )(      )(     )    (   

  )(      )(     )    (   
  )(      )(     )                                                            

 (   
  )(           )(   )   (   

  )(           )(   )   (   
  )(           )(   )    are fourth detrition  coefficients for category 1, 2, and 3 

 (   
  )(           )(     ) ,  (   

  )(           )(     )   (   
  )(           )(     )   are fifth detrition  coefficients for category 1, 2, and 3 

– (   
  )(           )(     ) , – (   

  )(           )(     )  – (   
  )(           )(     )   are sixth detrition coefficients for category 1, 2, and 3 

 

 

  

Where we suppose  

(A) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )      

                  

(B) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )(   )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

 

(C)        (  
  )( ) (     )  (  )

( ) 

           (  
  )( ) (   )    (  )

( )      

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

            Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

 

They satisfy  Lipschitz condition: 

   (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )(    )  (  

  )( )(   )  (  ̂   )
( )          (  ̂   )( )   

 

 

 

With the Lipschitz condition, we place a restriction on the behavior of functions 

(  
  )( )(   

   )   and(  
  )( )(     )   (   

   ) and (     ) are points belonging to the interval  

[(  ̂   )
( ) (  ̂   )

( )] . It is to be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the 

fact, that if (  ̂   )
( )    then the function  (  

  )( )(     ) , the first augmentation coefficient WOULD be 

absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(D) (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

 

Definition of (  ̂   )
( ) (  ̂   )

( ) :  
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(E) There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together 

with   (  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )  and  (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             

satisfy the inequalities  

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     

 

 

 

 

Where we suppose  

(F) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                        

(G) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded.  

Definition of (  )
( )   (  )

( ):  

(  
  )( )(     )  (  )

( )  (  ̂   )
( )

   

(  
  )( )(     )    (  )

( )  (  
 )( )  (  ̂   )

( )   

(H)        (  
  )( ) (     )  (  )

( )  

       (  
  )( ) ((   )  )    (  )

( )   

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( ) are positive constants  and              

 

They satisfy  Lipschitz condition:  

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )    

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )    

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is to 

be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if (  ̂   )

( )    

then the function  (  
  )( )(     ) , the SECOND augmentation coefficient would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) :  

(I) (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together 

with (  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             

  satisfy the inequalities  
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(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )      

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )      

Where we suppose  

(J)    (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )(     )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

 

       (  
  )( ) (     )  (  )

( )  

      (  
  )( ) (     )    (  )

( )           

 Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants   and              

 

 

 

They satisfy  Lipschitz condition: 

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
     (  ̂   )( )   

 

 

 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) And (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is to 

be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if (  ̂   )

( )    

then the function  (  
  )( )(     ) , the THIRD augmentation coefficient, would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(K) (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

 

There exists two constants There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )                   
satisfy the inequalities  

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     

 

 

 

 

 

 

Where we suppose  

(L) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       
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(M) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 
 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )((   )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

  

(N)        (  
  )( ) (     )  (  )

( ) 

      (  
  )( ) ((   )  )    (  )

( )         

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

 

   They satisfy  Lipschitz condition: 

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )   

 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is to 

be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if (  ̂   )

( )    

then the function  (  
  )( )(     ) , the FOURTH augmentation coefficient WOULD be absolutely 

continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(O) (  ̂   )
( ) (  ̂   )

( )   are positive constants 
(P)  

(  )
( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(Q) There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
satisfy the inequalities  

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     

 

Where we suppose  

(R) (  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                      

(S) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 
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     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )((   )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 

  

(T)        (  
  )( ) (     )  (  )

( ) 

           (  
  )( ) (     )    (  )

( )           

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants  and              

 

They satisfy  Lipschitz condition: 

   (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )   

 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is to 

be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if (  ̂   )

( )    

then the function  (  
  )( )(     ) , theFIFTH augmentation coefficient attributable would be absolutely 

continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(U) (  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

(V) There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )                   satisfy the inequalities  
 

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     

 

Where we suppose  

(  )
( ) (  

 )( ) (  
  )( ) (  )

( ) (  
 )( ) (  

  )( )                       

(W) The functions (  
  )( ) (  

  )( ) are positive continuous increasing and bounded. 

Definition of (  )
( )   (  )

( ): 

     (  
  )( )(     )  (  )

( )  (  ̂   )
( )  

     (  
  )( )((   )  )    (  )

( )  (  
 )( )  (  ̂   )

( ) 
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(X)        (  
  )( ) (     )  (  )

( ) 

           (  
  )( ) ((   )  )    (  )

( )           

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

            Where (  ̂   )
( ) (  ̂   )

( ) (  )
( )   (  )

( )  are positive constants and              

They satisfy  Lipschitz condition: 

 (  
  )( )(   

   )  (  
  )( )(     )  (  ̂   )

( )         
    (  ̂   )( )   

 (  
  )( )((   )

   )  (  
  )( )((   )  )  (  ̂   )

( )  (   )  (   )
     (  ̂   )( )   

 

With the Lipschitz condition, we place a restriction on the behavior of functions (  
  )( )(   

   )   

and(  
  )( )(     )  . (   

   ) and (     ) are points belonging to the interval  [(  ̂   )
( ) (  ̂   )

( )] . It is to 

be noted that (  
  )( )(     ) is uniformly continuous. In the eventuality of the fact, that if (  ̂   )

( )    

then the function  (  
  )( )(     ) , the SIXTH augmentation coefficient  would be absolutely continuous.  

 

Definition of (  ̂   )
( ) (  ̂   )

( ) :  

(  ̂   )
( ) (  ̂   )

( )   are positive constants 

      
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )    

 

Definition of (  ̂   )
( ) (  ̂   )

( ) : 

There exists two constants (  ̂   )
( ) and (  ̂   )

( ) which together with 

(  ̂   )
( ) (  ̂   )

( ) ( ̂  )
( )    (  ̂   )

( )  and the constants 

(  )
( ) (  

 )( ) (  )
( ) (  

 )( ) (  )
( )   (  )

( )             
satisfy the inequalities  

 

(  ̂   )( )   (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( ) (  ̂   )
( )     

 

(  ̂   )( )    (  )
( )  (  

 )( )    (  ̂   )
( )   (  ̂   )

( )  (  ̂   )
( )     

 

  

Theorem 1: if the conditions IN THE FOREGOING above are fulfilled, there exists a solution satisfying 

the conditions 

Definition of     ( )    ( ) : 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

 

  

  

Definition of     ( )    ( ) 

   ( )   (  ̂   )
( ) (  ̂   )( )    ,        ( )    
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  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

  

 

   ( )   (  ̂   )
( ) (  ̂   )( )    ,        ( )    

    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

 

Definition of     ( )    ( ) : 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

                                         

 

 

Definition of     ( )    ( ) : 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

 

Definition of     ( )    ( ) : 

   ( )   (  ̂   )
( )

 (  ̂   )( )    ,        ( )    
    

  ( )   (  ̂   )
( ) (  ̂   )( )      ,         ( )    

    

 

Proof: Consider operator   ( )  defined on the space of sextuples of continuous functions               

which satisfy                                           

 

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )     

    ( )    
  (  ̂   )

( ) (  ̂   )( )      

    ( )    
  (  ̂   )

( ) (  ̂   )( )    

By 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

 

  ̅  ( )     
   ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))   ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))   ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
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 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

  

Proof:  

Consider operator   ( )  defined on the space of sextuples of continuous functions               which 

satisfy             

 

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )     

    ( )    
  (  ̂   )

( ) (  ̂   )( )      

    ( )    
  (  ̂   )

( ) (  ̂   )( )    

By 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

 

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Proof:  

Consider operator   ( )  defined on the space of sextuples of continuous functions               which 

satisfy         

 

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )     

    ( )    
  (  ̂   )

( ) (  ̂   )( )      

    ( )    
  (  ̂   )

( ) (  ̂   )( )    

By 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

 

  ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))   ( (  ))]   (  ) 
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 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
   

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

 Consider operator   ( )  defined on the space of sextuples of continuous functions               

which satisfy                               

 

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )     

    ( )    
  (  ̂   )

( ) (  ̂   )( )      

    ( )    
  (  ̂   )

( ) (  ̂   )( )    

By 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

 

  ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
    

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

Consider operator   ( )  defined on the space of sextuples of continuous functions               which 

satisfy               

 

 

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )     

    ( )    
  (  ̂   )

( ) (  ̂   )( )      

    ( )    
  (  ̂   )

( ) (  ̂   )( )    

By 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

 

  ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))   ( (  ))]   (  ) 
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 ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
   

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
 

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

 

Consider operator   ( )  defined on the space of sextuples of continuous functions               which 

satisfy      

 

  ( )    
      ( )    

      
  (  ̂   )

( )    
  (  ̂   )

( )      

    ( )    
  (  ̂   )

( ) (  ̂   )( )      

    ( )    
  (  ̂   )

( ) (  ̂   )( )    

By 

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )     

  )( )(   ( (  ))  (  )))    ( (  ))]   (  )
 

 
  

 

  ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))  ((   
 )( )  (   

  )( )(   ( (  ))  (  )))    ( (  ))]   (  ) 
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
   

 ̅  ( )     
  ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
   

 ̅  ( )     
   ∫ [(   )

( )   ( (  ))   ((   
 )( )   (   

  )( )( ( (  ))  (  )))    ( (  ))]   (  )
 

 
 

Where  (  )  is the integrand that is integrated over an interval (   ) 

 

  

(a) The operator  ( ) maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it 

is obvious that 

    ( )     
  ∫ [(   )

( ) (   
  (  ̂   )

( ) (  ̂   )( ) (  ))] 
 

 
  (  )    

           (  (   )
( ) )   

  
(   )( )(  ̂   )( )

(  ̂   )( ) ( (  ̂   )( )   )  

 

 From which it follows that  
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(   ( )     
 )  (  ̂   )( )  

(   )( )

(  ̂   )( ) [((  ̂   )
( )     

 ) 
(  

(  ̂   )( )    
 

   
 )

 (  ̂   )
( )]  

(  
 ) is as defined in the statement of theorem 1 

Analogous inequalities hold also for                        

(b) The operator  ( ) maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it 

is obvious that 

 

    ( )     
  ∫ [(   )

( ) (   
  (  ̂   )

( ) (  ̂   )( ) (  ))] 
 

 
  (  )  

(  (   )
( ) )   

  
(   )( )(  ̂   )( )

(  ̂   )( ) ( (  ̂   )( )   )  

 

 From which it follows that 

(   ( )     
 )  (  ̂   )( )  

(   )( )

(  ̂   )( ) [((  ̂   )
( )     

 ) 
(  

(  ̂   )( )    
 

   
 )

 (  ̂   )
( )]  

 

Analogous inequalities hold also for                        

(a) The operator  ( ) maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it 

is obvious that 

    ( )     
  ∫ [(   )

( ) (   
  (  ̂   )

( ) (  ̂   )( ) (  ))] 
 

 
  (  )    

           (  (   )
( ) )   

  
(   )( )(  ̂   )( )

(  ̂   )( ) ( (  ̂   )( )   )  

 

 From which it follows that 

(   ( )     
 )  (  ̂   )( )  

(   )( )

(  ̂   )( ) [((  ̂   )
( )     

 ) 
(  

(  ̂   )( )    
 

   
 )

 (  ̂   )
( )]  

 

Analogous inequalities hold also for                        

(b) The operator  ( ) maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it is 
obvious that 

    ( )     
  ∫ [(   )

( ) (   
  (  ̂   )

( ) (  ̂   )( ) (  ))] 
 

 
  (  )    

           (  (   )
( ) )   

  
(   )( )(  ̂   )( )

(  ̂   )( ) ( (  ̂   )( )   )  

 

 From which it follows that 

(   ( )     
 )  (  ̂   )( )  

(   )( )

(  ̂   )( ) [((  ̂   )
( )     

 ) 
(  

(  ̂   )( )    
 

   
 )

 (  ̂   )
( )]  

(  
 ) is as defined in the statement of theorem 1 

 

(c) The operator  ( ) maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it is 
obvious that 

    ( )     
  ∫ [(   )

( ) (   
  (  ̂   )

( ) (  ̂   )( ) (  ))] 
 

 
  (  )    
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           (  (   )
( ) )   

  
(   )( )(  ̂   )( )

(  ̂   )( ) ( (  ̂   )( )   )  

 From which it follows that 

(   ( )     
 )  (  ̂   )( )  

(   )( )

(  ̂   )( ) [((  ̂   )
( )     

 ) 
(  

(  ̂   )( )    
 

   
 )

 (  ̂   )
( )]  

(  
 ) is as defined in the statement of theorem 1 

 

(d) The operator  ( ) maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it is 
obvious that 

  

    ( )     
  ∫ [(   )

( ) (   
  (  ̂   )

( ) (  ̂   )( ) (  ))] 
 

 
  (  )    

           (  (   )
( ) )   

  
(   )( )(  ̂   )( )

(  ̂   )( ) ( (  ̂   )( )   )  

 

 From which it follows that 

(   ( )     
 )  (  ̂   )( )  

(   )( )

(  ̂   )( ) [((  ̂   )
( )     

 ) 
(  

(  ̂   )( )    
 

   
 )

 (  ̂   )
( )]  

(  
 ) is as defined in the statement of theorem 6 

Analogous inequalities hold also for                       

 

  

  

It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 

 

(  )
( )

( ̂  )( ) [(  ̂  )
( )  ((  ̂   )

( )    
 ) 

 (
(  ̂   )( )   

 

  
 )

]  (  ̂   )
( )  

 

(  )
( )

( ̂  )( ) [((  ̂   )
( )    

 ) 
 (  

(  ̂   )( )   
 

  
 )

 (  ̂   )
( )]  (  ̂   )

( )  

 

In order that the operator  ( ) transforms the space of sextuples of functions        satisfying GLOBAL 

EQUATIONS into itself 

 

The operator  ( ) is a contraction with respect to the metric  

 (( ( )  ( )) ( ( )  ( )))    

   
 

    
    

 

 |  
( )( )    

( )( )|  ( ̂  )( )     
    

 |  
( )( )    

( )( )|  ( ̂  )( )    
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 Indeed if we denote   

Definition of  ̃  ̃ : 

(  ̃  ̃ )   ( )(   ) 

It results 

| ̃  
( )

  ̃ 
( )

|  ∫ (   )
( ) 

 
|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )    

∫  (   
 )( )|   

( )
    

( )
|  (  ̂  )( ) (  )  (  ̂  )( ) (  )

 

 
   

(   
  )( )(   

( )
  (  ))|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   

   
( )

 (   
  )( )(   

( )
  (  ))  (   

  )( )(   
( )

  (  ))    
 (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )  

Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses  it follows 

 

| ( )   ( )|  (  ̂  )( )  
 

(  ̂  )( ) ((   )
( )   (   

 )( )  (  ̂  )
( )  (  ̂  )

( )(  ̂  )
( )) (( ( )  ( )   ( )  ( )))  

And analogous inequalities for          . Taking into account the hypothesis  the result follows 

 

Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as not 

conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition 

necessary to prove the uniqueness of the solution bounded by (  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  

respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

 (             ) and hypothesis can replaced by a usual Lipschitz condition. 

 

Remark 2: There does not exist any    where    ( )           ( )      

From 19 to 24 it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     

   ( )    
  ( (  

 )( ) )      for     

 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 
 : 

Remark 3: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 
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Remark 4: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 

 

 Remark 5: If       is bounded from below and       ((  
  )( ) ( ( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )( ( )  )         ( )  ( )( )  

 

Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  

     (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for      if       (   
  )( ) ( ( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions  

 

  

It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 

 

(  )
( )

( ̂  )( ) [(  ̂  )
( )  ((  ̂   )

( )    
 ) 

 (
(  ̂   )( )   

 

  
 )

]  (  ̂   )
( )  

 

 

(  )
( )

( ̂  )( ) [((  ̂   )
( )    

 ) 
 (  

(  ̂   )( )   
 

  
 )

 (  ̂   )
( )]  (  ̂   )

( )  

 

In order that the operator  ( ) transforms the space of sextuples of functions        satisfying   

The operator  ( ) is a contraction with respect to the metric  

 (((   )
( ) (   )

( )) ((   )
( ) (   )

( )))    

   
 

    
    

 

 |  
( )( )    

( )( )|  ( ̂  )( )     
    

 |  
( )( )    

( )( )|  ( ̂  )( )    

 

Indeed if we denote   

Definition of    ̃    ̃ :   (    ̃    ̃ )   ( )(       ) 

 

It results 

| ̃  
( )

  ̃ 
( )

|  ∫ (   )
( ) 

 
|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )    

∫  (   
 )( )|   

( )
    

( )
|  (  ̂  )( ) (  )  (  ̂  )( ) (  )
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(   
  )( )(   

( )
  (  ))|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   

   
( )

 (   
  )( )(   

( )
  (  ))  (   

  )( )(   
( )

  (  ))    
 (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )  

Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses  it follows 

 

|(   )
( )  (   )

( )|  (  ̂  )( )  
 

(  ̂  )( ) ((   )
( )   (   

 )( )  (  ̂  )
( )  (  ̂  )

( )(  ̂  )
( )) (((   )

( ) (   )
( )  (   )

( ) (   )
( )))  

 

And analogous inequalities for          . Taking into account the hypothesis  the result follows  

Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as not 

conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition 

necessary to prove the uniqueness of the solution bounded by (  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  

respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

 

Remark 2: There does not exist any    where    ( )           ( )      

From 19 to 24 it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     

   ( )    
  ( (  

 )( ) )      for     

 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 
 : 

Remark 3: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 

 

Remark 4: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 

 

 Remark 5: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( )  

 

Then  
     

  
 (   )

( )( )( )        which leads to   
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     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  

    (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that     is unbounded. The 

same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions  

 

  

It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 

 

(  )
( )

( ̂  )( ) [(  ̂  )
( )  ((  ̂   )

( )    
 ) 

 (
(  ̂   )( )   

 

  
 )

]  (  ̂   )
( )  

 

(  )
( )

( ̂  )( ) [((  ̂   )
( )    

 ) 
 (  

(  ̂   )( )   
 

  
 )

 (  ̂   )
( )]  (  ̂   )

( )  

 

In order that the operator  ( ) transforms the space of sextuples of functions         into itself  

The operator  ( ) is a contraction with respect to the metric  

 (((   )
( ) (   )

( )) ((   )
( ) (   )

( )))    

   
 

    
    

 

 |  
( )( )    

( )( )|  ( ̂  )( )     
    

 |  
( )( )    

( )( )|  ( ̂  )( )    

 

Indeed if we denote   

Definition of    ̃    ̃ :( (   )̃ (   )̃ )   ( )((   ) (   )) 

 

It results 

| ̃  
( )

  ̃ 
( )

|  ∫ (   )
( ) 

 
|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )    

∫  (   
 )( )|   

( )
    

( )
|  (  ̂  )( ) (  )  (  ̂  )( ) (  )

 

 
   

(   
  )( )(   

( )
  (  ))|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   

   
( )

 (   
  )( )(   

( )
  (  ))  (   

  )( )(   
( )

  (  ))    
 (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )  

Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses  it follows 

 

| ( )   ( )|  (  ̂  )( )  
 

(  ̂  )( ) ((   )
( )   (   

 )( )  (  ̂  )
( )  (  ̂  )

( )(  ̂  )
( )) (((   )

( ) (   )
( )  (   )

( ) (   )
( )))  

And analogous inequalities for          . Taking into account the hypothesis  the result follows 
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Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as not 

conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition 

necessary to prove the uniqueness of the solution bounded by (  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  

respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

 

Remark 2: There does not exist any    where    ( )           ( )      

From 19 to 24 it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     

   ( )    
  ( (  

 )( ) )      for     

 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 
 : 

Remark 3: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 

 

Remark 4: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 

 

 Remark 5: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( )  

 

Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  

     (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions  

 

  

It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 
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(  ̂   )
( )     (  ̂   )

( ) large to have 

(  )
( )

( ̂  )( ) [(  ̂  )
( )  ((  ̂   )

( )    
 ) 

 (
(  ̂   )( )   

 

  
 )

]  (  ̂   )
( )  

 

(  )
( )

( ̂  )( ) [((  ̂   )
( )    

 ) 
 (  

(  ̂   )( )   
 

  
 )

 (  ̂   )
( )]  (  ̂   )

( )  

 

In order that the operator  ( ) transforms the space of sextuples of functions        satisfying  IN to itself  

The operator  ( ) is a contraction with respect to the metric  

 (((   )
( ) (   )

( )) ((   )
( ) (   )

( )))    

   
 

    
    

 

 |  
( )( )    

( )( )|  ( ̂  )( )     
    

 |  
( )( )    

( )( )|  ( ̂  )( )     

Indeed if we denote   

Definition of (   )̃ (   )̃ :    ( (   )̃ (   )̃ )   ( )((   ) (   )) 

It results 

| ̃  
( )

  ̃ 
( )

|  ∫ (   )
( ) 

 
|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )    

∫  (   
 )( )|   

( )
    

( )
|  (  ̂  )( ) (  )  (  ̂  )( ) (  )

 

 
   

(   
  )( )(   

( )
  (  ))|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   

   
( )

 (   
  )( )(   

( )
  (  ))  (   

  )( )(   
( )

  (  ))    
 (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  ) 

Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses it follows 

 

|(   )
( )  (   )

( )|  (  ̂  )( )  
 

(  ̂  )( ) ((   )
( )   (   

 )( )  (  ̂  )
( )  (  ̂  )

( )(  ̂  )
( )) (((   )

( ) (   )
( )  (   )

( ) (   )
( )))  

And analogous inequalities for          . Taking into account the hypothesis the result follows 

 

Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as not 

conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition 

necessary to prove the uniqueness of the solution bounded by (  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  

respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 
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Remark 2: There does not exist any    where    ( )           ( )      

From 19 to 24 it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     

   ( )    
  ( (  

 )( ) )      for     

 

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 
 : 

Remark 3: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 

 

Remark 4: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 

 

Remark 5: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( )  

 

Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  

     (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions ANALOGOUS 

inequalities hold also for                       

 

  

 It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 
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(  )
( )

( ̂  )( ) [(  ̂  )
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 (
(  ̂   )( )   

 

  
 )

]  (  ̂   )
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(  )
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( ̂  )( ) [((  ̂   )
( )    

 ) 
 (  

(  ̂   )( )   
 

  
 )

 (  ̂   )
( )]  (  ̂   )

( )  

 

In order that the operator  ( ) transforms the space of sextuples of functions         into itself  

The operator  ( ) is a contraction with respect to the metric  

 (((   )
( ) (   )

( )) ((   )
( ) (   )

( )))    

   
 

    
    

 

 |  
( )( )    

( )( )|  ( ̂  )( )     
    

 |  
( )( )    

( )( )|  ( ̂  )( )    

 Indeed if we denote   

Definition of (   )̃ (   )̃ :    ( (   )̃ (   )̃ )   ( )((   ) (   )) 

It results 

| ̃  
( )

  ̃ 
( )

|  ∫ (   )
( ) 
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( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )    

∫  (   
 )( )|   
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|  (  ̂  )( ) (  )  (  ̂  )( ) (  )
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( )
  (  ))|   

( )
    

( )
|  (  ̂  )( ) (  ) (  ̂  )( ) (  )   

   
( )

 (   
  )( )(   

( )
  (  ))  (   

  )( )(   
( )

  (  ))    
 (  ̂  )( ) (  ) (  ̂  )( ) (  )   (  )  

Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses  it follows 

 

|(   )
( )  (   )

( )|  (  ̂  )( )  
 

(  ̂  )( ) ((   )
( )   (   

 )( )  (  ̂  )
( )  (  ̂  )

( )(  ̂  )
( )) (((   )

( ) (   )
( )  (   )

( ) (   )
( )))  

And analogous inequalities for          . Taking into account the hypothesis (35,35,36) the result follows 

 

Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as not 

conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition 

necessary to prove the uniqueness of the solution bounded by (  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  

respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

 

Remark 2: There does not exist any    where    ( )           ( )       
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From GLOBAL EQUATIONS it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     

   ( )    
  ( (  

 )( ) )      for     

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 
 : 

Remark 3: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )
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 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 

 

Remark 4: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 

 

Remark 5: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        

 

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( ) 

 

Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  

     (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for      if       (   
  )( ) ((   )( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions  

Analogous inequalities hold also for                       

 

  

It is now sufficient to take 
(  )

( )

(  ̂   )( )    
(  )

( )

(  ̂   )( )     and to choose 

(  ̂   )
( )     (  ̂   )

( ) large to have 
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In order that the operator  ( ) transforms the space of sextuples of functions         into itself  

The operator  ( ) is a contraction with respect to the metric  
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Where  (  ) represents integrand that is integrated over the interval       

From the hypotheses  it follows 
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And analogous inequalities for          . Taking into account the hypothesis the result follows 

 

Remark 1: The fact that we supposed (   
  )( )     (   

  )( ) depending also on   can be considered as not 

conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition 

necessary to prove the uniqueness of the solution bounded by (  ̂  )
( ) (  ̂  )( )      (  ̂  )

( ) (  ̂  )( )  

respectively of     

If instead of proving the existence of the solution on   , we have to prove it only on a compact then it 

suffices to consider that (  
  )( )     (  

  )( )            depend only on     and respectively on 

(   )(             ) and hypothesis can replaced by a usual Lipschitz condition. 

 

Remark 2: There does not exist any    where    ( )           ( )       
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From 69 to 32 it results  

   ( )    
  [ ∫ {(  

 )( ) (  
  )( )(   ( (  ))  (  ))}  (  )

 
 ]     

   ( )    
  ( (  

 )( ) )      for     

Definition of  ((  ̂  )
( ))

 
  ((  ̂  )

( ))
 
     ((  ̂  )

( ))
 
 : 

Remark 3: if     is bounded, the same property have also              . indeed if  

    (  ̂  )
( ) it follows 

    

  
 ((  ̂  )

( ))
 
 (   

 )( )    and by integrating  

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

In the same way , one can obtain 

    ((  ̂  )
( ))

 
    

   (   )
( )((  ̂  )

( ))
 
 (   

 )( )  

 If             is bounded, the same property follows for           and            respectively. 

 

Remark 4: If         bounded, from below, the same property holds for                The proof is 

analogous with the preceding one. An analogous property is true if     is bounded from below. 

 

Remark 5: If       is bounded from below and       ((  
  )( ) ((   )( )  ))  (   

 )( ) then         

Definition of  ( )( )        : 

Indeed let     be so that for        

 

(   )
( )  (  

  )( )((   )( )  )         ( )  ( )( ) 

 

Then  
     

  
 (   )

( )( )( )        which leads to  

     (
(   )( )( )( )

  
) (       )     

        If we take    such that         
 

 
  it results  

     (
(   )( )( )( )

 
)           

 

  
  By taking now      sufficiently small one sees that      is unbounded. 

The same property holds for      if       (   
  )( ) ((   )( )  ( )  )  (   

 )( ) 

We now state a more precise theorem about the behaviors at infinity of the solutions  

 

  

Behavior of the solutions  

 If we denote and define 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 

(a)   )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 

 



Journal of Natural Sciences Research                                                             www.iiste.org 

ISSN 2224-3186 (Paper)   ISSN 2225-0921 (Online) 

Vol.2, No.4, 2012 

 

209 

 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(      )  (   
  )( )(      )   (  )

( )   

  (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(   )  (   
  )( )(   )   (  )

( )  

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( )  ( )  ( ) : 

(b) By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the equations  

(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and  (   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )     

 

Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 

  By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the  roots of the equations 

(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     and  (   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )     

 

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) (  )
( ) :- 

(c) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 

      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

      and  (  )
( )  

   
 

   
   

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )   

 

and analogously 

  (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 

(  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )   

and (  )
( )  

   
 

   
   

(   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  where (  )
( ) ( ̅ )

( ) 

are defined  respectively 

 

Then the solution satisfies the inequalities 

    
  ((  )( ) (   )( ))     ( )     

  (  )( )   

where (  )
( ) is defined  

 

      (  )( )    
  ((  )( ) (   )( ))     ( )  

 

(  )( )    
  (  )( )   

 

( 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( )  ]     

   (  )( )     ( )  

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

  (  )( )    (   
 )( )       

   (   
 )( ) )  

 

   
  (  )( )     ( )     

  ((  )( ) (   )( ))    
 

 

(  )( )    
  (  )( )     ( )  

 

(  )( )    
  ((  )( ) (   )( ))    
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(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]     

   (   
 )( )     ( )    

(   )( )   
 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   

 

 

Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):- 

Where (  )
( )  (   )

( )(  )
( )  (   

 )( )   

             (  )
( )  (   )

( )  (   )
( )  

              (  )
( )  (   )

( )(  )
( )  (   

 )( )   

             (  )
( )  (   

 )( )  (   )
( )  

 

Behavior of the solutions  

 If we denote and define 

 

Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 

(d)   )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 

 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(      )  (   
  )( )(      )   (  )

( )    

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )((   )  )  (   
  )( )((   )  )   (  )

( )   

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( ) :  

By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots  

(e) of    the equations  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )      

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and  

Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) :  

By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the  

roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )      

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) :-  

(f) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by  

(  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( )   

(  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )   

and   (  )
( )  

   
 

   
   

 

 (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )   
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and analogously 

(  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( )  

 (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

and (  )
( )  

   
 

   
   

 

(   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )    

Then the solution satisfies the inequalities 

     
  ((  )( ) (   )( ))     ( )     

  (  )( )  

 

(  )
( ) is defined  

 

      (  )( )    
  ((  )( ) (   )( ))     ( )  

 

(  )( )    
  (  )( )    

( 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( )  ]     

   (  )( )     ( )  

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

  (  )( )    (   
 )( )       

   (   
 )( ) )    

 

   
  (  )( )     ( )     

  ((  )( ) (   )( ))    
 

 

(  )( )    
  (  )( )     ( )  

 

(  )( )    
  ((  )( ) (   )( ))    

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]     

   (   
 )( )     ( )    

(   )( )   
 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   

 

Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):-  

Where (  )
( )  (   )

( )(  )
( )  (   

 )( )   

             (  )
( )  (   )

( )  (   )
( )  

 

(  )
( )  (   )

( )(  )
( )  (   

 )( )   

             (  )
( )  (   

 )( )  (   )
( ) 

 

  

Behavior of the solutions 

 If we denote and define 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 

(a)   )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(      )  (   
  )( )(      )   (  )

( )  

  (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(   )  (   
  )( )((   )  )   (  )

( )  
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Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( ) : 

(b) By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the equations  

(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 

       By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the 

      roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

     and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

 

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) :- 

(c) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 

      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

      and  (  )
( )  

   
 

   
   

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )   

 

and analogously 

  (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 

  (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )      and (  )

( )  
   

 

   
   

 (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )    

Then the solution  satisfies the inequalities 

    
  ((  )( ) (   )( ))     ( )     

  (  )( )   

(  )
( ) is defined  

 

 

      (  )( )    
  ((  )( ) (   )( ))     ( )  

 

(  )( )    
  (  )( )    

( 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( )  ]     

   (  )( )     ( )  

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

  (  )( )    (   
 )( )       

   (   
 )( ) )  

 

      
  (  )( )     ( )     

  ((  )( ) (   )( ))     
 

 

(  )( )    
  (  )( )     ( )  

 

(  )( )    
  ((  )( ) (   )( ))    

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]     

   (   
 )( )     ( )    

(   )( )   
 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   
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Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):- 

Where (  )
( )  (   )

( )(  )
( )  (   

 )( )   

             (  )
( )  (   )

( )  (   )
( )  

              (  )
( )  (   )

( )(  )
( )  (   

 )( )   

                        (  )
( )  (   

 )( )  (   )
( ) 

 

  

  

Behavior of the solutions  
If we denote and define 
 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 
 

(d) (  )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 
 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(      )  (   
  )( )(      )   (  )

( )   
 

  (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )((   )  )  (   
  )( )((   )  )   (  )

( )  

 

 

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( )  ( )  ( ) : 
 

(e) By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the equations  

(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 

 

 

Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 
 

       By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the 

      roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

     and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) (  )
( ) :- 

 

(f) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 
 

      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 
 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

      and  (  )
( )  

   
 

   
   

 

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  
 

 
 

and analogously 
 

       (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 
 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

     and (  )
( )  
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    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  where (  )
( ) ( ̅ )

( ) 
are defined by 59 and 64 respectively 
 
Then the solution satisfies the inequalities 

 

       
  ((  )( ) (   )( ))     ( )     

  (  )( )  
 

where (  )
( ) is defined  

 
 
 
 
 
 
 
 

 

      (  )( )    
  ((  )( ) (   )( ))     ( )  

 

(  )( )    
  (  )( )   

 

 
 

(
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( )  ]     

   (  )( )     ( )  

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]      

   (   
 )( ) )  

 

 

   
  (  )( )     ( )     

  ((  )( ) (   )( ))    

 

 

 

(  )( )    
  (  )( )     ( )  

 

(  )( )    
  ((  )( ) (   )( ))   

 

 

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]     

   (   
 )( )     ( )    

 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   

 

 

Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):- 
 

Where (  )
( )  (   )

( )(  )
( )  (   

 )( )  
  

             (  )
( )  (   )

( )  (   )
( )  

 

                 (  )
( )  (   )

( )(  )
( )  (   

 )( )   
 

             (  )
( )  (   

 )( )  (   )
( )  

 

 

Behavior of the solutions  
If we denote and define 
 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 
 

(g) (  )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 
 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(      )  (   
  )( )(      )   (  )

( )   
 

  (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )((   )  )  (   
  )( )((   )  )   (  )

( )  

 

 

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( )  ( )  ( ) : 
 

(h) By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the equations  

(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     
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and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 

 

Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 
 

       By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the 

      roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

     and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) (  )
( ) :- 

 

(i) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 
 

      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 
 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

      and  (  )
( )  

   
 

   
   

 

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  
 

 

and analogously 
 

       (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 
 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

     and (  )
( )  

   
 

   
   

 

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  where (  )
( ) ( ̅ )

( ) 
are defined  respectively 
 

 

Then the solution satisfies the inequalities 
 

    
  ((  )( ) (   )( ))     ( )     

  (  )( )   
 

where (  )
( ) is defined  

 

 

      (  )( )    
  ((  )( ) (   )( ))     ( )  
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 )( ))
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 )( )     ( )    

 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   

 

 

Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):-  
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Where (  )
( )  (   )

( )(  )
( )  (   

 )( )  
  

             (  )
( )  (   )

( )  (   )
( )  

 

                 (  )
( )  (   )

( )(  )
( )  (   

 )( )   
 

             (  )
( )  (   

 )( )  (   )
( )  

 
Behavior of the solutions 
 If we denote and define 
 

 Definition of  (  )
( )  (  )

( )  (  )
( )  (  )

( ) : 
 

(j) (  )
( )  (  )

( )  (  )
( )  (  )

( )   four constants satisfying 
 

 (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )(      )  (   
  )( )(      )   (  )

( )   
 

  (  )
( )   (   

 )( )  (   
 )( )  (   

  )( )((   )  )  (   
  )( )((   )  )   (  )

( )  

 

 

Definition of  (  )
( ) (  )

( ) (  )
( ) (  )

( )  ( )  ( ) : 
 

(k) By   (  )
( )     (  )

( )    and respectively (  )
( )     (  )

( )    the roots of    the equations  

(   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )    and 

 

 

Definition of  ( ̅ )
( )  ( ̅ )

( ) ( ̅ )
( ) ( ̅ )

( ) : 
 

       By ( ̅ )
( )     ( ̅ )

( )    and  respectively  ( ̅ )
( )     ( ̅ )

( )    the 

      roots of the equations (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

     and  (   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( )     

Definition of  (  )
( )  (  )

( )  (  )
( ) (  )

( ) (  )
( ) :- 

 

(l) If we define (  )
( )  (  )

( )  (  )
( ) (  )

( )    by 
 

      (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 
 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

      and  (  )
( )  

   
 

   
   

 

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  
 

 

and analogously 
 

       (  )
( )  (  )

( ) (  )
( )  (  )

( )    (  )
( )  (  )

( ) 
 

       (  )
( )  (  )

( ) (  )
( )  ( ̅ )

( )     (  )
( )  (  )

( )  ( ̅ )
( )  

     and (  )
( )  

   
 

   
   

 

    (   )
( )  (  )

( ) (  )
( )  (  )

( )    ( ̅ )
( )  (  )

( )  where (  )
( ) ( ̅ )

( ) 
are defined respectively 
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Then the solution  satisfies the inequalities 

 

      
  ((  )( ) (   )( ))     ( )     

  (  )( )  
 

where (  )
( ) is defined 

 

 

      (  )( )    
  ((  )( ) (   )( ))     ( )  

 

(  )( )    
  (  )( )   

 

 

(
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( )  ]     

   (  )( )     ( )  

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]      

   (   
 )( ) )  

 

 

   
  (  )( )     ( )     

  ((  )( ) (   )( ))    

 

 

 

(  )( )    
  (  )( )     ( )  

 

(  )( )    
  ((  )( ) (   )( ))   

 

 

(   )( )   
 

(  )( )((  )( ) (   
 )( ))

[ (  )( )    (   
 )( ) ]     

   (   
 )( )     ( )    

 
(   )( )   

 

(  )( )((  )( ) (   )( ) (  )( ))
[ ((  )( ) (   )( ))    (  )( ) ]     

   (  )( )   

 

 

Definition of (  )
( ) (  )

( ) (  )
( ) (  )

( ):- 
 

Where (  )
( )  (   )

( )(  )
( )  (   

 )( )  
  

             (  )
( )  (   )

( )  (   )
( )  

 

             (  )
( )  (   )

( )(  )
( )  (   

 )( )   
 

             (  )
( )  (   

 )( )  (   )
( )  

 

  

Proof : From GLOBAL EQUATIONS we obtain  

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))   (   

  )( )(     ) 
( )  (   )

( ) ( )  

Definition of  ( ) :-          ( )  
   

   
 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 

 From which one obtains  

Definition of ( ̅ )
( ) (  )

( ) :- 

 

(a) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 
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       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

            (  )
( )   ( )( )  (  )

( ) 

 In the same manner , we get 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

 

 

(b) If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

 

(c) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
   

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the 

theorem. 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for the 

special case  

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  
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 we obtain  

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 

Definition of  ( ) :-          ( )  
   

   
 

 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 

From which one obtains  

Definition of ( ̅ )
( ) (  )

( ) :- 

(d) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

    ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

            (  )
( )   ( )( )  (  )

( )  

 

In the same manner , we get 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

From which we deduce (  )
( )   ( )( )  ( ̅ )

( )  

(e) If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

(  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )    

    
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

 

(f) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

And so with the notation of the first part of condition (c) , we have  

 

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
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(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

.  

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( ) 

 

  

From GLOBAL EQUATIONS we obtain  

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 

Definition of  ( ) :-          ( )  
   

   
 

It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 

 

 From which one obtains  

(a) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

 ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

            (  )
( )   ( )( )  (  )

( )  

 

 In the same manner , we get 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

Definition of ( ̅ )
( ) :- 

From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 

 

(b) If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

 (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   
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( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

 

(c) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

(  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( )  

And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the 

theorem. 

Particular case : 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( ) 

 

  

: From GLOBAL EQUATIONS we obtain  
 

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 From which one obtains  
 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

(d) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

 



Journal of Natural Sciences Research                                                             www.iiste.org 

ISSN 2224-3186 (Paper)   ISSN 2225-0921 (Online) 

Vol.2, No.4, 2012 

 

222 

 

   ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  
 

In the same manner , we get 
 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

 

(e) If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

 

  

(f) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 
the special case . 
 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )   

 

  
        From  GLOBAL EQUATIONS we obtain  
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  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 
 
 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

(g) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  
 

In the same manner , we get 
 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

 

(h) If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   

 

            
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

 

(i) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
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Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 
the special case . 
 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

 
  

we obtain  
 

  ( )

  
 (   )

( )  ((   
 )( )  (   

 )( )  (   
  )( )(     ))  (   

  )( )(     ) 
( )  (   )

( ) ( )  

 
 

Definition of  ( ) :-          ( )  
   

   
 

 
It follows 

  ((   )
( )( ( ))

 
 (  )

( ) ( )  (   )
( ))  

  ( )

  
  ((   )

( )( ( ))
 
 (  )

( ) ( )  (   )
( )) 

 
 
 From which one obtains  

 

Definition of ( ̅ )
( ) (  )

( ) :- 
 

(j) For   (  )
( )  

   
 

   
  (  )

( )  ( ̅ )
( ) 

 

       ( )( )  
(  )( ) ( )( )(  )( ) 

[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

     ,    ( )( )  
(  )( ) (  )( )

(  )( ) (  )( )  

 

            (  )
( )   ( )( )  (  )

( )  
 

 

In the same manner , we get 
 

  ( )( )  
( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

      ,   ( ̅)( )  
( ̅ )( ) (  )( )

(  )( ) ( ̅ )( )    

 

   From which we deduce (  )
( )   ( )( )  ( ̅ )

( ) 
 

 

(k) If    (  )
( )  (  )

( )  
   

 

   
  ( ̅ )

( ) we find like in the previous case, 

 

      (  )
( )  

(  )( ) ( )( )(  )( ) 
[ (   )( )((  )( ) (  )( ))  ]

  ( )( ) 
[ (   )( )((  )( ) (  )( ))  ]

   ( )( )   
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( ̅ )( ) ( ̅)( )( ̅ )( ) 

[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 ( ̅ )
( )  

(l) If    (  )
( )  ( ̅ )

( )  (  )
( )  

   
 

   
   , we obtain 

 

  (  )
( )    ( )( )  

( ̅ )( ) ( ̅)( )( ̅ )( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

  ( ̅)( ) 
[ (   )( )(( ̅ )( ) ( ̅ )( ))  ]

 (  )
( ) 

 
And so with the notation of the first part of condition (c) , we have  

Definition of   ( )( ) :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

In a completely analogous way, we obtain  

Definition of   ( )( )  :- 
 

(  )
( )    ( )( )  (  )

( ),     ( )( )  
   ( )

   ( )
 

   
Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the 
theorem. 
 
Particular case : 
 

If (   
  )( )  (   

  )( )      (  )
( )  (  )

( )  and in this case (  )
( )  ( ̅ )

( ) if in addition (  )
( )  

(  )
( ) then   ( )( )  (  )

( ) and as a consequence    ( )  (  )
( )   ( ) this also defines (  )

( ) for 
the special case . 

Analogously if  (   
  )( )  (   

  )( )      (  )
( )  (  )

( ) and then 

 (  )
( )   ( ̅ )

( )if in addition (  )
( )  (  )

( ) then     ( )  (  )
( )   ( ) This is an important 

consequence of the relation between (  )
( ) and ( ̅ )

( )  and definition of (  )
( )  

 

  
  

We can prove the following 

Theorem 3: If (  
  )( )    (  

  )( ) are independent on   , and the conditions  

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined, then the system 

 

 If (  
  )( )    (  

  )( ) are independent on   , and the conditions   

(   
 )( )(   

 )( )  (   )
( )(   )

( )       

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,   

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )      
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      (   )
( ) (   )

( ) as defined are satisfied , then the system 

 If (  
  )( )    (  

  )( ) are independent on   , and the conditions 

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined are satisfied , then the system 

 

If (  
  )( )    (  

  )( ) are independent on   , and the conditions  

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined  are satisfied , then the system 

 

If (  
  )( )    (  

  )( ) are independent on   , and the conditions 

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined  satisfied , then the system 

 

If (  
  )( )    (  

  )( ) are independent on   , and the conditions  

(   
 )( )(   

 )( )  (   )
( )(   )

( )      

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

(   
 )( )(   

 )( )  (   )
( )(   )

( )    ,  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   )

( )  (   
 )( )(   )

( )  (   )
( )(   )

( )     

      (   )
( ) (   )

( ) as defined are satisfied , then the system 

 

(   )
( )    [(   

 )( )  (   
  )( )(   )]         

(   )
( )    [(   

 )( )  (   
  )( )(   )]         

(   )
( )    [(   

 )( )  (   
  )( )(   )]         
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(   )
( )     (   

 )( )  (   
  )( )( )           

(   )
( )     (   

 )( )  (   
  )( )( )           

(   )
( )     (   

 )( )  (   
  )( )( )           

has a unique positive solution , which is an equilibrium solution for the system  

(   )
( )    [(   

 )( )  (   
  )( )(   )]         

(   )
( )    [(   

 )( )  (   
  )( )(   )]         

(   )
( )    [(   

 )( )  (   
  )( )(   )]         

(   )
( )     (   

 )( )  (   
  )( )(   )           

(   )
( )     (   

 )( )  (   
  )( )(   )           

(   )
( )     (   

 )( )  (   
  )( )(   )           

has a unique positive solution , which is an equilibrium solution for   

(   )
( )    [(   

 )( )  (   
  )( )(   )]         

(   )
( )    [(   

 )( )  (   
  )( )(   )]         

(   )
( )    [(   

 )( )  (   
  )( )(   )]         

(   )
( )     (   

 )( )  (   
  )( )(   )           

(   )
( )     (   

 )( )  (   
  )( )(   )           

(   )
( )     (   

 )( )  (   
  )( )(   )           

has a unique positive solution , which is an equilibrium solution  

(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

 

(   )
( )    [(   

 )( )  (   
  )( )(   )]         

(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

 

(   )
( )     (   

 )( )  (   
  )( )((   ))          

 

 

(   )
( )     (   

 )( )  (   
  )( )((   ))          

 

 

(   )
( )     (   

 )( )  (   
  )( )((   ))          

 

 

has a unique positive solution , which is an equilibrium solution for the system  

(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        
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(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

 

(   )
( )     (   

 )( )  (   
  )( )(   )          

 

 

(   )
( )     (   

 )( )  (   
  )( )(   )          

 

 

(   )
( )     (   

 )( )  (   
  )( )(   )          

 

 

has a unique positive solution , which is an equilibrium solution for the system   

(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

 

(   )
( )    [(   

 )( )  (   
  )( )(   )]        

 

 

(   )
( )     (   

 )( )  (   
  )( )(   )          

 

 

(   )
( )     (   

 )( )  (   
  )( )(   )          

 

 

(   )
( )     (   

 )( )  (   
  )( )(   )          

 

 

has a unique positive solution , which is an equilibrium solution for the system   

  

 

(a) Indeed the first two equations have a nontrivial solution          if  

 ( )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )  

(   
  )( )(   )(   

  )( )(   )      

 

 

(a) Indeed the first two equations have a nontrivial solution          if  
 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )  

(   
  )( )(   )(   

  )( )(   )      

 

 

(a) Indeed the first two equations have a nontrivial solution          if  

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )  

(   
  )( )(   )(   

  )( )(   )      
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(a) Indeed the first two equations have a nontrivial solution          if  

 (   )  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )  (   
  )( )(   )(   

  )( )(   )  

    

 

(a) Indeed the first two equations have a nontrivial solution          if  

 (   )  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )  (   
  )( )(   )(   

  )( )(   )  

    

 

 

(a) Indeed the first two equations have a nontrivial solution          if  

 (   )  

(   
 )( )(   

 )( )  (   )
( )(   )

( )  (   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )  (   
  )( )(   )(   

  )( )(   )  

    

 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows that there 

exists a unique      
    for which   (   

 )   . With this value , we obtain from the three first equations  

     
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,           
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

 

 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows that there 

exists a unique      
    for which   (   

 )   . With this value , we obtain from the three first equations  

 

     
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,           
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

 
 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows that there 

exists a unique      
    for which   (   

 )   . With this value , we obtain from the three first equations  

     
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,           
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

 

 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows that 

there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three first 

equations  

     
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,           
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

 

 

Definition  and uniqueness of    
   :-    
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After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows that 

there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three first 

equations  

     
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,           
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

 

Definition  and uniqueness of    
   :-   

After hypothesis   ( )     ( )     and the functions (  
  )( )(   ) being increasing, it follows that 

there exists a unique      
    for which   (   

 )   . With this value , we obtain from the three first 

equations  

     
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

      ,           
(   )( )   

[(   
 )( ) (   

  )( )(   
 )]

 

 

(e) By the same argument, the equations 92,93  admit solutions         if  

 ( )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )( )  (   
 )( )(   

  )( )( )] (   
  )( )( )(   

  )( )( )     

 Where in  (           )         must be replaced by their values from 96. It is easy to see that   is a 

decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that there 

exists a unique    
  such that  (  )    

 

(f) By the same argument, the equations 92,93  admit solutions         if  

 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

 

Where in (   )(           )         must be replaced by their values from 96. It is easy to see that   is a 

decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that there 

exists a unique    
  such that  ((   )

 )    

 

(g) By the same argument, the concatenated equations  admit solutions         if  

 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

Where in    (           )         must be replaced by their values from 96. It is easy to see that   is a 

decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that there 

exists a unique    
  such that  ((   )

 )    

 

(h) By the same argument, the equations of modules  admit solutions         if  
 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

Where in (   )(           )         must be replaced by their values from 96. It is easy to see that   is 

a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that there 

exists a unique    
  such that  ((   )

 )    
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(i) By the same argument, the equations (modules)  admit solutions         if  
 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

Where in (   )(           )         must be replaced by their values from 96. It is easy to see that   is 

a decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that there 

exists a unique    
  such that  ((   )

 )    

 

(j) By the same argument, the equations (modules) admit solutions         if  
 

 (   )  (   
 )( )(   

 )( )  (   )
( )(   )

( )    

[(   
 )( )(   

  )( )(   )  (   
 )( )(   

  )( )(   )] (   
  )( )(   )(   

  )( )(   )      

Where in (   )(           )         must be replaced by their values It is easy to see that   is a 

decreasing function in     taking into account the hypothesis   ( )      ( )     it follows that there 

exists a unique    
  such that  (  )    

 

 

 

 

Finally we obtain the unique solution of 89 to 94 

   
            (  )    ,    

            (   
 )    and 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

     

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(  )]
      ,      

  
(   )( )   

 

[(   
 )( ) (   

  )( )(  )]
 

Obviously, these values represent an equilibrium solution  

 

Finally we obtain the unique solution   

   
            ((   )

 )    ,    
            (   

 )    and  

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

     
 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )((   ) )]
      ,      

  
(   )( )   

 

[(   
 )( ) (   

  )( )((   ) )]
 

 

Obviously, these values represent an equilibrium solution  

Finally we obtain the unique solution  

   
            ((   )

 )    ,    
            (   

 )    and 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

     

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

      ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

 

Obviously, these values represent an equilibrium solution  
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Finally we obtain the unique solution  

   
            (   )    ,    

            (   
 )    and 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    

 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )((   ) )]
      ,      

  
(   )( )   

 

[(   
 )( ) (   

  )( )((   ) )]
 

Obviously, these values represent an equilibrium solution  

 

Finally we obtain the unique solution  

   
            ((   )

 )    ,    
            (   

 )    and 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

 

 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )((   ) )]
      ,      

  
(   )( )   

 

[(   
 )( ) (   

  )( )((   ) )]
 

Obviously, these values represent an equilibrium solution 

 

Finally we obtain the unique solution 

   
            ((   )

 )    ,    
            (   

 )    and 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

    ,      
  

(   )( )   
 

[(   
 )( ) (   

  )( )(   
 )]

     

 

   
  

(   )( )   
 

[(   
 )( ) (   

  )( )((   ) )]
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And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and 

this proves the theorem. 
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