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Abstract:

Laws bears ample testimony ,infallible observatory, and impeccable demonstration to the fact that the
essential predications, character constitutions, ontological consonances remain unchanged with evolution,
despite the system’s astute truculence, serenading whimsicality,assymetric dispensation or on the other hand
anachronistic dispensation ,eponymous radicality,entropic entrepotishness or the subdued behaviour
Jsrelationally contributive, diverse parametrisizational,conducive reciprocity to environment, unconventional
behavior, enuretic nonlinear freneticness ,ensorcelled frenzy, abnormal ebulliations,surcharged fulminations
or the inner roil. And that holds well with the evolution with time. We present a model of the
generalizational conservation of the theories. A theory of all the theories. That all conservation laws hold and
there is no relationship between them is b&e noir. We shall on this premise build a 36 storey model that
deliberates on various issues, structural, dependent, thematic and discursive, discursive. Paper throws light
on at least six unsolved problems in physics, if not completely solve them, for which we are putting all
concerted efforts and protracted endeavors.

Key words Zero point energy of vacuum, Dark matter, Dark energy
Introduction:

What is an event? Or for that matter an ideal event? An event is a singularity or rather a set of singularities or
a set of singular points characterizing a mathematical curve, a physical state of affairs, a psychological
person or a moral person. Singularities are turning points and points of inflection : they are bottle necks,
foyers and centers ;they are points of fusion; condensation and boiling points or tears and joy; sickness and
health; hope and anxiety; they are so to say “sensitive" points; such singularities should not be confused or
confounded, aggravated or exacerbated with personality of a system expressing itself; or the individuality
and idiosyncrasies,penchance,predilections,proclivities,propensities of a system which is designated with a
proposition. They should also not be fused with the generalizational concept or universalistic axiomatic
predications and postulation alcovishness, or the dipsomaniac flageolet dirge of a concept. Possibly a
concept could be signified by a figurative representation or a schematic configuration. "Singularity” is
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essentially, pre individual, and has no personalized bias in it, nor for that matter a prejudice or
procircumspection of a conceptual scheme. It is in this sense we can define a "singularity” as being neither
affirmative nor non affirmative. It can be positive or negative; it can create or destroy. On the other hand it
must be noted that singularity is different both in its thematic discursive forms from the” run of the mill day
to day musings and mundane drooling. There are in that sense "extra-ordinary”. Each singularity is a source
and resouce,the origin, reason and raison d’étre of a mathematical series, it could be any series any type, and
that is interpolated or extrapolated to the structural location of the destination of another singularity. This
according to this standpoint, there are different, multifarious, myriad, series in a structure. In the eventuality
of the fact that we conduct an unbiased and prudent examination of the series belonging to different
"singularities” we can come to indubitable conclusion that the "singularity” of one system is different from
the "other system" in the subterranean realm and ceratoid dualism of comparison and contrast of systems.

EPR experiment derived that there exists a communications between two particles. We go a further step to
say that there exists a channel of communication however slovenly, inept, clumpy, between the two
singularities. It is also possible the communication exchange could be one of belligerence, cantankerousness,
tempestuousness, astutely truculent, with ensorcelled frenzy. That does not matter. All we are telling is that
singularities communicate with each other.

Now, how do find the reaction of systems to these singularities?. You do the same thing a boss does for you.
"Problematize" the events and see how you behave. I will resort to "pressure tactics”. “intimidation,
terrorization of deriding report", or “cut in the increment" to make you undergo trials, travails and
tribulations. I am happy to see if you improve your work; but may or may not be sad if you succumb to it and
hang yourself! We do the same thing with systems. Systems show conducive response, felicitous
reciprocation or behave erratically with inner roil, eponymous radicalism without and with glitzy conviction
say like a solipsist nature of bellicose and blustering particles, or for that matter coruscation, trepidiational
motion in fluid flows, or seemingly perfidious incendiaries in gormandizing fellow elementary particles,
abnormal ebullitions, surcharges calumniations and unwarranted(you think so! But the system does not!)
Unrighteous fulminations.

So the point that is made here is like we problematize the "events” to understand the human behaviour we
have to "problematize" the events of systems to understand their behaviour.

This statement in made in connection to the fact that there shall be creation or destruction of particles or
complete obliteration of the system (blackhole evaporation) or obfuscation of results. Some systems are like
“inside traders" they will not put signature at all! How do you find they did it! Anyway, there are
possibilities of a CIA finding out as they recently did! So we can do the same thing with systems too. This is
accentuation, corroboration, fortificational,.fomentatory note to explain the various coefficients we have
used in the model as also the dissipations called for.

In the bank example we have clarified that various systems are individually conservative, and their
conservativeness extends holistically too. That one law is universal does not mean there is complete
adjudication of nonexistence of totality or global or holistic figure. Total always exists and “individual”
systems always exist, if we do not bring Kant in to picture! For the time being let us not! Equations would
become more energetic and frenzied..

We take in to consideration the following variables:

1.  Zero Point Energy Of the Vacuum

2. Cosmological constant variability

3. Dark Matter

4. Super symmetry

5. Dark Energy

6. Expanding Universe

7. Microwave Sky

8. Motion and orientation of the Solar System.

9. Mass of Quantum Vacuum

10. Deceleration of the accelerated expansion of the universe

174



Journal of Natural Sciences Research Www.iiste.org
ISSN 2224-3186 (Paper) ISSN 2225-0921 (Online) Ly
\Vol.2, No.4, 2012 ISTE

11. Discrete Structure of Space and Time
12. GTR and Quantum Mechanics(We have given the linkage model of these two in a separate paper)

Classification methodologies. Bank’s example of equality of Assets and Liabilities, and interconnected
inherent inter accountal transaction holds good for these systems too.

ZERO POINT ENERGY OF THE VACUUM AND COSMOLOGICAL CONSTANT
VARAIBILITY:

MODULE NUMBERED ONE

Notation :

G5 : Category One Ofzero Point Energy

G4 : Category Two Of The Zero Point Energy(There Are Many Vacuums)
G5 : Category Three Of The Zero Point Energy

T,5 : Category One Of The Variability Of Cosmological Constant(Note That There Exists Different
Vacuums And Constantancy Does Not Hinder The Production And Dissipation Of Zero Point Energy)

T,4 : Category Two Of The Variability Of Cosmological Constant

T,s :Category Three Of The Variability Of The Cosmological Constant(We Repeat Assets=Liabilities
Does Not Mean Inter Account Transfers ,Production Of, Or Closure Of The Accounts Or In This Case
Systems)

Dark Matter And Super Symmetry---
Module Numbered Two:

G1¢ : Category One Of Super Symmetry
G, : Category Two Of Super Symmetry
G,g : Category Three Of Super Symmetry
T,¢ :Category One Ofdark Matter

T,, : Category Two Of Dark Matter

T,g : Category Three Of Dark Matter

Expanding Universe And Dark Energy:
Module Numbered Three:

G, : Category One Of Dark Energy

G, :Category Two Of Dark Energy

G, : Category Three Of Dark Energy
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T,, : Category One Of Expanding Universe
T,, :Category Two Of Expanding Universe
T,, : Category Three Of Expanding Universe

Motion And Orientation Of The Solar system And Microwave Sky(Note Both Change From Time To
Time): Module Numbered Four:

G,, : Category One Of Motion And Orientation Of The Solar System

G5 : Category Two Of Motion And Orientation Of The Solar System
G, : Category Three Of Motion And Orientation Of The Solar System

T,, :Category One Of Microwave Sky

T,s :Category Two Ofmicrowave Sky
T,¢ : Category Three Of Microwave Sky

Mass Of Quantum Vacuum And Deceleration Of The Expanding Universe
:Module Numbered Five:

G,g : Category One Of Deceleration Of The Accelerated Expansion Of The Universe(Rate Is Not
Constant)

G4 : Category Two Of Deceleration Of The Accelerated Expansion Of The Universe
G5, :Category Three Of deceleration Of The Accelerated Expansion Of The Universe

T,g :Category One Ofmass Of Quantum Vacuum

T, :Category Two Of Mass Of Quantum Vacuum

T3, :Category Three Of mass Of Quantum Vacuum

Gtr And Quantum Mechanics And Discrete Nature Of Space And Time

:Module Numbered Six:

G, : Category One Of Gtr And Quantum Mechanics(There Are Many Quantum Systems And There Are
Many Systems To Which Gtr Would Hold Classification Is Based On Those Systems)

G55 : Category Two Of Gtr And Qm
G5, : Category Three Ofgtr And Qm
T;, : Category One Of Discrete Natute Of St
T35 : Category Two Of Discrete Nature Of St

T3, : Category Three Of Discrete Nature Of ST

(a13)(1), (a14)(1), (a15)(1); (b13)(1); (b14)(1), (bls)(l) (a16)(2); (a17)(2); (a18)(2)
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(b16)®, (017)®, (b15)®: (a20)®, (421)®, (22)P, (b20)®, (b21)®, (b,5)®
(a24)(4)' (a25)(4)' (a26)(4)l (b24)(4)' (bZS)(4)l (b26)(4)' (b28)(5)l (b29)(5)' (b30)(5)

,(azs)(s)' (azg)(s)' (‘130)(5), (a32)(6), (a33)(6), (a34)(6), (bsz)(@‘ (bss)(é)’ (b34)(6)

are Accentuation coefficients

(a1)®, (a1 @, (@15)®, (b13)W, (b1)™, (b1s)W, (a16)P, (a17)?, (a16)®, (b16)®, (b1)P, (b1g)®
, (alzo)(S), (a'21)(3), (aéz)(S)' (béo)(B), (bé1)(3)' (béz)(3) (034)(4); (alzs)(4), (aéé)m; (bé4)(4). (bés)m: (bée)(4)'
(b26)®, (b30)®, (b30)® (a26)®, (a20)®, (a30)® , (a32)'®, (a33)®, (a3)®, (b3) @, (b33), (b3,)©
are Dissipation coefficients

ZERO POINT ENERGY OF THE VACUUM AND COSMOLOGICAL CONSTANT
VARAIBILITY:

MODULE NUMBERED ONE

The differential system of this model is how (Module Numbered one)

dG ’ "
di3 _ (a13)(1)G14 _ [(a13)(1) + (a13)(1)(T14» t)]Gl3
dG 7 n

d;4 _ (a14)(1)G13 _ [(a14)(1) + (a14)(1) (T14 t)]GM
dG 7 n

d;s = (a15) MGy — [(‘115)(1) + (afs) M (Tya, t)]615

a ! "
% = (blg)(l)TM' - [(b13)(1) - (b13)(1)(6, t)]T13

a ! "
;4 = (b14)(1)T13 - [(b14)(1) - (b14)(1)(6; t)]T14

d;s = (b1s) Ty, — [(b1)® — (Bs) P (G, D] Tis

+(a}s) P (T4, t) = First augmentation factor
—(bJ)D(G,t) = First detritions factor

DARK MATTER AND SUPER SYMMETRY---

MODULE NUMBERED TWO

A theory in physics proposing a type of symmetry that would apply to all elementary particles (Note again
that there are various systems of elementary particles. Bank example stands in good stead every time)

The differential system of this model is now ( Module numbered two)

aG 1 "

dzs = (a16)PGy7 — [(alé)(z) + (als) P (Ty7, t)]Glé
dG ! n
—d? = (a17) PGy — [(a17)(2) + (a/) P (Ty7, t)]G17
dG ! n

dig = (a18)(2)G17 - [(a18)(2) + (a18)(2)(T17' t)]G18
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% = (bye)PTy, — [(bie)(z) - (bile)(z)((cw)’t)]Tle

d;? = (by7)PTy — [(bb)(z) - (b1”7)(2)((619)’t)]7'17

dTyg

(b1g)®T;; — [(bis)(z) — (b1 (2)((619), t)]T18
+(a})®(T,,,t) = First augmentation factor
—(b1s)P((G1e),t) = First detritions factor

EXPANDING UNIVERSE AND DARK ENERGY:

MODULE NUMBERED THREE

The differential system of this model is now (Module numbered three)

dG 12 n
d:O _ (azo)(S)Gn _ [(azo)(3) + (azo)(3)(T21’ t)]Gzo
dG ! i

d:1 _ (a21)(3)G20 _ [(a21)(3) + (a21)(3)(T21' t)]621
d ' ”

Z:Z = (azz)(3)G21 - [(azz)(S) + (azz)(3)(T21. t)]GZZ
d ’ "

ZO = (bzo)(3)T21 - [(bzo)(g) - (bzo)(3)(623v t)]TZO
d 7 n

Zl = (b)) ®Tyo — [(b3)® = (b) P Gy, O] Ty
dT. ! "

diz _ (bzz)(3)T21 _ [(bzz)(s) — (bzz)(3)(Gz3, t)]Tzz

+(ayy)®(T,,, t) = First augmentation factor
—(bY)®(Gys,t) = First detritions factor

MOTION AND ORIENTATION OF THE SOLARSYSTEM AND MICROWAVE SKY(NOTE
BOTH CHANGE FROM TIME TO TIME)

: MODULE NUMBERED FOUR:

The differential system of this model is now (Module numbered Four)

dG ! n

d:4 = (a24)(4)G25 - [(a24)(4) + (a24)(4)(T25, t)]Gu
dG ’ "

dis = (azs) WG,y — [(azs)(4) + (ays) W (Tys, t)]st
d ’ "

5:6 = (‘126)(4)625 - [(aze)(4) + (aze)(4)(T25: t)]Gze
d ’ "

25 = (byy) DTys — [(03)® — b5 @ ((G27), )] Toa
d ’ "

25 = (bys) DTy — [(b35)® — (b56) @ ((G27), )] Ts
dr: 1 ”

d? = (bze)(4)T25 - [(bze)(4) - (bze)(4)((Gz7); t)]T26
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+(ay,)®(T,s, t) = First augmentation factor

—(b3)®((Gy7),t) = First detritions factor

MASS OF QUANTUM VACUUM AND DECELERATION OF THE EXPANDING UNIVERSE

:MODULE NUMBERED FIVE

The differential system of this model is now (Module number five)

dG 12 n
2oz _ (@38) G0 — [(a)® + (@) ® (Tyo, )] Gog

dGyg
dt

= (az9)®Gog — [(aég)(s) + (a3e)® (Tyo, t)]Gze

dGsg
dt

= (a30)® Gy — [(a’30)(5) + (a4y)® (T, t)]G3o

B2 — (byg) OTye — [(b3e) — (b5)®((G31), t)]Tas

dt

% = (bzg)(s)Tzs - [(bé9)(5) - (bég)(s)((Gm); t)]ng

Z80 = (byo) DTz — [(B30) = (B5) P ((651), £)] T30

+(a'z'g)(5) (T,o,t) = First augmentation factor
—(b3s)®((G31),t) = First detritions factor

GTR AND QUANTUM MECHANICS AND DISCRETE NATURE OF SPACE AND TIME

:MODULE NUMBERED SIX

The differential system of this model is now (Module numbered Six)

dG ! n
d:Z = (a32)(6)G33 - [(a32)(6) + (a32)(6)(T33; t)]G32
dG ! n
d:3 = (a33)(6)G32 - [(a33)(6) + (a33)(6)(T33; t)]G33

dG ’ "
734 = (‘134)(6)633 - [(a34)(6) + (‘134)(6)(7'33: t)]G34

852 — (byy)©OTss — [(b52)© — (b5,) @ ((G35), 1) T2

dt

Lz - (b33)©Ts, — [(b§3)(6) - (b§’3)(6)((G35): t)]T33

dt
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dT34, _
dac

(b3)©Ts3 — [(05)© = (b3 @ ((Gss), )] T4
+(a4,)©(Ts3,t) = First augmentation factor
—(bé'z)(ﬁ)((Gss), t) = First detritions factor

HOLISTIC CONCATENATE SYTEMAL EQUATIONS HENCEFORTH REFERRED TO AS “GLOBAL
EQUATIONS”

(1) Zero Point Energy Of the Vacuum

(2) Cosmological constant variability

(3) Dark Matter

(4) Super symmetry

(5) Dark Energy

(6) Expanding Universe

(7) Microwave Sky

(8) Motion and orientation of the Solar System.
(9) Mass of Quantum Vacuum

(10) Deceleration of the accelerated expansion of the universe
(11) Discrete Structure of Space and Time

(12) GTR and Quantum Mechanics(We have given the linkage model of these two in a separate paper

s _ (p g (@5) V] (@) O (T, 0] | +(@1) 22 (T, 0| [+(@5) O (T, 0] |
= a3 14— 13
d 17 " "
‘ | [+(ag) #+44) (Tys, ) || +(ag) 555 (T, 1) || +(a) 0% (T3, £) | |
01 _ (o yg (@) P+ @)D (T, ][ +(afy) @2 (T, )] [+(a5) 33 (T, 1) ;
= Q14 13 — 14
% | | +(a§’5)(4'4'4'4') (T35, t) | +(a§'9)(5'5'5'5') (T, t) || +(a§'3)(6'6'6'6') (T33,8) | ]
s _ QY. - (@19) P+ (afs) D Ty, ) ||+ (@) 22 (117, 8) || +(a5) O3 (T34, 1)
d - 15 14 7 . 7 15
‘ | | +(ags) @) (Tys, t) | +(ayy) 555 (Ty, 1) ||+(a34)(6'6'6'6') (Ts3, t) |

Where | (@)D (T, t) || (ay) D (Tyy, t) || (a)s) DO (T, t)| are first augmentation coefficients for category 1, 2 and 3

[+(a[0)®2)(T,7, 0)

+(a£’7)(2'2') (Ty7,t)

+(aly) ®?)(Ty,, 1) | are second augmentation coefficient for category 1, 2 and 3

’ ’

|+(a’2’0)(3'3')(T21, t)|,|+(a’2’1)(3'3') (T21,t)|,| +(ay) 33 (T, t)| are third augmentation coefficient for category 1, 2 and 3

|+(a’2’4)(‘*'4'4'4') (Tys, t)| , |+(ag’5)(4'4'4'4'>(T25, t)| , |+(ag’6)(4'4'4'4')(T25, t) | are fourth augmentation coefficient for category 1, 2 and 3

|+(a’z’8)(5'5'5'5') (Tyo, t)|,|+(a§’9)(5'5'5'53 (Tyo,t) |,|+(ag’0)(5'5'5'5') (Tyo, t)| are fifth augmentation coefficient for category 1, 2 and 3

|+(a’3’2)(6'6'6'6') (Ts3,t) | |+(a§’3)(6'6'6'5') (Ts3, t)l , |+(a§’4)(6'6'6'6')(T33, t)| are sixth augmentation coefficient for category 1, 2 and 3

(i) V=)D G, D] [~ (i) 22 (610, )] |- (B50) 33 (Gos, 0]
— (b)) #H44) (G, 0) ||~ (b3) 555 (631, ) || = (03) €54 (G35, 1) |

dTy3 _
dat

(b13)(1)T14 - | T3
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T _ (p, )T BB, 0] [ZBH) ) 610, D= GO P Gan D] |
S | O s e S i () | e A ey ]|
s _ ()0 (ki) [0V E 0] [0 G O] 03 P G 0] |
R | O s ) B O I () A e (o) |

Where|—(b DO, t)l |— (DG, 1) | are first detrition coefficients for category 1, 2 and 3

|—(b{’6)<2'2')(619, — (b)) B2 (G0, D) |, | = (i) B2 (G0, t)| are second detrition coefficients for category 1, 2 and 3
|—(b§’0)(3'3')(623, —(b5)B3) (G, (b5,) B3 (G, t) | are third detrition coefficients for category 1, 2 and 3
|—(b§;)(4'4'4'4')(627, — (b)) E44) (G, ) || — (bys) 4444 (G, t) | are fourth detrition coefficients for category 1, 2 and 3

| — (b)) 555 (G, t)| |—(b ) 555 (G, t)| |—(b &S558 (Gay 1) | are fifth detrition coefficients for category 1, 2 and 3

| —(b4,)(®068) (G, t)| |—(b ) (©066) (G, t)| |—(b ) 066) (G, o, t) | are sixth detrition coefficients for category 1, 2 and 3

6 _ (0006 (a10) @]+ (a1) ® (T17, D] [ +(af3) ) (Tia, ) || +(a5) 42 (T, )]
16 17 —
| [+(ag) #4449 (T, 0) || +(age) 5559 (Tyo, 1) || +(aty) @099 (T35, )|
5 _ (0,6 @)@ @)D (Ty7, 0| +@i) @ (T, O] [ +(a5) &Iy, 0)|
17 16 —
| [+ (@) #4449 (Tys, £) || +(a50) O5559) (T, 1) || +(a) 0059 (T35, 1) |
6 _ (g, (@) @]+ (@) Ty, )] [+(afs) " (T, )| [+(af) B39 (T4, ©)|
18 17 —
- |+(a§’6)(4'4'4'4'4)(T25,t)| +(a§’0)(5'5'5'5'5)(T29,t)”+(a'3’4)(6’6’6’6’6)(T33,t)’

Where | +(aly) P (T, t) | are first augmentation coefficients for category 1, 2 and 3

[+l ) (T, O], [+ (@h) 9 (T,

t)| are second augmentation coefficient for category 1, 2 and 3

[+(a5) 823 (T, O], [+ (@) B3P (T,

t) | are third augmentation coefficient for category 1, 2 and 3

|+(a” YA (T, 1) H +(ays) 44D (T, t)| are fourth augmentation coefficient for category 1, 2 and 3

|+(a’2’8)(5'5'5'5'5)(T29, t) I |+(a 5) 5585 (T, t)| |+(a ) 5559 (T, t)| are fifth augmentation coefficient for category 1, 2 and 3

|+(a’3’2)(6'6'6'6'6) (Ts3,t) I |+(ag’3)(5'6'6'6'6) (Ts3, t)l , |+(ag’4)(6'6'6'6'5) (Ts3, t)| are sixth augmentation coefficient for category 1, 2 and 3

e _ g0 (i) P[P 610, 0] |-GV G0 ||- B G0 |
16 17 — 16
\—(b;;)<4'4'4'4'4>(627.t)I\—(b;;,><5'5'5'5'5>(031,t)||—(b§'z><6'6'6'6'6>(635,t)\
o _ gy i) O 0iP (610, 0] [F BTV, O[- (b3 (60, 0)] ] .
17 16 — 17
| [ (bg) 44449 (G, £)] = (3) 5559 (Gay, £) || = (b35) © 05 (G5, )|
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(1) @[ =(b1) @ (610, O] [~ B (G, )] |- (b5) O (G, 1)
|—(by) 444 (G, £)| |~ (b5, )<55555>(631,t)||—(b 65659 (G |

dT18

= (b1g)@Ty; —

— (/)P (Gyo, t)| are first detrition coefficients for category 1, 2 and 3

where| —(bY)@(Gyo, t)l

~ 01?6y,

|—(b —(b1s —(bi)AV(G, t)| are second detrition coefficients for category 1,2 and 3

|—(b§’0)(3'3'3')(623, —(by)B33)(G,s, (b5,)B33)(G,s, t)| are third detrition coefficients for category 1,2 and 3

| —(by,) #4446, t)H—(b D@D (G )| | —(be) EH4(G,,, t)| are fourth detrition coefficients for category 1,2 and 3

|—(b” Y5555 (G, t)l I—(b G555 (G t)| |—(b )<55555)(G31,t)|are fifth detrition coefficients for category 1,2 and 3

|—(b” )(66666) (G, t)H—(b ) (66666 (G, t)| I—(b 1) (66666 (G, t)| are sixth detrition coefficients for category 1,2 and 3

N (@50)®)|+(@4) P Ty, O |[+(afe) @22 (Ty7, O) || +(a) W22 (T4, D) |
= (a G p
= (@000 7 [ @ B4 (1, 0|+ (@) C55559) (T, O] [ (@) 55Ty, 0

dGzo

GZO

(@) P +(@5) P Ty, O||[+(af) 22D (T, )| [+ (af) W22 (T4, D) |
_‘+(a'2'5)(4‘4‘4‘4‘4‘4)(Tzs;t)H"‘(a )(5,5,5,5,5,5)(T29 t)||+(a )(6,6,6,6,6,6)(7133 t)’

d621

= (a21)( )Gzo

(@32) @ +(@5) P (o1, O || +(a1e) @22 (Ty7, ) || +(ais) @2 (T4, D) |
‘ +(ay,) @44 (T, 1) I | +(aly) 55555 Ty, t) | | +(ay,)©66660)(T,, 1) |

dGzz

= (a zz)( )Gy — G2z

|+(a )@ (T, t)|,|+(a D@ (T, t)[,|+(ag’2)(3)(T21,t)| are first augmentation coefficients for category 1, 2 and 3

|+(a’1’6)(2'2'2)(T17, 1@2A(T, 1) @2D(T,, t)| are second augmentation coefficients for category 1, 2 and 3

|+(a’1’3)(1'1'1') (T1ar t) |,|+(a’1’4 arvr,, P@L(T,, t)| are third augmentation coefficients for category 1, 2 and 3

|+(a// Y@ (T, t)l |+(a// Yt (T,
and 3

t) | are fourth augmentation coefficients for category 1, 2

"
30

|+(a’2’8)(5'5'5'5'5'5)(Tz.,, t)|,|+(ag’9)(5'5'5'5'5'5)(ng, t) | are fifth augmentation coefficients for category 1, 2 and 3

[+(ay,) 66569 (T, )], [ +(aks) 600668 (T,

t)| are sixth augmentation coefficients for category 1, 2 and

3
T _ (07 B5) P~ 05)D 623, 0]|- Gf) **9 G0, O||- G G0] |
20 21 20
|—(bé'4)(4‘4‘4‘4‘4'4)(G27, t) "_(bérg)(s,s,s,s,s,s)(Gm' t) |’—(bé’2)(6'6'6'6'6'6) (635, t)|
T _ ()T i) D=0 653, 0]|- G2 G0, O |- G G0]
21 20 — 21
|_(bérs)(4,4,4,4,4,4)(G27’ t)H_ bérg)(s,s,s,s,s,s)(Gﬂ' t)”— bé’S)(6'6'6'6'6'6)(G35,t)|
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i _ g oy, | GO0 0o GGl it I@ ] |

at | = (b ) #4444 (G, D) || = (b)) E55555) (Gay, ) || = (b5,) ©55559) (G55, 1) |

| —(byy)®(Gy3,t) I , I —(5) B (Gys, )| | —(B5) P (Gy3, 1) | are first detrition coefficients for category 1, 2 and 3

’

| —(by)@2D (G4, 1) I | = (1) 22D (G, 1) I ) I — (b)) @2 (G, t) | are second detrition coefficients for category 1, 2 and 3

|=(bi5) (G, 0)

=BG, 1),

—(bi)ALD(G, t) | are third detrition coefficients for category 1,2 and 3

(| T el ()
3

—(by)#44449 (G, 1) | are fourth detrition coefficients for category 1, 2 and

b

[=(bs) 555559 (Gay, )| | = (bye) 555559 (G, )
3

, I — (b)) 555555 (G, t)| are fifth detrition coefficients for category 1, 2 and

|=(b5,) 655959 (Gag, ) || = (bys) ©5559 (G4, 1)

—(by,)(666666) (G, t) | are sixth detrition coefficients for category 1, 2 and 3

b

Qo _ o g, _ | @@ O, O +@h) 0 (T ]|+ (a0 (T3 )

= A24 25 24
dt | [+(@ @D (T, 0 || +(a1e) 2222 (T, D) || +(a5) 232 (T, 0|
P25 _ () @a (@55) @ +(a5) @ (Tas, D] [+(a0) &% (Tyo, D] [+(a) ¢ (T35, 0)|

= (azs 24~ 25
dt | [+ (@) WD (T, O] [+(aty) @2D (T3, O] [+(ag) 332 (T3, 1)
626 _ 0y (@56) @[ +(a5e) P (Tys, D] [ +(a3) & (To, D] [+(a5) @ (T3, )|

= (az¢ 25 26
dt | [+(@i) VD (T, 0) || +(aty) @22 (T, £) || +(a5y) G239 (T, 0|

Wherel(a’z’4 (T, t)|,|(a§’5 ®(Tys, )|, | (ahs (4)(T25,t)| are first augmentation coef ficients for category 1,2 and 3

’

[+(a) ®5) (T, )

| +(a5y) 55 (Tyo, t) I, +(ay) &%) (Tpo, t) | are second augmentation coef ficient for category 1,2 and 3

|+(a’3’2)(""") (T33,t) |,|+(a’3’3)(5'5') (T33,t) I, +(aky)®%) (Tys,t) | are third augmentation coef ficient for category 1,2 and 3

[+(@is) D (T, O] [+(ar) S0 (1, 0

+(als) (T, t)| are fourth augmentation coefficients for category 1, 2,and 3

b

+(aiy) #**(Ty;, t)

I b

|+(a’1’6)(2'2'2'2)(T17, t) +(als)®?22(T,,, t)| are fifth augmentation coefficients for category 1, 2,and 3

I

[+(a5) C*33 (T, O] [ +(ay) B33 (T, 1)

+(ay,) 3333 (T, t) | are sixth augmentation coefficients for category 1, 2,and 3

Tos _ sy, _ | B0 PG DG, O] |Z0) O Gar, O 0) G B |
- 24 25 7 24
dt | [0 TVG, 0| =i @2 (Gro, D] (b) #2396, D) |
ATos o oy, _ |2 08 DG O] |03 G || 00 G 0] |
- 25 24 25
dt | [—Bi) PG, 0] | (1) ##2P (Gro, )| - () B3P (Ga, )] |
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dT,e (b36) | = (b36)® (627, D) | |~ (D) &% (G, ) || - (B5) ) (G35, D) |

= (bze)(4)T25 -

dt [~ @06, 0] [~ (1) @222 (G, O][- (b3 B33 (G, 0)] |

Where |—(b§’4)(4)(627, t) I , | — (bY@ (G, V)|, | = (BE) P (G, 1) | are first detrition coef ficients for category 1,2 and 3

’

|—(b§’8)(5'5')(631, O], |=b5) 53 (G3y, ) |,| - (b5) 55 (G, t)| are second detrition coef ficients for category 1,2 and 3

’ ’

|—(b§’2)(6'6')(635, )],|—(b53) ) (G5, 1) |,| — (b3a) 0 (G35, t) | are third detrition coef ficients for category 1,2 and 3

’ ’

|= (i) (6, )] | = (i) P (6, )

— (b)) (G, t)| are fourth detrition coef ficients for category 1,2 and 3

’

|—(b{’6)<2'2'2'2)(619, t) I, I — (b)) @222) (G0, 1) | | — (b)) %22 (G, 1) | are fifth detrition coef ficients for category 1,2 and 3

I

|— (by)B333) (Gys, 1) |,|— (by)B333(Gya, t) | |- (B5) 3333 (G, 1) | are sixth detrition coef ficients for category 1,2 and 3

b

(@56) )|+ (@)D (Tz0, O || +(ay) “*) (Tys, )] | +(a5) @09 (Ts3, 1) |

dGzg 5
ﬁ—(azg)()(;zg— 1 N(1,1,1,1,1) 11 N(2,2,2,2,2) 17 3(3,3,3,3,3) 28
[+ (@) D (T, 0) || +(afe) 22222 Ty, D] | +(ag0) 3239 (T4, 0)|
A _ o, | @)L Ty O+ @) (T, | 1) O T 0] |
- 29 28 29
dt | [+(@f) VD (T, B || +H@i) @222 D (T, O] [+(ag) 3323 (T, 0)| |
dGy o (a50) [ +(@50) D (Tyo, 0)]| +(a) 4 (T, 0| +(a5) 59 (T3, 1)
5
= (a G ol G
ac (o) T @ O (0, O] [F @) P27 (T, O] [+ @) 772 (T, 0] | 5

Where |+(a’2’8)(5) (Tyq,t) +(a4y)® (Tpo, t) | are first augmentation coef ficients for category 1,2 and 3

+(‘1§’9)(5)(T29: t)

’ ’

And |+(a§’4 (44 (Tys, t) +(aye) @) (Tys, t)| are second augmentation coef ficient for category 1,2 and 3

+(ays) @ (Tys, £)

’ y

| +(a3) @59 (T3, )|, | +(a4s) ©°9 (T35, 1),

+(ayy) 659 (Tys, 1) | are third augmentation coef ficient for category 1,2 and 3

| +(a’1’3)(1'1'1'1'1)(T14, £) |‘ | +(ar1r4)(1,1,1,1,1) (Tyart)

+(as) ED(T,,, t)| are fourth augmentation coefficients for category 1,2, and 3

b

| +(a'1'6)(2'2'2'2’2)(T17, £) |‘ | +(ar1r7)(2,2,2,2,2) (T, 0)

+(als) 2222 (T,,,t) | are fifth augmentation coefficients for category 1,2,and 3

b

|+(a’2’0)(3'3'3'3'3)(T21,t)|,|+(a§’1 (3,3,3,3,3)(7'21' t)

+(ay,)33333)(T,,, t)| are sixth augmentation coefficients for category 1,2, 3

b

Moo _ sy, _ | i) P8O Gan O] |03 G, O - )06 0] |
= (D2g 29 — 28
dt | =BG, )] [~ (b)) #2222 (Gro, B) || - (b50) *22D(Ga 1) |
AT _ o g, _ | i) T8O Gar, O] [ i) (G D[ bi) O Gp )] |
= (D29 28 — 29
dt _ ’ _(b&)(l,l,l,l,l) G,1) | ’_(blrg)(z,z,z,z,z) (Gyo, ©) ‘ ’_ (b£’1)(3'3'3'3'3) (Gys, t) ’
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dTs, (b30) = (15)® (G31, )| [~ (b3) 4+ (G5, O || - (B5) 59 (G35, )|

= (b30)(5)T29 -

30
dt = (i) (G, 1) | = (b1e) #2222 (Gyo, B) | |- (b5) 33339 (G5, 0) |

where |— (by) P (G3y,t)

—(bé’g)(s)(Ggl,t)l =5 B (Gay, t)| are first detrition coef ficients for category 1,2 and 3

’

|—(b§’4)(4'4')(627, O], |= b5 ) & (Gyy, ) |, | = () 44 (G, t)| are second detrition coef ficients for category 1,2 and 3

’ ’

|—(b§’2)(6'6'6)(635, t)|,|—(b§’3)<6'6'6)(G35,t)|, —(b4,)659 (G, t)| are third detrition coef ficients for category 1,2 and 3

|—(b1”3)(1'1'1'1'1)(6, ) |,|—(b£'4)(1‘1‘1’1’1)(6, t)

,I—(bi’s)(l'l'l'l'l‘)((?, t)| are fourth detrition coefficients for category 1,2, and 3

|—(b1”6)(2'2'2'2'2)(619, t) H — (b)) 22222 (G, ) || = (b)) #2222 (G, t) | are fifth detrition coefficients for category 1,2, and 3

b

|— (b)) 33333 (G, t) \, l— (by)B3333)(G,s, t)|,|— (by,)B3333) (G, t) I are sixth detrition coefficients for category 1,2, and 3

%52 — (a0 (852) ] +(@5) O (T3, 0| | +@0) O (T, )| [ +(@5) 44 (Tos, 0] |
= a3z 33 32
dt _‘+(a1'3)(1‘1‘1‘1‘1‘1)(T14, t)H+(airﬁ)(z,z,z,z,z,z)(T”, t)||+(a§’0)(3‘3‘3‘3‘3‘3)(T21,t) |
s _ 0 o (5) @) T3, O] |+ (@) *5 T, 0| | (@) 0 Tys. 0] |
- 33 32 7 33
dt [+ (@) A (T, 0 || +(af) 22222 (T, 6) || +(a5) @333 (T, )|
T — (a0 (a52) (@5 (T35, 0| | +@50) 59 (T, )| [ +(@5) 44 (Tos, 0] |
= A3y 33 34
dt _‘+(a1’5)(1‘1‘1‘1‘1‘1)(T14, t)H+(airs)(z,z,z,z,z,z)(T”, t)||+(a§’2)(3‘3‘3‘3‘3‘3)(T21,t) ‘

|+(a’3’2)(")(T33, t)I,|+(a§’3)(5)(T33,t)I,|+(a§’4)(5)(T33, t)| are first augmentation coef ficients for category 1,2 and 3

|+(a’2’8)(5'5'5)(T29, t) | +(aye) 555 (Tyo, ) I, +(ay) 555 (T,o, t) | are second augmentation coef ficients for category 1,2 and 3
|+(a’2’4)(4'4'4') (Tys, ) || +(ags) @44 (Tys, ) || + (@) “44) (Ts, t)| are third augmentation coef ficients for category 1,2 and 3

| +(a,1,3)(1,1,1,1,1,1) (Tyart) |‘ | +(ar1r4)(1,1,1,1,1,1) (Tyart)

+(ay) @, t)| - are fourth augmentation coefficients

b

| +(a'1'5)(2'2'2'2'2'2)(T17; t) |‘ | +(ar1r7)(2,2,2,2,2,2) (T, 0)

+(als)@22222(T,,, t)| - fifth augmentation coefficients

b

| +(aly)B33333)(T,, £) I[ I +(ay)B33333(T,, 1)

+(a’2’2)(3'3'3'3'3'3)(T21,t)| sixth augmentation coefficients

b

T o (652) O] =) O (G, O (5) 9 (G50, 0] |- GG 0] |
- 32 33 7 32
dt |- (1) DG, )] | = (bie) #2222 (Gro, 8)] - (b30) 32223 (Gya 1)
ATy o oy, _ | 5 i) O Gas O (bi) D Gan ]| i) VG )] |
- 33 32 33
dt | =y O (G, 6)] [ (b)) B22222) (G, £) |- (B3 B33333) (Gys, )]
AT _ 0 o (55)©|—(b3) @ (Gas, O || = (b56) ©*%) (631, )| [~ (b6) 4+ (Gar, )| .
- 34 33 7 34
dt | (b1 DG, 6)] | = (b)) @222 (G, £) || = (B35) 33333 (Gys, )]
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|—(b§’2)(6)(635, t)|,|—(b§’3)(6)(635, t)| ,|—(b§’4)(5)(635,t)| are first detrition coef ficients for category 1,2 and 3

|—(b§’8)(5'5'5)(631, t) I,|—(b§i,)(5'5'5)(631, t) | ,|—(b§’0)(5'5'5)(631, t)| are second detrition coef ficients for category 1,2 and 3

|—(b§’4)(4'4'4')(627, t) | ,|—(b£’5)(4'4'4')(627, t) | ,|—(bé’6)(4'4'4')(627, t)| are third detrition coef ficients for category 1,2 and 3

|—(b1’§)(1'1'1'1'1'1)(6, t) |, | — (b)) WLLLLD(G 1) I,I—(bi’._;)(l'l'l'l‘l‘l)(G, t)l are fourth detrition coefficients for category 1, 2, and 3

|—(b{g)<2'2'2'2'2'2)(619, t) I, I —(bj)@22222 (G 0 1) |,|—(b{’8)<2'2'2'2'2'2>(G19, t)l are fifth detrition coefficients for category 1, 2, and 3

|— (b)) 333333 (G, 1) \, I— (by)B33333)(G,,, 1) |,|— (b)) 333333)(G,,, t)l are sixth detrition coefficients for category 1, 2, and 3

Where we suppose
(A) (@)@, (@)@, (@)™, (b)@, (b, (b > 0,
i,j =13,14,15
(B) The functions (a;" )™, (b;")™V are positive continuous increasing and bounded.
Definition of (p,)®, (r)®:
(@)D (Tia 1) < ()™ < (Ag3)®
BHPG ) < )W < B)YW < (B3
©  limg, (@)D (T4, t) = (p)®
limg_q, (b )™ (G, ) = ()™
Definition of ( 4;5)™, (B;3)™:
Where [(A;3)®, (B13)®, (0)®, ()™ |are positive constants and

They satisfy Lipschitz condition:

(@)D (T £) = (@)D (Trg, O] < Ry )D|Tyy — Tiyle~ M)Vt
(YD G, 1) = (BHDG, D] < (kyz )D||G = G'|[e~ (M)t

With the Lipschitz condition, we place a restriction on the behavior of functions
(@ D(Ty,,t) and(a) P (Tya,t) . (T4, t) and (Ty,, t) are points belonging to the interval
[(ky3)D, (M;5)D] . Itis to be noted that (a}") P (Ty,, t) is uniformly continuous. In the eventuality of the

fact, that if (M5 )™ = 1 then the function (a;") (T4, t) , the first augmentation coefficient WOULD be
absolutely continuous.

Definition of ( M,3)®, (ky3)® :
(D) (My3)D, (k13)D, are positive constants

@ _wp®
(M13)D 7 (M33)D

Definition of ( P;3)™, (043)® :
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(E) There exists two constants ( P;5 )™ and ( Q;5 )™ which together
with (M;3)D, (ky3)D, (A13)® and (B3 )™ and the constants
(a)®, (@)™, )@, (BN, @)W, ()™, i = 13,1415,

satisfy the inequalities

1 , : " ~
(a)® [(@)® + @)@+ (Az)P + (Pi3)® (ky3)P] <1

i@l GO+ @GP+ (Bi)® + (Qs)® (kus)P] <1

Where we suppose

(@)@, @)?,(@"H?,B)?, )P, (BN >0, ij=1617,8

(G) The functions (a;")®, (b/")® are positive continuous increasing and bounded.

Definition of (p;))®, (r;))®:

@YD (Ty7,6) < ()@ < (Aye )

(NP (Gro,t) < ()P < (B)P < (By)®
(H)  limp,e(a])® (Ty7,0) = (p)®

limg_e, (b )® ((G10),t) = (1)@
Definition of (A, )@, (B )@ :

Where | (A16)P, (B1g)®, ()P, (1)@ lare positive constants and [i = 16,17,18

They satisfy Lipschitz condition:

(@Y (T, 0) = (@) P (Ty7, O] < Ry )P|Tyy — Tiye~(Mre) @t

I(5I) P ((G16)', £) = (B P((G10), )] < (K16 )P [1(G10) — (Gyo)'||e~(Fre) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (T}, t)
and(a;")®(Ty5,t) . (T{,,t) and (T}, t) are points belonging to the interval [(k;¢)®, (M) @] . Itisto
be noted that (a;")® (T, t) is uniformly continuous. In the eventuality of the fact, that if ( M, )® =1
then the function (a))® (Ty,,t) , the SECOND augmentation coefficient would be absolutely continuous.

Definition of (M4 )@, (k1)@ :
) (M) @, (k16)®, are positive constants

@® _®
(M16)® 7 (M16)@

Definition of ( P;3)®, (043)@ :

There exists two constants ( P )® and ( 0,4 )® which together
with (M;6)®, (k16)®, (A16)Pand ( By )@ and the constants
@)@, @)@, )@, )P, @)@, ()@,i=1617,18,

satisfy the inequalities
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1 , . _ ~
ool @D +@P + (A)@ + (Pe)® (ki )P] < 1

m[ B)@ + GNP + (Bis)P + (016)P (k1)@ <1
Where we suppose
()] (@)®, (@)@, (@)®, )P, (1)@, () >0, i,j=20,21,22
The functions (a/")®, (b/")® are positive continuous increasing and bounded.
Definition of (p))®, (r;)®:
(@) (Tp1,0) < @)® < (Ay0)®
(BN P (Ga3,0) < ()P < (BD® < (By)®
limz, (@ )® (T51,0) = (p)®
limG—»oo(bi”)(S) (Gy3,t) = (ri)(3)

Definition of (A, )®, (B,e )™ :

Where ‘(Azo )3, (Byo )@, )@, (1)® ‘ are positive constants and [i = 20,21,22

They satisfy Lipschitz condition:

(@) (T4, ) = (@) P (Tyy, 0] < (Rgo )P|Tyy — Tyyle™ (200Dt
15 P (Gas', 1) = (b)) (Gas, )] < (ego )P|Gaz — G ||~ (200t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")®(T;,,t)

and(a;")® (Tyq,t) . (T31,t) And (T,4,t) are points belonging to the interval [(kao)®, (My)®] . Itisto
be noted that (a;")® (T,,, t) is uniformly continuous. In the eventuality of the fact, that if ( M,,)® =1
then the function (a))® (T,,,t) , the THIRD augmentation coefficient, would be absolutely continuous.

Definition of ( M, )@, (kye )@ :
(K) (M0 )@, (ky )P, are positive constants

@® _p®
(M20)®) 7 (M20)®

There exists two constants There exists two constants ( P, )® and ( 0,, ) which together with
(M), (ky0)®, (A,0)Pand ( B,y )@ and the constants

(@)@, (@)@, B)®, (b)®, @)®, )®,i =20,21,22,

satisfy the inequalities

1 , N ~ ~
(Fag)® [ (a)® + (ai)(3) + (Az0)® + (Pyo)® (hp)®] < 1

1

(M) [ (b)) + (bi,)m + (Byo)® + (020)® (kyo <1

Where we suppose

(ai)(4)l (a{)(“), (al{,)(4)l (bi)(4)l (bL’)(4)’ (bL”)(4) > 0! l’] = 24’25'26
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(M) The functions (a;)®, (b/")™® are positive continuous increasing and bounded.

Definition of (p;)¥, (1;)¥:
(al{’)@)(’rzs' t) < (Pi)(4) < (A24 )(4)

(BN ((Go7),t) < ()W < (BD™ < (Byy)™

(N) limz, e (@)™ (Tps, ) = (p)™
limG—>oo(bi”)(4) ((627), t) = (ri)(4)

Definition of (A,, )®, ( B,, )® :

Where ‘ (A24)@, (B)®, ()@, )@ ‘ are positive constants and [i = 24,25,26

They satisfy Lipschitz condition:

(@)D (T4, £) — (@) P (Tys, 0] < (Rga )P|Tps — Tysle (M)t

I(BINY®((Gy7)', ) = (B P((G2), £)] < (kza YPNI(Ga7) — (Gop)'||e™(F2s) Pt

With the Lipschitz condition, we place a restriction on the behavior of functions (a!)® (Tys, t)
and(a; )™ (Tys, t) . (T4s, t) and (Tys, t) are points belonging to the interval [( &y )@, ( My, )] . Itis to
be noted that (a{’)("’) (T,s, t) is uniformly continuous. In the eventuality of the fact, that if (M,, )® = 4
then the function (a;" ) (T,s,t) , the FOURTH augmentation coefficient WOULD be absolutely
continuous.

Definition of ( M, )®, (k,3 )@ :
(M, )®, ()@, are positive constants

(@)™ ™
(Mag)®) 7 (Mp4)®)

Definition of ( P,, )™, (05, )™ :

Q) There exists two constants ( £,, ) and ( 0, )® which together with
(Myy )®, (ks )P, (A,)Pand ( By, )™ and the constants
(@)®, (@)@, ()™, BN, )@, ()@, 1 = 24,2526,
satisfy the inequalities

1

Tl @@+ @)@+ (A)® + (P)® (k) P) < 1

_r
(M4 )®)

[ BO® + GNP+ (B)® + (00)® (Ros) W] <1
Where we suppose
(ai)(S)l (ag)(S)’ (ag’)(S)’ (bi)(S)l (bL’)(S)’ (bL”)(S) > 0! l’] = 28'29'30
(S) The functions (a}")®, (b]")® are positive continuous increasing and bounded.
Definition of (p;)®, (1;)®:
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(‘1{’)(5)(739' t) < (Pi)(s) < (Azs )(5)

(BNP((Gs1),t) < () < (DS < (Byp)®

(T) limTz—»oo(aL",)(S) (T29' t) = (pi)(S)
limgoo (B))® (Gay,t) = (1)®

Definition of ( A,5)®, ( B, )™ :

Where ‘(AAzg ), (B )®, (p)®, (1)® ‘ are positive constants and |i = 28,29,30

They satisfy Lipschitz condition:

(@) (Tho, ) — (@)D (Tyo, )] < (Kgg )®|Tpg — Tjole™(M2a)t

151N ((G31)', ) = (B)YP((G31),£)] < (e YDNI(G31) — (Gay)'||e™ (M)t

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (T, t)

and(a;)® (Tyo,t) . (T4o, t) and (T, t) are points belonging to the interval [( kg )®, (Mag )] . Itis to
be noted that (a))® (T,q, t) is uniformly continuous. In the eventuality of the fact, that if ( M,g )® =5
then the function (a;")® (T,, t) , theFIFTH augmentation coefficient attributable would be absolutely
continuous.

Definition of ( M, ), (k,5)® :
( Mzg )(5), ( 1228 )(5), are positive constants

@® _wp®
(M25)®) 7 (Mpg)®

Definition of ( P,5 )™, (0,5)® :

There exists two constants ( P,g ) and ( 0,5 ) which together with
(Mg )®, (k5 ), (A,9)Pand ( B,g )™ and the constants
(@)®, (@)®, (b)), (b)), )™, ()®,i=28,29,30, satisfy the inequalities

1

@[ @+ @)@+ (Ayg) + (Pg)® (kpe)®] < 1

_r
(Mag)(®)

[ (B + (BD® + (Byg)® + (025)® (kpe)®] <1
Where we suppose
(a,)(G)' (a{)(G)’ (a{’)(G)’ (b)(G)’ (b,)(6)’ (b”)(6) > 01 i; j = 32;33:34
l 1 1 l l l ]
(W) The functions (a/)(®, (b/")(® are positive continuous increasing and bounded.
l L
Definition of (p;)®, (1;)©:
(@) ©(T33, 1) < ()@ < (43,)©

B ((Ga5),0) S ()@ < (B < (Byz )
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(X) limTsz(agl)m) (T33, t) = (pl)(6)
limG—>oo(bi”)(6) ((635), t) = (ri)(G)

Definition of (A3, )®, (B3, )©® :

Where l (A3,)®,(B3,)®, (p)®, (1)©® l are positive constants and [i = 32,33,34

They satisfy Lipschitz condition:

(@) © (T4s, £) — (@) O (Ts3, £)| < (Kgp )(©|Tsz — Tisle™ (M)t

1(5{)© ((Gss)', ) = (B]")O((G35), £)] < (fez2 )ONI(G5) — (Gas)'||e™ (522

With the Lipschitz condition, we place a restriction on the behavior of functions (a;")® (T4, t)

and(a})© (Ty3,t) . (T35, t) and (Ts3, t) are points belonging to the interval [( ks, )©®, (M5, )©] . Itisto
be noted that (a)(® (T3, t) is uniformly continuous. In the eventuality of the fact, that if ( M3, )© = 6
then the function (al’-’)(é) (T35, t) , the SIXTH augmentation coefficient would be absolutely continuous.

Definition of ( My, )©, (3, ) :
(M3,)®, (k3,)®, are positive constants

@® _®©
(M32)(6) 7 (M3,)(6) <1

Definition of ( P;, ), (03, )@ :

There exists two constants ( P;, )® and ( 03, )® which together with
(M3,)®, (k3,)®, (A3,)@and (B3, )® and the constants

(@)@, (@)@, B)®@, ()@, )@, ()@, i =323334,

satisfy the inequalities

1

@[ @)@+ @@+ (A)® + (P)® (k) @] < 1

1

@l G)© + 1D+ (Bz) @+ (Q32)@ (k32) @] <1

Theorem 1: if the conditions IN THE FOREGOING above are fulfilled, there exists a solution satisfying
the conditions

Definition of G;(0),T;(0) :

Gi®) < (Piy) e [ 6,0 =67 >0]

Ty(t) < (Q13)Pe™a)Vt [10)=T2 >0

Definition of G;(0),T;(0)

Gi(t) € (Prg)@e™e®t | G,(0) =60 >0
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Ti(t) < ( Q16 )(Z)e(ﬁle)mt , T(0)=T°>0

Gi(£) < (Pyy)Pe™0)Pt | G,(0) =62 >0
Ti(6) < (Qz )(3)3“7120 e , T(0)=T°>0

Definition of G;(0),T;(0) :

Gi(O) < (Py) et [7G,(0) = 60 > 0]

Ty(t) < (g4 )Pe™)Pt [1.(0) =T >0

Definition of G;(0),T;(0) :

Gi(O) < (Pyg ) ™)t [7G,(0) = 60 > 0]

A 1,0 )(5)
Ti(t) S (Qg)PeMe)™t T, (0) =T >0

Definition of G;(0),T;(0):

Gi(O) < (Py ) Vet [7G,(0) = 60 > 0]

Ti(0) < (Q3) @™t 1) =TP >0

Proof: Consider operator A™ defined on the space of sextuples of continuous functions G;, T;: R, — R,

which satisfy

Gi(0) =G, Ty(0) =T2, G? < (P3)®, T < (Q13)®,

0 < Gi(t) — G < (B3 )We(M1a)Dt

0<Ti(t) = TP < (05 )Pe(z) Mt

By

Gis(t) = G5 + [(a13)(1)014(s(13)) - ((a;3)(1> + a;'3)(1)(T14(s(13)),5(13))) G13(s(13))] dss)
Gul® =Gt fy [(a“)(l)GB (saz) = ((ai‘*)(l) + (@) (Tia(sa3), 5(13))) 614(5(13))] dsqs)
Gis® =G5+ o [(als)(l)G”(s(“)) - ((ais)(l) + (ai's)(l)(Tm(S(m))’5(13))) G15(5(13))] ds(3)

Ti3(t) =T + fot [(b13)(1)T14(5(13)) — (i)W - (big)(l)(G(S(m))' 5(13))) Ty3 (5(13))] ds(13)

Tia(t) =T + fot [(b14)(1)T13 (5(13)) - ((bh)(l) - (bﬁt)(l)(G(S(w)),5(13))) T14(5(13))] ds(13)
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Tys(t) = Tps + fot [(b15)(1)T14(5(13)) - ((bis)(l) - (birs)(l)(G(Sus)),5(13))) T15(5(13))] ds(13)

Where s(;3) is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0)=GY, T;(0) =T2, G? < (P1s)@, TP < (016)?,
0<Gi(t)—G) < (P )(2)6(1\716)(2%

0<Ti(t) =T < (Q14)PeMis Y@t

By

Guo®) = Gl + fy [(ale)(Z)G”(S(“)) - ((a16)(2) + ai'e)(z)(TN(S(le))'5(16))) 616(5(16))] dS(16)
Gir(0) = 6% + J, [(@NPGre(s0) = (@D + @D (Tir(sue)san)) Gir(sae)] dsae
Gg(t) = G5 + fot [(‘118)(2)617(5(16)) - ((ais)(Z) + ()@ (T”(s(lé)),s(lﬁ))) Gig (5(16))] dsge)

Ti6(t) = T + fot [(bIG)(Z)T17(S(16)) — (b1e)® = 1) P (6 (sue) 516) T16(5(16))] ds(16)

( )
Ty,(8) = Tfy + fot [(b17)(2)T16 (sae) = ((b{7)(2) - (b{’7)(2)(6(5(16))x5(16))) T17(5(15))] ds(16)
)

T18(t) = T108 + fot [(bls)(Z)T17(S(16)) - ((bis)(z) - (b{%)(z)(c(s(le))» S(16)) T18(5(16))] d5(16)

Where 546 is the integrand that is integrated over an interval (0, t)

Proof:

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0) =G, Ty(0) = T2, G < (Pyo)®, TP < (030)?,
0 < Gi(t) — G < (Pyy )PeM20)Pt
0<T;(t) ~ T < (Qz )(3)6(M20)(3)t

By
Goo(t) = G3p + fot [(‘120)(3)621(5(20)) - ((aéo)m + a’z’o)(3)(T21(5(20)): 5(20))) Gzo(s(zo))] ds (o)
Go1(t) = G3y + fot [(a21)(3)020(5(20)) - ((aé1)(3) + (a’2'1)(3)(T21(5(20)),5(20))) 621(5(20))] ds 20

Gop(t) = G3, + fot [(‘122)(3)G21(5(20)) - ((alzz)m +(a5) P (To1(s@o), 5(20))) Gzz(s(zo))] ds(20)
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Too(t) =TS + [ [(bzo)(S)Tm(s(ZO)) - ((béo)(3) - (bé'o)(3)(5(5(20))’5(20))) TZO(S(ZO))] ds(20)
Tu(O) = T3 + [ [(b21)(3)T20(s(20)) - ((bél)(g) - B3D®(6(sen), 5(20))) T21(5(20))] dS(20)
T () = TS + [ [(bzz)(3)T21(5(20)) - ((béz)(g) - (1) (6 (sa0), 5(20))) TZZ(S(ZO))] dS(20)
Where s,y is the integrand that is integrated over an interval (0, t)

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, = R,
which satisfy

Gi(0) =GP, T;(0) = TP, G? < (P )™, TP < (Q24)®,

0 < G;(t) = G® < ( By, )De(M2e)Wt

0<Ti(t) = TY < (0, )Pe(F20)t

By

Gpa(t) = G4 + fot [(a24)(4)625(5(24)) - ((aézt)(‘*) + ay,)® (T25(5(24)),s(24))) 624(5(24))] ds a4

Gos(t) = Ggs + fot [(azs)(4)624(5(24)) - ((a;s)(‘*) + (alzls)@)(Tzs(S(u)); 5(24))) 625(5(24))] ds(z4)
Gr6(t) = GJ6 + fot [(aze)(4)625(5(24)) - ((‘1’26)(4) + (alzle)(4) (T25(5(24)): 5(24))) 626(5(24))] dsaq)

Tpu(t) = Tp, + fot [(b24)(4)T25(5(24)) - (bé4)(4) - (bé’4)(4) (G (5(24))15(24))) T24(5(24))] ds(z4)

Tos(t) = Tys + fot [(bzs)(4)T24(5(24)) - ((bés)m - (bé%)(4)(G (5(24))'5(24))) T25(5(24))] ds (z4)

= t 1 "
Tz6(t) = Tge + fo [(bze)(4)T25(5(24)) - ((bze)(4) - (bze)(4)(6(5(24)),5(24))) T26(S(24—))] ds(z4)
Where s(,4) is the integrand that is integrated over an interval 0,t)

Consider operator A®) defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0) =GP, Ti(0) =T, G < (Ps)®, T < (Q28),

0<G;(t) — G < (P )(S)e(ﬁzg)(s)t

0 < Ti(0) — T < (Qpe )PeM2s e

By

Gag(t) = G25 + fot [(azg)(S)GZ‘B(S(ZB)) - ((aés)(s) + a35)® (Too (s2m)), 5(28))) 628(5(28))] ds(2s)

529(75) = tha + fot [(azg)(S)st(s(zs)) - ((a’29)(5) + (a’2'9)(5)(T29(5(28)),5(28))) 629(5(28))] ds(ze)
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G3o(t) = G3p + fot [(a30)(5)629(s(28)) - ((aéo)(s) + (ag’o)(s)(tha(S(zs)),5(28))) G30(5(28))] ds2g)
Tya(t) = Tgg + fot [(bzs)(s)Tw(s(zs)) - ((bés)(s) - (bé’s)(s)(c(s(zs))‘ 5(28))) Tzs(s(zs))] ds(zg)
Tyo(t) = Tpo + fot [(bZQ)(S)TZB(S(ZS)) - ((b2’9)(5) — (b7)® (G (5(28))' 5(28))) T29(S(28))] ds(zg)

T30(t) = T5p + fot [(b3o)(5)T29(5(28)) - ((béo)(s) - (béb)(s)(c(s(zs))'5(28))) T30(S(28))] ds(28)

Where s(,g) is the integrand that is integrated over an interval (0, t)

Consider operator A® defined on the space of sextuples of continuous functions G;, T;: R, — R, which
satisfy

Gi(0) =G, Ty(0) =T, G < (P32)® T < (Q52)@,

0 < Gi(t) — G < ( Py, )©e(Ma2)t

0 < Ti(t) — TP < (03 )@e(Ms2)t

By

Gso () = G3, + [ [(032)(6)533(5(32)) - ((aéz)(é) + a'3’2)(6)(T33(s(32)),5(32))) 632(5(32))] ds(32)
Gas(t) = G35 + [ [(a33)(6)532(5(32)) - ((aés)(é) + (a'3'3)(6)(T33(5(32))x5(32))) G33(5(32))] ds(s2)
Gas(t) = G + [(‘134)(6)533(5(32)) - ((‘134)(6) + (a5)@(T33(532)), 5(32))) 634(5(32))] ds(32)
Tia(t) = T + [ [(bsz)(G)Tss(S(sz)) - ((béz)(ﬁ) - (bé'z)(ﬁ)(G(s(sz))'5(32))) T32(5(32))] ds(32)
Tya(®) =TS + [(b33)(6)T32(5(32)) - ((bés)(@ = (13 (G(s32), 5(32))) T33(S(32))] ds(s2)
Toa(O = T + f; [(30) OTs(s620) = (03 = B3O (6 (560): 562))) Ta (s3] dscay

Where s(35) is the integrand that is integrated over an interval (0,t)

(@) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 Vy5 )0
Gi3(t) < G5 + fo [(a13)(1) (Gf4+(P13 YPeMas) 5(13))] dsaz) =

1 0 (a1) P (P13)D 12 ) D¢
(1 + (a13)( )t)GM + W(e( 13) - 1)

From which it follows that
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(P13)M+69,

((P3)® + G&)e(_ 6ta ) + (P )(1)l

- W _ (ar)®
(G13(t) — GPy)e (M) < “REs

(G?) is as defined in the statement of theorem 1
Analogous inequalities hold also for Gy4,Gis, Ti3, T1a, Tis

(b) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that
Gi6(t) < G + fgt [(‘116)(2) (637"'( Pg )@ Ms )(2)5(16))] dsqe) =

2 0 (a )(2)(13 )(Z) [73PNO)
(1 + (a16)( )t)617 +W(e( 16 )\t _ 1)

From which it follows that
(P16 )(2)+Gg7

_ @ @) ( ) ~
(Gr6(0) = Gl)e™(Mie) Pt < Loy [((P16)<2> +6h)e N+ (Pe)®

Analogous inequalities hold also for Gy, G1g, T16, T17, T1g

(@) The operator A maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it
is obvious that

t 5 0 )3)
Goo(t) < G3o + [(azo)(s) (631"‘( Py )P0 5(20))] dsco) =

3 0 (a20)®(P20)3 on Yt
(1 + (a,0)®t)GH; + W(G( 2077t — 1)

From which it follows that

(P20)®+69,

((Pyo)® + 631)e<_ 6% ) + ( Py )(3)l

0 Yp-(M30)Pt o (@20
(Goo(t) — GFp)e™(Mz0) t<#0)(3)

Analogous inequalities hold also for G, , G453, T20, T21, T2z

(b) The operator A™ maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it is
obvious that

t 5 4 )4
Goa(t) < G343 + [ [(a24)(4) (G§5+( Pyy )WeMet) 5(24))] dse) =

(@)D (Pa)D (i1, )@
(1 + (a24—)(4)t)085 + W(Q(MZAL) t _ 1)

From which it follows that

(P24)®+695

(Gaa(t) — G~ (M)Wt < Q0™ {5y 4 Gz%)e<_ ) +( Py, >(4)]

(M4 )®)

(G?) is as defined in the statement of theorem 1

(c) The operator A® maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it is
obvious that

t PN e )(5)
Gog(t) < G35 + Jy [(a26)® (G35+( Prg YO ™20)560) )| s =
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5 0 o (@28)F(Ps)® (51,45
(1 + (aZB)( )t)ng + W(e( 28 )"t _ 1)

From which it follows that

_ (P28)®+69,

((Pe)® + Ggg)e( 6% ) + (P )(S)l

(0 p-(Flps )t (a2e)®
(Gog(t) — Gag)e™ 28 S(Mzs)(s)

(G?) is as defined in the statement of theorem 1

(d) The operator A® maps the space of functions satisfying GLOBAL EQUATIONS into itself .Indeed it is
obvious that

t ~ - )(6)
G32(t) < G, + [, [(a32)(6) (G§3+( Py, )(©e(Ms2) 5(32))] ds(z) =

(@32)@(P32)® [ (f13,)(©
(1 + (a32)(6)t)6?(,)3 + %(3(1‘432) t_ 1)

From which it follows that

(P32)®+693

_ (6) R <— ) R
(G2 (6) — G~ (M)t < LB (p ) 4G9 )e\ 63 +(P32>(6)]

T (M32)®

(G?) is as defined in the statement of theorem 6

Analogous inequalities hold also for G5, Gy, To4, Tos, Toe

@ ™

) (D 1 and to choose

It is now sufficient to take

(P3)® and ( Q45 )@ large to have

[ <(1313 )(1)+G?>
(a.)(l) - N | R
(IVI1L3)(1) (P13)(1) + (( Py3 )(1) + G]-O)e g < (Py3 )(1)
[ (Q13 )(1)+T?
G | (05 YD 470 _( i ) 5, )| < (8,,)®
Uiys)® ((Qz)P +T)e j +(0:3)P] < (043)

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying GLOBAL
EQUATIONS into itself

The operator A™ is a contraction with respect to the metric
d ((G(1>, TW), (6, T(z))) =

sup{max |Gi(1)(t) - Gi(z)(t)|e'(“7’13)(1)t,max |Ti(1) ®) - Ti(z) (t)|e'(ﬁl3)(1)t}
. teRy teR4
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Indeed if we denote
Definition of G, T :
(G,T)=ADG,T)
It results
165 - 67 < (@@ |67 = 67 |e~ MM sune(FiPsta g1 +
[y (@) V165 = 63 e Pamem (P 4
(@O, )| 683) = G o™ e (o +
621l V(T s0) = (@)D (TD, sa45)| 6”050 T Vsanyas
Where s (43 represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows
|6 — @~ Pe <
A (@)D + @)@ + (A1) + (Pi) P (Ran)V)d (6D, 7D; 6@,7@))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a}5)™ and (b}%)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P;3)®e™19)™t gnd (Qy5) e (1Mt
respectively of R,.

If instead of proving the existence of the solution on R, we have to prove it only on a compact then it
suffices to consider that (a))™ and (b;)™V,i = 13,14,15 depend only on T,, and respectively on
G (and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) = 0

From 19 to 24 it results

G (t) = Gioe[_ fot{(az{)(l)‘(afl)(l)(T14(5(13))'5(13))}‘15(13)] >0

T, (t) > TeC®DY) > 0 fort>0

Definition of ((M5)®),, (M13)®), and ((M;5)®), :

Remark 3: if G5 is bounded, the same property have also G,, and G5 . indeed if
Gy3 < (My3)@ it follows d;’% < ((M13)®), = (a12) PGy, and by integrating
Giq < ((7\7[13)(1))2 = G& + 2(a14)(1)((’1\7113)(1))1/((114)(1)

In the same way , one can obtain

Gis < ((/M13)(1))3 =G5 + 2(“15)(1)((/MB)(D)Z/(“;S)(D

If Gy, or Gy5 is bounded, the same property follows for G5, G,s and Gy5, G4 respectively.
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Remark 4: If G5 is bounded, from below, the same property holds for G,, and G,s . The proof is
analogous with the preceding one. An analogous property is true if G,, is bounded from below.

Remark 5: If T;5 is bounded from below and lim,_,., ((b;)® (G(t),t)) = (b;,)® then T,, — oo.
Definition of (m)™ and ¢, :

Indeed let t; be so that fort > t;

(b1)® = (BN PG (D), 1) < &1, Ty5 (1) > (M)

Then 2% > (a,,)® ()@ — &, Ty, which leads to

(a10) D m)®

. ) (1—e 518 + The 51t If we take t such that e=#1¢ = % it results
1

Ty = (
@ ()@
Ty = (M) t= logsi By taking now ¢; sufficiently small one sees that T;, is unbounded.
1
The same property holds for Tys if lim,_,. (b;5)® (G(¢),t) = (bj5) ™

We now state a more precise theorem about the behaviors at infinity of the solutions

@® @

(M16)?) 7 (F16)@ <1 and to choose

It is now sufficient to take

(Pis)® and ( Q.4 )@ large to have

<(P16)(2)+G?>
@® | 5 5 @ -
| (P)® + ()P +GP)e VT /< (P)®

(M16)@

_( (Q16 )(2)+T?>
(( 016)® + Tjo)e R +(016) P < (016)®

(Ch)
(M16)

In order that the operator A transforms the space of sextuples of functions G; , T; satisfying

The operator A is a contraction with respect to the metric

d (((6:)D, (1) D), ((6:0)P, (T:)P)) =

supfmax |6(0) = G2 @©)]e™ 1™, max [T0(0) = T (0)e~ ™)
Indeed if we denote

Definition of Gyo, Tre : ((Gro, T1o ) = AP (Gyo, Tyo)

It results

1655 = 67 < [;(@e)@ |67 = 67 |e M1 a0 (F10 D500 dsy g +

(M )@ —(M, )@
fot{(ais)(z)mf? — GP|e (Mo Ps16) g~ (M16) Ps(16) 4
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(@) P15, 506) |6 — 62 e™ P10 Psa0e 16 Ps6) 4

2 " 1 " 2 (M) W) (2)
G1(6)|(a16)(2) (T1(7),S(16)) _ (a16)(2) (T1(7),S(16))| e~ (M16)75(16) o (M16) 5(16)}d5(16)
Where s(¢) represents integrand that is integrated over the interval [0, t]

From the hypotheses it follows

|60 = (G1) @ e a0 <

1 , - ~ ~
m((am)(z) + (a16)@ + (B16)@ + (P1e) P (K1)@)d (((619)(1), (T10)Y; (G19)®, (T19)(2)))
And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (a}s)® and (b}%)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P;o)@e(™10®t and (Q,)@e(Mie®t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a))® and (b;)®,i = 16,17,18 depend only on T,, and respectively on
(G19)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) =0

From 19 to 24 it results

G; (t) > G?e[_ f;{(af)(z)—(aE’)(z)(T17(5(16))'5(16))}5‘5(16)] >0

T, (6) = TeC-CDP) > 0 fort> 0
Definition of ((/1\7[16)(2))1, ((m16)(2))2 and ((/Mlé)(Z))3 :
Remark 3: if G;¢ is bounded, the same property have also G;; and G;g . indeed if

Gy < (My)@ it follows % < ((My)®), = (a1,)® Gy, and by integrating

Gy7 < ((m16)(2))2 = Gj, + 2(a17)(2)((/1\7[16)(2))1/(6117)(2)

In the same way , one can obtain

Gig < ((m16)(2))3 = Gis + 2(“18)(2)((m16)(2))2/(a18)(2)

If Gy, or G;g is bounded, the same property follows for G, , G5 and G4, G4, respectively.

Remark 4: If G, isbounded, from below, the same property holds for G;;and G;g. The proof is
analogous with the preceding one. An analogous property is true if G;, is bounded from below.

Remark 5: If T, is bounded from below and lim_,., ((b;")® ((G19) (1), 1)) = (b;,)® then T, — oo.
Definition of (m)® and e, :
Indeed let t, besothatfort >t,

(b17)(2) - (b{’)(z)((Gw)(t)rt) < gy, Tig (V) > (m)(z)

dZ? > (ay;)@(m)@ — g,T,, which leads to

Then
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@ ()@
T, = (M) (1 —e 2% + T e %2 If we take t such that ezt = % it results
€2
(a17)Pm)® 2 . .. .
Ty = (f) t= logg By taking now ¢, sufficiently small one sees that T, is unbounded. The

same property holds for Tyg if lim,_ e, (b15)® ((G10) (D), t) = (b1g)?

We now state a more precise theorem about the behaviors at infinity of the solutions

@® _®®

(1000 ' ()@ <1 and to choose

It is now sufficient to take

(Pyo)® and (Q,)® large to have

(?’20)(3)+G?
@® |~ N | -
(leo)(3) (PZO)(B) + (( Py )(3) + Gjo)e J < (Py )(3)
[ (@20)(3)+T?
G 0,0)® + T? _( T} ) H. V3 E)
Wa0)® (( Q20)" + T )e Y + (Q20)" [ = (Q2)

In order that the operator A4 transforms the space of sextuples of functions G; , T; into itself

The operator A®) is a contraction with respect to the metric
d (((622), (Ty)®), ((6:0)®, (Ty)®) ) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’2°)(3)t,max |Ti(1) ) - Ti(z) (t)|e_("72°)(3)f}
i teR4+ teR4+

Indeed if we denote
Definition of G,3, 25 3( (G23), (Ty3) ) = 04(3)((623): (T23))
It results
|G"2((1)) _ G~i(2)| < fot(azo)(3) |Gz(1) _ Gz(i)|e—(ﬁzo)(3)s(zo)e(ﬁzo)ms(zo) ds(zo) +
[y (@) @65 = 65 e e Vstevre e Vst 4
(azo (3)(T2(11)' 5(20))|Gz((1]) - Gz(g)|e_(ﬂz")ms(z‘))e(ﬂz")(s)s(z") +
1] (M 3) N 3)
Gz(g)Kago)G)(Tz(ll):5(20)) - (azlo)(s)(Tz(f)’S(zo)N e~ (M20)75(20) o (M20) 5(20)}‘15(20)
Where s,y represents integrand that is integrated over the interval [0, t]
(20)

From the hypotheses it follows

|6 — G(z)|e—mzo)<3>t <
1 , —~ ~ ~
A (@)@ + (@)@ + (A20)@ + (P20) P (Ra) @) (((620)P, (T:)D; (6:9)P, (1)) )

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows
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Remark 1: The fact that we supposed (ay,)® and (by,)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P,)®e ™20t gnd ()@ e(M20t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a))® and (b/)®,i = 20,21,22 depend only on T,, and respectively on
(G,3)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not existany t where G; (t) = 0and T; (t) = 0

From 19 to 24 it results

G () > Gi()e[— Is{@)® @@ (Taa(s20))szo)ldszo)]| >

T, (£) = TPe-®D®D) > 0 fort>0

Definition of ((/1\7120)(3))1, ((7\7[20)(3))2 and ((/Mzo)(3))3 :

Remark 3: if G,, is bounded, the same property have also G,, and G, . indeed if

G20 < (Myo)@ it follows 221 < ((M,0)®), — (a},)® Gy, and by integrating

Go1 =< ((’MZO)G))Z = G, + 2(a21)(3)(('M20)(3))1/(a’21)(3)

In the same way , one can obtain

Gz < ((/1\7120)(3))3 =Gz, + 2(“22)(3)((7\7120)(3))2/(61’22)(3)

If G,, or G,, isbounded, the same property follows for G,,, G,, and G,,, G, respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,; and G,, . The proof is
analogous with the preceding one. An analogous property is true if G,, is bounded from below.

Remark 5: If T,, is bounded from below and lim,_., (b;)® ((G,3)(t), t)) = (b31)® then Ty, — oo.
Definition of (m)® and &5 :
Indeed let t; be so that for t > t4

(b21)® = (B]NYP((G23)(0), t) < &3, Ty (£) > (M)®

Then dzztl > (a,1)®(mM)® — &,T,, which leads to
@) ()@
Ty, > (w) (1 —e™&t) + T2 e %3t If we take t such that e =83t = % it results
3
(@)@ 2 : - )
T, 2 (f) t= logg— By taking now &; sufficiently small one sees that T,, is unbounded.
3

The same property holds for Ty, if lim,_,,, (535)® ((Go3)(¢), t) = (b3,)®

We now state a more precise theorem about the behaviors at infinity of the solutions

@ _p®
(M24)® 7 (Mgq)®

It is now sufficient to take < 1 andto choose
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(P, )™ and (Q,, )™ large to have

[ <(f’24)(4)+6?>
(ap@ ~ N -\ R
(1@214)(4—) (P24)(4) + (( P24 )(4) + Gjo)e GJ < (P24_ )(4’)
[ (024) @47
(b.)(4) . —( 7@) R ~
i@ | (@)@ +T0)e T4 Q)P < (024)®

In order that the operator A® transforms the space of sextuples of functions G; , T; satisfying IN to itself

The operator A® is a contraction with respect to the metric

d (6@, (T)D), (6P, (1)) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’24)(4)t,max |Ti(1) ) - Ti(z) (t)|e_("724)(4)f}
i tER+ tER4

Indeed if we denote
Definition of (G;), (T;) : ( (G27), (Ty7) ) = c/‘Z(‘L)((Gn): (T37))
It results
~ ~ (1 ) M )

|Gz(i) _ GL(2)| < fof(a24)(4-) |Gz(é) _ Gz(§)|e (M24)(4 5(24)e(M24)(4 S(24) dS(24) +

()P |6 — 62 e~ st~z |

(@)D 500) 65 — 6P| sne(ManPsan

2 1 ’ 2 (M) ® .4
62(4)|(a§’4)(4)(T2(5),s(24)) - (a2'4)(4)(T2(5),s(24))| e~ (M24)"s(za) g (M24) 5(24)}‘15(24)

Where s(,4) represents integrand that is integrated over the interval [0, t]
From the hypotheses it follows

|62 = (Go7) P ezt <
T (@)@ + @)D + () + (PP To))d (6D, T D 6D, (1))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ay,)™® and (b4,)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P,,)®e™20®¢ gnd (0,,)®eM20®t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b/)®,i = 24,25,26 depend only on T,s and respectively on
(G,7)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.
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emark 2: There does not exist any t where G; (t) = 0and T; (t) =
R k 2: There d i hereG;(t) =0and T; (t) =0
From 19 to 24 it results

G; (t) > GiOe[— fot{(a{)(”—(agl)(‘})(Tz5(5(24))'5(24))}‘15(24)] >0

T, (t) > Te(-®D™

>0 fort>0
Definition of ((’1\7124)(4))1, ((7\7[24)(4))2 and ((/1\7124)(4))3 :
Remark 3: if G,, is bounded, the same property have also G,z and G, . indeed if

Gyy < (My)™@ it follows % < ((7\7[24)(4))1 — (a5)®G,s and by integrating

Gas < (M2)®), = G5 + 2(az5) P (M2)®), /(as)™

In the same way , one can obtain

G < ((/M24)(4))3 = Gge + 2(“26)(4)((7\7124)(4))2/(61’26)(4)

If Go5 or G, is bounded, the same property follows for G,, , G,¢ and G, , G,5 respectively.

Remark 4: If G,, is bounded, from below, the same property holds for G,5 and G,,. The proof is
analogous with the preceding one. An analogous property is true if G,5 is bounded from below.

Remark 5: If T,, is bounded from below and lim,_,.((b;")™® ((G57)(t),t)) = (bys)™® then T,5 — oo.
Definition of (m)™® and ¢, :
Indeed let t, besothatfort > t,

(b25)® — (B YD ((G17) (), ) < €4, Toy (t) > (M)®

Then d;zts > (a5)® (M)® — £,T,5 which leads to
(4) (4)
Tys = (w) (1 — e™54t) + T e % If we take t such that e ™54t = ; it results
4
(4) (4)
Ty = (M), t= loggi By taking now &, sufficiently small one sees that T,s is unbounded.
4

The same property holds for Ty if lim,_e, (b3s)™® ((G7) (), t) = (bse)™

We now state a more precise theorem about the behaviors at infinity of the solutions ANALOGOUS
inequalities hold also for G,q, G3g, T2g, T29, T3

: . (a)® 1™
It is now sufficient to take —* ,—*—— < 1 and to choose
(M2g)(5) 7 (Mg )(®)

(P,5)® and (Qyzg )™ large to have
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[ (P25))+6

(@)® (P,e)® + ((13 Y& + Go)e_< 9 ) < (P,)®

(M) 28 28 j = (28
[ ( (Qz2s )(5)+T?>

NG ~ B S ~ ~
(1(\;2:);)(5) ((02)® + Tjo)e " +(028)®| < (Q28)®

In order that the operator A transforms the space of sextuples of functions G; , T; into itself

The operator A® is a contraction with respect to the metric
d (((G:0)®, (T)D), ((6:)P, (T31)@)) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’28)(5)t,max |Ti(1) ) - Ti(z) (t)|e_("728)(5)f}
i tER+ tER4

Indeed if we denote
Definition of (Gs,), (T54) : ( (Gs1), (T31) ) = CH(S)((G31); (T31))
It results
|52(§) _ 51'(2)| < fot(azs)(s) |Gz(;) _ Gz(g) e—mzs)(s)s(zg)e(1\728)(5)5(28) ds(zs) +
[ (@)@ [6E — 6D Me0samrg=(Meo) Va0 4
G (7D G(l) _ G(Z) ~(M28)®s(28) o (M28) Vs (25)
(azg) ( 29 '5(28))| 28 28 |€ e +
Gz(zzs)l(ags)(s) (Tz(;)'s(zs)) - (alzls)(s) (Tz(g):s(zs))| e_(%8)(5)5(28)3(%8)(5)5(28)}‘15(28)
Where s(,g) represents integrand that is integrated over the interval [0,1t]

From the hypotheses it follows

|(G3® — (631)(2)|€_(’M28)(5)t =
m;w((azs)@ + (a50)® + (Az0)® + (Pre)® (kpg)®)d (((631)(1); (T50)D; (Gs)?, (T31)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis (35,35,36) the result follows

Remark 1: The fact that we supposed (ayg)® and (bys)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (P,5)®e ™28t gnd (D) e M20)®t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b;)®,i = 28,29,30 depend only on T,y and respectively on
(G31)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) =0
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From GLOBAL EQUATIONS it results

G, (t) = Gioe[_ Io{@)® @YD (T20(s(28) 520l 2| >0

T, (0) = TPeC®D®) > 0 fort> 0

Definition of ((’1\7128)(5))1, ((7\7[28)(5))2 and ((/1\7128)(5))3 :

Remark 3: if G,g is bounded, the same property have also G,q and G, . indeed if

Gpg < (M,g)® it follows % < ((7\7[28)(5))1 — (a59)® G4 and by integrating

Gao < (M25)®), = Gy + 2(a20) P ((M2)®), /(a30)®

In the same way , one can obtain

Gio < ((7‘7128)(5))3 = G3 + 2(‘130)(5)((’M28)(5))2/(a’30)(5)

If G, o1 G5, is bounded, the same property follows for G,g, Gz and G,g, G,q respectively.

Remark 4: If G,g is bounded, from below, the same property holds for G, and Gs,. The proof is
analogous with the preceding one. An analogous property is true if G, is bounded from below.

Remark 5: If T,g is bounded from below and lim;_ ((b;")® ((G31) (1), 1)) = (bso)® then T,y — oo.
Definition of (m)® and 5 :

Indeed let t5 be sothatfort > tg

(b29)® = (b]YB((G31) (D), 1) < €5, Tag (t) > (M)

Then dzztg > (ay9)® (M) — £5T,o which leads to
(@29 P m)® —esty 4 0 p-est —est — L.
Ty = (8—) (1 —e75"Y) + Tye 5" If we take t such that e 755t = S it results
5
(a29)® (m)®) 2 . - ,
Ty = (f), t= logg— By taking now &5 sufficiently small one sees that T, is unbounded.
5

The same property holds for Ty if lim,_e (b50)® ((G31) (), t) = (b50)®
We now state a more precise theorem about the behaviors at infinity of the solutions

Analogous inequalities hold also for G33, Gz4, T35, T33, T34

@® _®

(M) ® (M) ® 1 and to choose

It is now sufficient to take

(P;,)® and (Q3, )@ large to have
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[ (P32)®+6

(ap®© (P3)© + ((13 )© 4 Go)e_< 9 ) < (P;,)®

(M32)(6) 32 32 j - 32
[ ( (Q32 )(6)+T?>

NG ~ B S ~ ~
(1(;312)(6) (( Q32)© + Tjo)e g +(032)@ < (03,)@

In order that the operator A(® transforms the space of sextuples of functions G; , T; into itself

The operator A® is a contraction with respect to the metric
d (((G35)®, (Ts)®), ((635)@, (T35) @) ) =

sup{max |Gi(1)(t) - Gi(z)(t)|e‘("7’32)(6)t,max |Ti(1) ) - Ti(z) (t)|e_(ﬁ32)(6)f}
i tER+ tER4

Indeed if we denote
Definition of (Gs5), (Tzs) :  ((Gas), (Tzs) ) = AP ((Gss), (Ts5))
It results
|53(§) _ 51'(2)| < fot(a32)(6) |G§§) _ 63(? e‘(ﬁsz)“)s(me("A”sz)“)s(ﬂ) ds(32) +
[ (@) O]6D — 6 o= sty 4
(@) (TS5, s@)) |Gy’ — G332 e~ (M32)Vs(32) o (M52) V532
2 1 ’ 2 —(M=2-)(®) ) (6)
G§2)|(a§’2)(6) (T3(3)'5(32)) — (a%)® (T3(3):S(32))| e~ (Ms2)™'5(2) o (Ma2) *62}ds (3
Where s(35) represents integrand that is integrated over the interval [0,1t]

From the hypotheses it follows

|(G35)™® — (635)(2)|€_m32)(6)t <
1 , ~ ~ -
W((an)(@ + (a5)© + (A3)©@ + (P3) ) (k3,)®)d (((635)(1); (T35)®; (G35) @, (T35)(2)))

And analogous inequalities for G; and T;. Taking into account the hypothesis the result follows

Remark 1: The fact that we supposed (ajy,)® and (b5,)® depending also on t can be considered as not
conformal with the reality, however we have put this hypothesis ,in order that we can postulate condition

necessary to prove the uniqueness of the solution bounded by (Ps,)©®e™s2®¢ gnd (Qs,)©eMs)®t
respectively of R,.

If instead of proving the existence of the solution on R,, we have to prove it only on a compact then it
suffices to consider that (a/)® and (b/)®,i = 32,33,34 depend only on Ts; and respectively on
(G3s)(and not on t) and hypothesis can replaced by a usual Lipschitz condition.

Remark 2: There does not exist any t where G; (t) =0and T; (t) =0
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From 69 to 32 it results

G, (t) = Gioe[_ Io (@)@ =@i)O (Ts3(s(32))5(32)))ls (3| >0

T, (0) = TPeC®D) > 0 fort> 0

Definition of ((’1\7132)(6))1, ((7\7[32)(6))2 and ((/1\7132)(6))3 :

Remark 3: if G5, is bounded, the same property have also G35 and G, . indeed if

Gz, < (M3,)® it follows ds% < ((7\7[32)(6))1 — (a%3)® G35 and by integrating

G3z < ((7\7132)(6))2 = Ggs + 2(“33)(6)((7‘\432)(6))1/(%3)(6)

In the same way , one can obtain

G3s < ((7‘732)(6))3 = G3, + 2(‘134)(6)((’M32)(6))2/(a’34)(6)

If G35 or G4 is bounded, the same property follows for Gz, , G34 and Gs,, G35 respectively.

Remark 4: If G3, is bounded, from below, the same property holds for G3; and G3,. The proof is
analogous with the preceding one. An analogous property is true if G353 is bounded from below.

Remark 5: If Ty, is bounded from below and lim,_,« ((b;/")® ((G35)(t),t)) = (b33)® then Ty; — co.
Definition of (m)© and &, :

Indeed let t5 be so that fort > tg4

(b33)© — (bi”)(ﬁ)((G35)(t); t) < &, Tsz (£) > (mM)©

Then d;? > (a33)® (mM)® — ,T,; which leads to
(az3) @ (m)© —g6t 0 ,—¢6t —eet — 1
T33 = (57) (1 —e7%") 4+ T5he %" If we take t such that e %6 = 7 itresults
6
(a33)®(m)(© 2 . . .
T3 = (f), t= logg— By taking now &g sufficiently small one sees that T35 is unbounded.
6

The same property holds for Ty, if lim,_ (b54)® ((G35)(t), t(£), t) = (b3,)®

We now state a more precise theorem about the behaviors at infinity of the solutions

Behavior of the solutions

_If we denote and define
Definition of (a,)®, (6,)®, (t))®, (z,)® :

@ ), (0,)D, (1D, (1) four constants satisfying
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—(0)® < —(aiz)® + (a1)® = (@15) P (Tuy, ) + (@) (Tiy, 1) < —(0)@
— (@)W < =(b13)® + (b1)® = (b)) PG, 6) = (b1)P(G, 1) < —(2) W
Definition of (v;)®, (v,)®, (u)@, (up)®,v®,uW :

(b) By (v)® >0, (v,)® < 0 and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
2 2
(@)D (VD) + (@) Pv® — (a;5)® = 0and (b)) (u®)" + (1) Pu® — (b13) = 0

Definition of (7,)@,, (1,)®, (i)W, (1)@ :

By ()™ >0, (#,)® < 0 and respectively (ii,)® > 0, (i1,)® < 0 the roots of the equations
(@) PEO) + @)Y — (@)@ =0 and (b)) O (u®)” + () Vu® — (b)) = 0

Definition of (m1)(1) ) (mz)(l) ) (ﬂ1)(1): (#2)(1)’ (Vo)(l) -
(c) If we define (m)®, (m,)@, (u)®, (u) ™ by
(mz)(l) = (Vo)(l)’ (m1)(1) = (V1)(1)r if (Vo)(l) < (Vl)(l)

(mp)® = (v)®, (m)® = @D, if (v)P < (V)P < (WD,

0
and [(vy)® = %
14

(mz)(l) = (V1)(1)' (m1)(1) = (Vo)(l)» if (171)(1) < (Vo)(l)
and analogously
(1) = )W, ()™ = W)@, if )™ < (u)™

E® = @)@, 1P = @D, if @) < (w)® < @,

0
Ti3

and | (ug)™® = -

()™ = )@, @)® = ()W, if @)™ < (ue)™® where (u)®, (@)™
are defined respectively

Then the solution satisfies the inequalities
G5 (VY- < G (6) < GRe™t
where (p;)™ is defined

L6l < Gy (1) < L Glie D

ma)W
(a15) V6 D=1 e _ (5Dt 0 (St
((m1)(1)((51)(1)—(1)13)(1)—(Sz)(l)) [e( ! 1))t — e 2 ] + Glse z < 615 (t) <
(a15) V6P,

(€8] —(a' H® —(q' D
(@ e T T+ GlseB9T

T103€(R1)(1)t STi3(t) < T1036((R1)(1)+(r13)(1))t

- @ 1 (€3] )
@ eV < Tia(t) < nge((Rl) +(r3) D)t
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(b15) VT

®RODt _ -} )(1>t] 0 ,—(bis) Dt
()P (R)YD-(b]5)D) [e ! e s +Tise™ s sTis() <

(a19) Dy [ (ROW+(r15) D)t _ —(Rz)(l)t] 0 ,—(R)Dt
kDD (DD +(r15) D+ RN D) 1 € +Tise

Definition of (5))W, (5,)®, (R)W, (R,)W:-
Where (S)® = (a;3)® (m;)™ — (ai3)®
($2)W = (1) = (15)™
(R)W = (b13)® ()™ — (bi3)™

(Rz)(l) = (bis)(l) - (7’15)(1)

Behavior of the solutions

_If we denote and define
Definition of (6,)®, (6,)@, (1)@, (1)@ :
d) 6,)®,(0,)?, (1)@, (1,)® four constants satisfying
—(02)® < =(a16)® + (a17))® = (1)@ (T, 1) + (a1) P (Ty7, ) < —(0)®
—(12)® < =(b16)® + (bi)P = (b15) P ((G1o), t) = (b17) P ((G1o),t) < — (1)@
Definition of (v;)®, (v,)®, (1)@, (u,)® :
By (v{)® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots
(e) of the equations (a17)(2)(v(2))2 + (6)Pv® — (a;9)® =0
and (b)) @ (u®)” + (1) Pu® — (by)® = 0 and
Definition of (¥,)®,, ()@, (@,)®, (ii,)@ :
By (V)@ >0, (¥,)® < 0and respectively (7i;)® > 0, (i1,)® < 0 the
roots of the equations (a;,)® (1/(2))2 + (0)Pv® — (a,6)® =0
and (by,)@(u®)” + (1,)Pu® — (bye)® = 0
Definition of (m,)® , (m,)@, (1)@, (1)@ :-
(f) 1f we define (m)®, ()@, ()@, (u)® by
(mz)(z) = (Vo)(z)' (m1)(2) = (V1)(2): if (VO)(Z) < (V1)(2)

(mz)(z) = (V1)(2)' (m1)(2) = (171)(2) Jif (Vl)(Z) < (Vo)(z) < (171)(2)'

0
and |(vy)® = %
17

(mz)(z) = (V1)(2)’(m1)(2) = (Vo)(z)' if (171)(2) < (Vo)(z)
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and analogously
(#2)(2) = (uo)(z)’ (ﬂ1)(2) = (u1)(2): if (uo)(z) < (u1)(2)

W2)® = W)@, (1)@ = (@)@, if (u)® < (w)® < (@)@,

and |(ug)® = %
17

(12)® = @)@, W)@ = W)@, if @) < (u)®

Then the solution satisfies the inequalities
(e (G0 P-@10®) < G (1) < GOV

(p)® is defined

ﬁGm (6P -@10@)e < Gy5(t) < )(2) G e @t
@
(@ (;;?);Gg)ﬁ(z) 52®) (S0Pt — =GP | 4 6o < Gy (1) <
1 1 —\P1e6 —o2
(a18) P62 5 @¢ EPINCIN 0 —(a! @t
(mz)@)((sl)@)-1(218%2)) [eSDPt _ g=(@10) ] 4 GO e=(a1)t)
T e®ROPt < 7 (1) < T e(ROP+(10) )t |
(41 )(z) T16e(R1)( <, 16(t) < )(z) Tloee((Rl)(Z)Jr(r“)(Z))t
(u )<z>El()1;8))((z))T%Z' NE) [e(Rl)(Z)t - e_(bis)mt] + The @10t < Tyg(6) <
1 1 —W1s
(a19)@19 RH®@ @ _(R)@ 0 —(RD
(ﬂz)(z)((R1)(21)8+(T16;(62)+(R2)(2)) el =1 — = t] + Tige (7

Definition of (5,)®, (S;)®, (R)®, (R,)®:-
Where (S)® = (a;6)®(m)® — (a36)®
($2)® = (a1)® — (p1a)®

(R)® = (b16) P ()™ — (bie)®

(Rz)(z) = (bis)(z) - (7”18)(2)

Behavior of the solutions

_If we denote and define

Definition of (6,)®, (6,)®, (t)®, (1,)® :

@ )@, (0,)®,(1)®,(1,)® four constants satisfying

—(02)® < =(a30)® + (a51)® = (@) P (T1,t) + (a3) P (Ty1,8) < —(0)®

—(12)® < =(b30)® + (03)P = (b30) P (G, 1) — (b)) P ((G2a), t) < —(7)®
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Definition of (v;)®, (v,)®, (u))®, (u,)® :

(b) By (v,)® >0, (,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
2
(a20)P ()" + (@)Pv® — (a,0)P = 0

and (b)) u®)” + (1) PuU® — (by)® = 0and
By (v))® >0, (#,)® < 0and respectively (&i;)® >0, (i1,)® < 0 the
roots of the equations (a21)(3)(1}(3))2 + (0,)Pv® — (a,0)® =0
and (b)) @ ()" + () Pu® — ()@ = 0
Definition of (m)®, (m)®, (u)®, (u)® -
(©) Ifwe define (m)® , (my)®, (1)@, (u)® by
(m)® = (1))@, ()@ = (W), if W)@ < (W)@

(my)® = (v))®, (m)® = @), if v)® < (V)P < @),

0
and |(vy)® = %
21

(m)® = ()@, (m)® = (1))@, if TP < (v)®

and analogously

(ﬂz)(3) = (uo)(3)’(.“1)(3) = (ul)(3), if (Uo)(3) < (ul)(S)

_ , _ TS
1)@ = @)@, (1)@ = @)@ if @)@ < @)@ < @)@, and|(ux)® =12

(12)® = W)®, ()@ = (w)®, if @)® < (up)®
Then the solution satisfies the inequalities
Ggoe((51)(3)—(1720)(3))t < Gyo(t) < 0306(51)(3)t

(p)® is defined

L5 630000 < Gy, (1) < L5650

(my)® mz)®
(a22) P63 (5@ =(20)®Nt —(5)®t 0 —(5)®¢
((m1)(3)((51)(3)—(on)(3)—(52)(3)) [e( ! 20— e ] + e < Gpp(t) <
(a22)®69,

s )3t —(al B3¢ 0 . —(ah ) ®¢
(- @y L T e+ G

The "Vt < T, (6) < The (0P +20 )t |

~ ® 1 ©) 3
R TioeF™t < Tho () < WTZ"Oe((Rl) +(r20)®)t

(bzz)(3)T200
) ((R)B-(b5,)?)

[e(R1)(3)t — e‘(béz)@t] + Tzoze_(béz)@t < Th(t) <

(a2) D1y [((R1)<3)+(r20)<3))t_ —(Rz)(3)t] 0 o=kt
B (FD® +ro0) P+ @) ®) L ¢ Tz
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Definition of (5,)®, (5,)®, (R)®, (R,)®:-
Where (5))® = (az0)® (m)® — (a30)®
(52)(3) = (azz)(g) - (pzz)(B)
(RD® = (b20)® (12)® = (b3)®

(Rz)(s) = (béz)(s) - (7”22)(3)

Behavior of the solutions
If we denote and define

Definition of (0,)¥, (0,)®, (1))@, (r,)® :

(d) ()@, (0)P, ()W, (1,)® four constants satisfying

—(02)® < —(a3)™ + (a35)® = (@) P (s, t) + (a3s) P (T, 8) < —(0) @
—(1)® < =(b3)® + (b35)® = (b3) P ((G27), t) = (b3s) P ((G7),t) < —(7)@
Definition of (v;)®, (v))®, (u))™@, (uy) @, v®, u® .

(e) By (v)® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(@)@ D) + @)V — ()@ = 0
and (by)®(u®)” + (1)) @u® — (b,,)® = 0 and

Definition of (v,)®,, (7,)®, (1)@, (1,)® :

By (1,)® > 0, (7)™ < 0 and respectively (;)® >0, (7i,)® < 0the
roots of the equations (atzs)(")(v("))2 + () Pv@® — (@)@ =0
and (b)) @(u®)" + (1) Du® — (b)) @ = 0
Definition of (m,)®, (m;)™®, (u)®, ()™, (Vo)™ :-
(f) If we define (my)®, (m)™, (u)®@, (1)@ by
(mz)(4) = (Vo)m’ (m1)(4) = (V1)(4): if (Vo)(4) < (V1)(4)

()@ = 1)@, ()@ = TP, if L)@ < )P < )@,

[
and |(ve)® = %
25

(mz)(4) = (V4)(4): (ml)(4) = (Vo)m’ if (174)(4) < (Vo)(4)
and analogously
(ﬂz)m = (uo)@)’ (ﬂl)(4) = (ul)(4)' if (uo)(4) < (u1)(4)

(ﬂz)(4) = (u1)(4)' (”1)(4) = (ﬁ1)(4) Jif (ul)(4) < (uo)(4) < (1_11)(4)'

0
and|(uy)® = %
25
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(#2)(4) = (u1)(4)'(#1)(4) = (uo)(4)vif (1_11)(4) < (uo)(4) where (ul)(4): (ﬂl)(4)
are defined by 59 and 64 respectively

Then the solution satisfies the inequalities
Ge(EDW -0 < 6, (¢) < G2,eD™

where (p;)@ is defined

1 S Y@ _(p, )@ 5@
Wcu eV -2t < G,0(1) S @ (4) Gpae®V "
(a26)63 @ _(p, @ PN —(s)®
((ml)(4)((51)(2)6_(pzj)‘t(4)_(52)(4)) [e((51) @2t — e (2 t] + Ggﬁe (52) < GZé(t) <
(a26)G3) 5@ —@,y® 0 —(ah®
o (52 () [t — @] 4 Gttt
0 _(R)®t 0 ((RO@ 4 @)t
|T24e( DDt < T (1) < T2, e (R @420 @) |
™ )(4) T24e(R1)( It < Ty, (t) < (4) ’]‘24 ((Rl)(4)+(rz4)(4))f
(b26) TS, @ — (bl @ NG
(#1)(4)((;:)(4)—2(256)(4)) et — g=(b20) t] + Toee~ P20 < Tye(t) <
(a26) T3, R @ —(R)@® 0 —(RH®
(#2)(4)((R1)(:)6+(rz4§?4)+(Rz)(4)) [e(( D - o) t]+T266 (e

Definition of (5;)®, (5,)@, (R)™, (R,)W:-
Where (S)™ = (a24)® (m)™ — (a3)™®
(52)(4) = (azs)(4) - (st)m
(RD™ = (b2)® (u2)® — (b34)™
(Rz)(4) = (béa)w - (7’26)(4)

Behavior of the solutions
If we denote and define

Definition of (0,)®, (0,)®, (1,)®, (1,)® :

€ (6)®,(0)®, ()P, (1,)® four constants satisfying

—(0)® < —(ag)® + (ah9)® — (a5) P (Tr9, 1) + (a50) P (Tp9,t) < —(07)®
—(1)® < =(b35)® + (b39)® — (b38) P ((G31),t) — (b39) P ((G31), t) < —(1)®
Definition of (v;)®, (v5)®, (u)®, (uy)®, v, u® :

(h) By (1))® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
2
(a20) P (v®)" + (6) PV — (a6)® = 0
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and (bzg)(s)(u(s))2 + (1)®PuU® — (byg)® = 0and
Definition of (v,)®,, (¥,)®, (i1,)®, (1,)® :

By (1,)® > 0, (#,)® < 0 and respectively (i1;)® >0, (1,)® < 0the
roots of the equations (azg)(5)(v(5))2 + (0)vO — (ay)® =0
and (bzg)(S)(u(s))2 + (1)OuU® — (b,)® =0
Definition of (m,)®, (M), (u)®, (1), (ve)® :-

(i) If we define (m)®, (M), (u)®, (ux)® by
(m)® = ())®, (mY® = (), if W) < (W)@

(my)® = ()@, (m)® = TP, if (v)® < (v))® < T)®,
GO
and |(vy)® = ﬁ
29

(mx)® = ()@, (m)® = W), if ) < (v))®
and analogously
12)® = @e)®, (u)® = W)®, if ()™ < w)®

(ﬂz)(s) = (ul)(s)’(ﬂﬂ(s) = (ﬁ1)(5) Jif (u1)(5) < (uo)(s) < (771)(5):
[
and|(u)® = %
29

(ﬂz)(s) = (u1)(5)’(ﬂ1)(5) = (uo)(s),if (771)(5) < (uo)(s) where (ul)(s): (ﬁl)(S)

are defined respectively
Then the solution satisfies the inequalities
Ge(VP-020t < G, (1) < GIHeD™t

where (p;)® is defined

Wst o020t < Gao(t) <

& Gase eVt
)

( o [e((sl)(S)_(ng)(s))t — e ] + Ggoe_(SZ)(S)t < Gao(t) <

m)B((S)E=(p28)P—(52))

(aSO)(S)GO $.)8)¢ —(ak )¢ 0 —(ak )5t
(mz)(s)((Sl)(s)—z(iléo)(s)) [e( 1) — e~ (@z0) ]+ Gde (azo)

|T208e(R1)(5)t < Thg(t) < Toe(RD®+020))t \

® (5) (5)
o )(5) Te®Vt < T, (6) < (5) TSe e (R +(r29) )t
(b30) T, Rt (b))t 0 —(blo)®t
ey ¢ — e The T < 1) <

(a30) 18 [ (RD®+(r25) )t _ —(Rz)(s)t] 0 ,—(R)®t
B2 PR +(r20) T+ (R D) 1 ¢ * Tsoe

Definition of (5;)®, (5,)®, (R))®, (R,)®:-
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Where (5))® = (a24)® (m3)® — (a3g)®
(5)® = (as0)® — (30)®
(RS = (be)® (u2)® — (b35)®
(R)® = (b30)® — (130)®

Behavior of the solutions
_If we denote and define

Definition of (0,)©, (0,)®, (1)@, (1)@ :

() ()@, (0)®, (1))@, (1,)® four constants satisfying

—(0)® < —(a5,)® + (a33)® — (a4,) @ (Ta3, 1) + (a83) @ (Ta3, 1) < —(0)©
—(1)©® < =(b5,)© + (bi5)© — (bélz)(ﬁ)((Gss): t) - (bég)(ﬁ)((Gazs): t) < —(1)®
Definition of (v;)®, (v,)©, (u)®, (u,)©, v, u® .

(k) By (v1)® >0, (v,)® < 0and respectively (u;)® > 0, (u,)® < 0 the roots of the equations
(a5) @) + @)V — (a5)@ = 0
and (b33)©(u®)” + (1) Ou® — (b;,)® = 0 and

Definition of (v,)®,, (v,)®, (i1,)®, (11,)® :

By (1,)® > 0, (#,)©® < 0 and respectively (;)® >0, (7,)©® < 0the
roots of the equations ((133)(6)(1/(6))2 + (0) @v® — (a3,)® =0
and (by)®@(u®)" + () Ou® — (b3,)© = 0
Definition of (m1)(6) ’ (mz)(ﬁ) ’ (M1)(6): (.“2)(6): (Vo)(é) -

(I) If we define (m)©®, (m,)®, (1)@, () © by
(mz)(s) = (Vo)(s)’ (m1)(6) = (V1)(6): if (Vo)(ﬁ) < (V1)(6)
(my)® = (v))®, (m)® = )@ ,if v))© < ()@ < @)@,

0
and |(vy)® = %
33

(mz)(6) = (V1)(6)' (m1)(6) = (VO)(6)' if (171)(6) < (Vo)(6)
and analogously
(ﬂz)(ﬁ) = (uo)(ﬁ)' (ﬂ1)(6) = (ul)(é)' if (uo)(@ < (u1)(6)

1)@ = W)@, (1)@ = @)@, if w)® < (we)® < (@)@,

0
and|(uy)® = %
3

(#2)(6) = (u1)(6)' (”1)(6) = (uo)(ﬁ); if (1_11)(6) < (uo)(@ where (u1)(6)' (171)(6)
are defined respectively
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Then the solution satisfies the inequalities
G,e(D =@t < G, (£) < G2,eD®

where (p;)© is defined

WCW e (0=t < Gy (1) S @ (e) Gen'
((ml)(e)((51()(22;3((:52%2(6)_(52)(6)) [e((sl)(é)_(mZ)(G))t — e ] + 624~V < Gy (1) <
(mz)(6>((a(23((2f§;2’34)<6)) [e(sl)(s)t B e_(a§4)(6)t] + G§4€_(a§4)(6)t)

Tsoze(Rl)(s)t S Ts(t) < Tsoze((Rl)(s)Jr(r”)(G))t

™ )(6) T e Rt < T, (1) <% )(6) ) e (R)@+rs2)@)e

(#1)@Ef;gﬁiif{;wﬁ)) et — em®30 ] 1 74,630 < Ty (1) <
(u2)<6)((ng?:;:iz:%ﬁ)+(Rz)(6)) [e((R1)(6)+(T32)(6))t _ e—(Rz)(G)t] + T3°4e‘(R2)(6)t

Definition of (5;)®, (5,)©, (R,)©, (R,)®:-
Where (S))® = (a3,)® (m3)© — (a3;)®
(5@ = (as)® — (p30)©
(R)® = (b32)® (1)@ — (b3)®

(Rz)(s) = (b§4)(6) - (7’34)(6)

Proof : From GLOBAL EQUATIONS we obtain

@
T = = (a3)® — ((ais)(l) — (a1)® + (ai5) @ (T, t)) — (@)D (Tyy, VD = (a,) Dy D
Def|n|t|on of v :- y@ = f13
G1a
It follows

2 av® 2
~ (@D ED)* + (@) Vv® = (0)®) < Z= < — (@)D (E®)" + (@) DV — (a;5)D)

From which one obtains

Definition of ()@, (v)® :-

G? _
(8) For0 <|(vy)® = G—E < (v)® < (1)@
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D+ D () el @D (@DP-00) D) ]
140 el ~@D(0DD-w) D) ]

_ w)W-)®

W = =)
O = @

vD(t) >

it follows (vo)® < v (t) < (v)®

In the same manner , we get

@D+ D@y el @D (EDW-m2) )]
140 el @ D(EDD-) V)]

_ o)W ®

@) = T =) 2
O = e

vD(t) <

From which we deduce (vo)® <v®(t) < (7)™
0
() If 0< ()P < (V)P = % < (7,)® we find like in the previous case,
14

W) D40 D vy Wel-@0D (@D -2 D) 1]

1+(C)(1)e[—(a14)(1)((1’1)(1)—(1/2)(1)) t]

)™ < < v <

(71)(1)_,_(5)(1)(72)(1)8[—(a14)(1)((171)(1)—(72)(1)) ¢]
1+(5)(1)e[—(a14)(1)((51)(1)—(172)(1)) t]

< @)@

0
(© 1f 0< (W)® < @)D <|(v)® = 22| , we obtain
14

(71)(1)+(C-)(1)(72)(1)8[—(a14)(1>((vl)(l)—(Vz)(l)) ]
1+(5)(1)e[—(a14)(1)((71)(1)—(72)(1)) t]

)W < v®() < < (V)™

And so with the notation of the first part of condition (c) , we have

Definition of v (¢t) :-

(mz)(l) < V(l)(t) < (ml)(l): V(l)(t) _ G13(®)
G14(t)

In a completely analogous way, we obtain

Definition of u®(t) :-

1)V < uD(O) < W)@, | @ =2
T14(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a5)® = (a)®, then (a.)@® = (0,)™@ and in this case (v;)® = (¥,)@ if in addition (vo)® =
(v))D then v (t) = (v,)™ and as a consequence G,3(t) = (vo) PG4 (t) this also defines (v,)™® for the
special case

Analogously if (b5)® = (b},)W, then (t,)® = (1,)® and then

(u))® = (i1, Pif in addition (uy)® = (u;)® then Ti5(t) = (up) VT4 (t) This is an important
consequence of the relation between (v;)® and (¥;)@, and definition of (uy)™®.
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we obtain

dv®@

T (a16)® — ((a16)(2) — (ai;)® + (a;’G)(Z)(Tﬂ,t)) — (a1 (Ty7, V@ — (a1,)@v®

Definition of v® :- y@ = Gi6
G17

It follows

2 dv@ 2
- ((a17)(2)(v(2)) + (0,)Pv®@ — (a16)(2)) < th <- ((a17)(2)(v(2)) + (0)Pv® — (am)(z))
From which one obtains

Definition of (7,)®, (vy)® :-

0
(d) For0 < ()@ =2t < (1)@ < ()@
17

e ) > (vl)(2)+(C)(2)(vz)(z)e[—(a17)(2)((v1)(2)—(VO)(Z)) ¢ (C)(Z) _ ()@ ()@
- 14+(0)@el~@P (0P -wo) @) ] ' v0)P-(v2)@
it follows (vo)® < v@(t) < (v))@
In the same manner , we get
e ®) < (Vl)(z)+(C)(Z)(72)(2)8[—(a17)(2)((171)(2)—(ﬁz)(z)) t] (C)(Z) _ TP —(vg)@
- 140 @@ (FDD -2 D) ] ’ v0)P-)@

From which we deduce (v,)® < v@(t) < (#,)®@

0
) If 0< ()P < (vy)?® = g—(}j < (1,)® we find like in the previous case,

(Vl)(2)+(c)(2)(VZ)(z)e[—(0-17)(2)((V1)(2)—(V2)(2)) f]
1+(C)(z)e[—(a17)(2)((v1)(2)—(1/2)(2)) t]

()@ < < v@(@) <

@)@+ @D @,)@e [—(1117)(2)((71)(2) —(Vz)(z)) f]
1+(0)@e [—(a17)(2)((71)(2)—(72)(2)) f]

< ()@

0

(M 1f 0< (W)@ < @)@ < ()@ =3¢, we obtain
17

@)D+ @ @l (@ (D@ -w2 ) ]

@ < @) <
(V) = V() < 1+ ©@ el @@ (ED@ - @) ]

< (Vo)(z)

And so with the notation of the first part of condition (c) , we have

Definition of v@®(¢t) :-

G16(t)
(m)® < v@(@) < (m)?@, (v () ==
G17(t)

In a completely analogous way, we obtain

Definition of u®(t) :-
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1)@ < u®®) < @)@, |u®(0) =240
T17(8)

Particular case :

If (al)® = (a},)®, then (6,)?® = (6,)® and in this case (v;)@® = (¥,)@ if in addition (v,)® =
(v)® then v@ (1) = (v,)® and as a consequence G,4(t) = (Vo) PGy, (t)

Analogously if (bj5)® = (b}5)@, then (1;)® = (1,)@ and then

(u)® = (@) @if in addition (ug)® = (u;)® then Ty6(t) = (ug) @ Ty, (t) This is an important
consequence of the relation between (v;)® and (v,)®

From GLOBAL EQUATIONS we obtain

d 3) , , ,
:;t = (a20)® - ((aéo)(s) — (a5)® + (aéo)B)(szt)) — (@) ® (T, VA — (a,)Pv®
Definition of v® :- y3 = G20
Gz1
It follows

2 av® 2
~ (@)@ ()" + (0O = (4;0)®) < %= < = (@)D (VD) + (@) VD = (a,0)@)

From which one obtains

63 _
(@) For0 < (v)® = ﬁ < ()@ < @)@

v () = DD+ @l @20 D (D00 @) ] ©)® = v)®-)®
h 1+(0)@el~@DP(0D®-wo) )] ’ ~ w)®-)®

it follows (v9)® < v®(t) < (v))®

In the same manner , we get

e ®) < (Vl)(B)+(C_)(3)@2)(3)e[‘(az1)(3)((71)(3)—(172)(3)) ] (6)(3) _ )~ ()@
- 140 @l @D®(EDP-2@)) ’ v0)®-)®)

Definition of (¥,)® :-

From which we deduce (vy)® < v®(t) < (1,)®

0
(b) If 0< (v)® < (v)® = % < (v,)® we find like in the previous case,
21

(V1)(3) +(©)® (Vz)(3)e [—(a21)(3) ((V1)(3) —(Vz)(3)) f]

3 <«
SORES 1+(0)@el~ @D (DP-02)®) ]

< vO®(@) <
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TP+ @)Dl @D (EDP-2P) ]

< (7.)®
1+(O@ el @@ (EDE-T2 @) ] =)
0
(©) 1f 0< ()@ < ()@ < ()@ =2, we obtain
21

@)D 4O Pl @20 (DD -2P) 1]
14 (@)@l @@ (EDE)-T2®) (]

(v)® < v® () < < (v)®

And so with the notation of the first part of condition (c) , we have

Definition of v®(t) :-

(mz)(3) < ‘V(S)(t) < (ml)(3): V(3)(t) _ G20®®)
G21(t)

In a completely analogous way, we obtain

Definition of u®(t) :-

(‘uz)(3) < u(3)(t) < (/’tl)(S)l u(3)(t) — To(t)
T21(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (ayy)® = (ay)®, then (6,)® = (0,)® and in this case (v;)® = (#,)® if in addition (v))® =
(v))® then v® () = (v,)® and as a consequence G, (t) = (Vo) G, (1)

Analogously if (b5,)® = (b5)®, then (1,)® = (1,)® and then

(uy)® = (@)@ if in addition (ug)® = (u;)® then T,o(t) = (uy)® Ty, (t) This is an important
consequence of the relation between (v;)® and (v,)®

: From GLOBAL EQUATIONS we obtain

dv(4)
dc

(@)™ — ((a§4)(4) — (azs)® + (@)@ (Tys, t)) — (as)® (Tps, OV — (a55)Pv®

y@ = G2¢

Definition of v(* :-
G5

It follows

2 av(® 2
~ (@)@ (V)" + (0)v® = (0,)®) < Zm < = (@)D (vV®)” + (@) VD = (a,)®)

From which one obtains

Definition of (v;,)®, (vo)™® :-

0
(d) For0 < |(vg)® =g—§‘; < (v)® < ()@
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p@® (t) = (V1)(4)+(C)(4)(Vz)(4)e[_(azs)(4)((Vl)(4)_(V0)(4)) t] (C)(4) — ) B —(vy)®
=2 4+(C)(4)e[—(a25)(4)((v1)(4)_(1,0)(4)) t] ’ (VO)(4)_(V2)(4)

it follows (vo)® < v®(t) < (v))®

In the same manner , we get

v (1) < TDD+O® @) Wel~@29D (0D -0 ®) ] ()@ = P P=0®
= 4+(®(4)e[—(azs)(4)((71)(4)—(Vz)(“)) t] , (Vo) @ =)@

From which we deduce (v))™® < v®(t) < (7))@
0
(e) If 0< ()@ < (v)® = 5_20: < (7)™ we find like in the previous case,

@D+ vy @l =@ P (DB -2)®) ]

< v®W() <
140 @el @@ (0DW -0 @) ] v <

(V1)(4) <

@)@ +(O® @y @Wel~@2) P (DD -m2) ) ]

< (v,))@
14O @l @2@(FDD -2 @) {] =)

0
f) o< W)® < @) <|()® = % , we obtain
25

TDD OB @y ®el @29 (T ®-T®) ]
1O Wl @9 W (DD - @)

v)® < v®(@®) < < ()@

And so with the notation of the first part of condition (c) , we have
Definition of v (¢t) :-

(mz)(4) < @ t) < (ml)(zt)’ @ ®) = Go4(t)
Gzs(t)

In a completely analogous way, we obtain
Definition of u®(t) :-

(#2)(4) < u(4—)(t) < (Ml)(4)l u(4)(t) — To4(t)
T25(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :
If (ah)™® = (ays)@, then (6,)® = (6,)® and in this case (v))® = (¥,)@ if in addition (vo)® =

(v))™W then v (1) = (vy)™® and as a consequence G,,(t) = (Vo) @ G,5(t) this also defines (v,)® for
the special case .

Analogously if (by,)® = (by5)@, then (1,)® = (1,)® and then
(u)™ = (@1,)@if in addition (1)@ = ()@ then T, (t) = (uy) @ T,s(t) This is an important

consequence of the relation between (v;)® and (#,)®, and definition of (uy)®.

From GLOBAL EQUATIONS we obtain
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(5)

T = (@20)® (@)@ = (@)@ + (a5)® (T20,0)) = (@6) (T30, IV ~ (a) v

Definition of v :- v = Gzs

Ga9

It follows

2 dav(®)
~ (@) + @) — (a)®) <%

2
pra— ((a29)(5)(v(5)) + (o) v — (azs)(s))

From which one obtains

Definition of (v,)®, (vo)® :-

G _
(8) For0 <|(v)® = Gigz < ()® < @)®

(Vl)(5)+(c)(5)(vz)(s)e[—(azg)(5)((1;1)(5)_(1/0)(5)) t] (vl)(s)_(v())(s)

G)(t) > (5) — W1) " ~Wo) ~°
V= 5+(0) el @29 (DO-w0)®) ] - © v0)P-(2)®
it follows (vy)® < v®(t) < (v)®
In the same manner, we get
v(s)(t) < (Vl)(s)+(5)(5)(72)(5)e[_(1129)(5)((71)(5)—(72)(5)) t] (5)(5) _ @) —(w)®
= 5+(C_)(5)e[_(azg)(s)((vl)(s)_(vz)(s)) t] , (vo) B =(W,)®

From which we deduce (v,)® < v®(t) < (75)®
0o
(h) 1f 0< ()® < (v)® = g—z)z < (1,)® we find like in the previous case,

W) O+ (rg)Pel"@29 O (@O -2) D) o]
14(0)®) el @2 (0D - @) ]

(v)® < < vO(t) <

)OO (7Dl (@20 O (@O -m2))
14(0)®) el @29 (-2 ) ]

< )@

0
() 1f0<@)® <@)® <|(w)® =228 we obtain

0
G29

@O+ @)Dl @2 (-2
1+(O® el @29 P (@D -m2®)) ]

v)® < vO () < < (vp)®

And so with the notation of the first part of condition (c) , we have
Definition of v (t) :-

(my)® < V() < (m)®, | v () = 229
Go9(t)

In a completely analogous way, we obtain
Definition of u® (¢) :-

(#2)(5) < u(S)(t) < (#1)(5); u(s)(t) _ T2s(®)
To9(t)
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Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (as)® = (ayy)®, then (6,)® = (0,)® and in this case (v;)® = (¥;)® if in addition (v,)® =
(vs)® then v (t) = (v)® and as a consequence G,g(t) = (Vo)) G,o(t) this also defines (v,)® for
the special case .

Analogously if (by5)® = (bye)®, then (1,)® = (1,)® and then
(uy)® = (1) ®if in addition (1g)® = (uy)® then Tog(t) = (uy) > Tyo(t) This is an important
consequence of the relation between (v;)® and (¥;)®, and definition of (u,)®.

we obtain
dv(® , . . ;

- (as2)® — ((‘132)(6) — (a33)"® + (a5,)© (Ts3, t)) — (a%3) ) (T35, )v(® — (az3) ©v®
Definition of v(® :- (6 = 832

G33

It follows

2 dav(® 2
~ (@)@ (V@) + (0)Ov® = (43)@) < 2= < = (@) O (V@) + (@) OV ® = (a;,)®)

From which one obtains

Definition of (v;)®, (v,)© :-

. GJ _
() For0 <|[(ve)® = G_Z’z < (v)® < (7H)®

YO4(0)® (vz)(ﬁ)e[—(a33)(6)((1;1)(6)_(1;0)(6)) t] (1)) —(v)(®

ROE v erveel e T i (A o= A
it follows (v)® < v(®(£) < (v,)®
In the same manner , we get
YO < (71)(s)+(C-)(s)@2)(s)e[—(agi)(w((vl_ﬂs)_(vz)(e)) t] e = RGN (ZO)(G)
14(0) @@ (DO -32)() V) ©-@)®

From which we deduce (vy)® < v©(t) < (7,)®
0
(k) 1f 0<()® < (vy)® = g—z < (#,)® we find like in the previous case,

W) O +(0) O (v @l (@3 O (DO -2 ) 1]
14+(0) @l (@33 @0 -2))) ]

)@ < < vO@) <
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O +(0) O @)@l ~@33 (@D -T2)(@) ]

< (v.)®
1+(0)©@ e[~ (@3 O (FDO-®)) ] =)
0
) f0o<)®<@)® <|()® = % , we obtain
33

O +(0) O @)@l ~@33 (@D -m2)(@) ]
14(0)©) el @@ (T -T2 @) ]

)@ < vO() < < (v)®

And so with the notation of the first part of condition (c) , we have
Definition of v©(¢) :-

Gz (t)
(m)® < vOW) < (m)©, [vO @) = 220
G33(t)

In a completely analogous way, we obtain
Definition of u(®(t) :-

1)@ < u®® < @)@, |u@® =228
T33(t)

Now, using this result and replacing it in GLOBAL EQUATIONS we get easily the result stated in the
theorem.

Particular case :

If (a4,)©® = (ay3)®, then (6,)© = (0,)® and in this case (v;)® = (¥,)® if in addition (v,)® =
(v))® then v®(t) = (v,)©® and as a consequence Gz, (t) = (vo)® G353 (t) this also defines (v,)©® for
the special case .

Analogously if (b35)® = (b5%)©, then (1,)© = (1,)© and then

(u)® = (7)) @if in addition (1y)® = (u;)® then Ts,(t) = (1)@ Ts3(t) This is an important
consequence of the relation between (v;)® and (¥,)©®, and definition of (1,) .

We can prove the following

Theorem 3: If (a])Pand (b]")™" are independent on t , and the conditions

(aiz)P(a1)® = (a13)P(a;)® <0

(‘113)(1)(‘114)(1) - (‘113)(1)(‘114)(1) + (a13)(1) (p13)(1) + (‘114)(1) (P14)(1) + (Pls)(l) (P14)(1) >0
(i) P (bi)® = (b1) P (1) >0,

(1) P (b1)™ = (b13) P (b1)™ — (b13) P ()™ — (b1) P (1)@ + (1) P ()™ < 0
with (p13)®, (11,) ™ as defined, then the system

If (a]YPand (b}")® are independent on t, and the conditions

(a16)@(a1)® = (a16)@(a;)® <0

(a16) P (a1)@ = (a16) P (017)@ + (a16) P P16)® + (1) P P17)P + P16) P (017)P > 0
(b16) @ (b17)® — (b16) P (by)® >0,

(bis)(z)(bh)(z) - (b16)(2)(b17)(2) - (bie)(z)(rw)(z) - (b1’7)(2)(7”17)(2) + (rlé)(Z) (r17)(2) <0
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with (p16)@, (17,) @ as defined are satisfied , then the system

If (a]Y®and (b}")® are independent on t , and the conditions

(a50)®(a51)® = (a20)®(a,1)® < 0

(a50)® (@51)® = (a20)®(a21)® + (a20)® P20)® + (@51) P @21)® + 20)® ()P >0
(b30)® (031)® = (b20)® ()@ >0,

(b30)® (0310 = (b20) P (b21)® = (b3) P (131)® = (b3) P (120 + (120) P (1) < 0
with (p,0)®, (,,)® as defined are satisfied , then the system

If (a!Y®and (b}")® are independent on t , and the conditions

(a54)® (ah5)™ = (a24)® (a5)* < 0

(a5)® (a55)® = (a24)® (a25)® + (420)® P24)® + (@5) ™ 25)® + (020)P (p25)® > 0
(b5)® (b35)® = (b2) ™ (b5)® >0,

(52)® (b35)® = (b24) ™ (by5)® — (b34) P (125)® = (b35) W (r25)® + (124) P (1)@ < 0
With (py4)®, (1,5)® as defined are satisfied , then the system

If (a')®and (b}")® are independent on t , and the conditions

(a58) P (a39)® = (a26)® (a29)® < 0

(a5) 5 (a59)® = (a26)(a29)® + (a26)® (P26)® + (a29)® (P20)® + (P28)® (029)® > 0
(b)) (b39)® = (b25)® (b2)® >0,

(bés)(s)(béca)(s) - (bzs)(s) (b29)(5) - (bés)(s) (T29)(5) - (b2’9)(5) (7"29)(5) + (7"28)(5)(7"29)(5) <0
with (p,g)®, (1,9)® as defined satisfied , then the system

If (a))©and (b]")©® are independent on t , and the conditions

(a5)©@ (a53)© — (a32)®(az3)® < 0

(a52) @ (@33)@ = (a32)@ (a33)®@ + (a32) @ (P32)@ + (a33) @ (P33)© + (P32) @ (P33)@ > 0
(b32) @ (033)© — (b32)© (b33)® >0,

(b32)© (b33)© = (b32) @ (b33)© = (b32) @ (135)©® = (b33) @ (r33)© + (13) @ (135)® < 0

with (p3,)®, (133)® as defined are satisfied , then the system

(a13)(1)614 - [(‘113)(1) + (a1’3)(1)(T14)]G13 0
(a14)(1)613 - [(‘114)(1) + (ailél)(l)(T14)]Gl4 =0

(a15) DGy — [(ais)(l) + (ails)(l)(Tm)]Gw =0
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(b13) P Toy = [(b1) ™ = (b15)P(G) 1T13 = 0

(b14)(1)T13 - [(b{4)(1) - (b{’zt)(l)(G) ITia=0

(b15) P T1y = [(b15) ™ = (b15)P(G) 1Ty5 = 0

has a unique positive solution , which is an equilibrium solution for the system
(a16)PG17 — [(a16)® + (@) P (T17)]Gr = 0

(@17) P66 = [(@1)P + (@)P(T1)]6r7 = 0

(a18)?Gy7 — [(aig)(Z) + (airs)(z)(Tﬂ)]Gm =0

|
o

(b16)(2)T17 - [(bis)(z) — (b5 (2)((;19) 1Ti6 =

0

(b1)PTye = (1) = (1) P (G10) 1T
(b18)(2)T17 - [(bis)(z) - (bils)(z)(Gw) ITig =0
has a unique positive solution , which is an equilibrium solution for
(a20)PG1 = [(@30)® + (a50) P (T31)] G0 = 0
(@20)® 630 = [(@50)® + (a3)P (131G = 0
(a22)® 621 — [(@h)® + (@) (T21)]G22 = 0
(bzo)(3)T21 - [(béo)m - (bé'o)(s)(st) IT50=0
(b21)®Tz0 = [(531)® = (531) P (G23) 1To1 = 0
(bzz)(3)T21 - [(béz)m - (bélz)(S)(st) [T, =0

has a unique positive solution , which is an equilibrium solution

(‘124)(4)625 - [(a’24)(4) + (a§'4)(4) (Tzs)]Gz4 =0
(az5) Gy — [(aés)(4) + (aéls)(4)(T25)]st =0
(azs)(4)625 - [(aée)(4) + (aéla)(4)(Tzs)]GZG =0

(b2) W Tys = [(b3)® = (b3) @ ((G27)) 1T2a = 0
(by5) W Toq — [(b35)™ — (b25)®((G27)) 1Tos = 0

(bzs)(4)T25 - [(bés)m - (béle)(4)((627)) ]T26 =0

has a unique positive solution , which is an equilibrium solution for the system
(aza)(5)629 - [(alzs)(s) + (alzls)(s)(TZta)]st =0

(‘129)(5)628 - [(a,29)(5) + (a’2’9)(5) (T29)]Gz9 =0
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|
o

(az0)® Gy — [(aéo)(s) + (alsro)(s)(ng)]Gso =

|
o

(bzs)(s)Tm - [(bés)(s) - (béls)(s)(Gn) 1T =

(b29)(5)T28 - [(bét;)(s) - (bég)(s)(Gu) IT0= 0

|
o

(bso)(S)Tw - [(béo)(s) - (bélo)(s)((;u) T30 =

has a unique positive solution , which is an equilibrium solution for the system

|
o

(as5)®Gs3s — [(aéz)(@ + (aélz)(G)(Tss)]Gsz =

|
o

(a33)(6)632 - [(a’33)(6) + (a§’3)(6)(T33)]G33 =

(a34) @G5 — [(@5)© + (a4,) @ (T33)]Gsq = 0
(b32)©Ts5 = [(032)© — (b32) @ (G35) IT32 = 0
(b33)©Tsy — [(033)® — (b33)@(G35) IT33 = 0
(b34)©Ts5 — [(3)© = (03) @ (G35) |T34 = 0

has a unique positive solution , which is an equilibrium solution for the system

(2) Indeed the first two equations have a nontrivial solution G, G, if

F(T) = (ais)(l) (a£4)(1) - (a13)(1) (a14)(1) + (a£3)(1) (aﬂ)(l) (T1q) + (ai4)(1)(a’1’3)(1)(T14) +
(ails)(l) (T14)(a1’4)(1) (T14) =0

(@) Indeed the first two equations have a nontrivial solution Gy, G, if

F(Tyo) = (ais)(z) (a£7)(2) - (a16)(2) (a17)(2) + (aie)(z) (a£'7)(2)(T17) + (a£7)(2) (afs)(z)(Tn) +
(ails)(z) (T17)(a1'7)(2)(T17) =0

(a) Indeed the first two equations have a nontrivial solution G, G, if

F(Ty3) = (aéo)@)(aél)@) - (azo)(3)(a21)(3) + (alzo)(3)(aé’1)(3)(T21) + (ah)(S)(ago)(S)(Tm) +
(alzlo)(”(T21)(a§,1)(3)(T21) =0
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(a) Indeed the first two equations have a nontrivial solution G4, G55 if

F(Tyy) =
(@) P (ah5)® = (a20) P (a25) P + (ah) P (a5s) P (Tas) + (a55) P (@) P (Tas) + (asy) P (Tas) (ahs) P (Tys) =
0

(a) Indeed the first two equations have a nontrivial solution G,g, G, if

F(T31) =

(@) (ahe)® — (a28)®(a20)® + (ahg)®(ahe) P (Tao) + (ahe) ™ (a%s) P (Ta0) + (as) > (Tao) (ase) ™ (Too) =
0

(a) Indeed the first two equations have a nontrivial solution Gs,, G353 if

F(Ts5) =

(aéz)(e) (a§3)(6) — (a32)®(az3)® + (aéz)(e) (aélz)@ (T33) + (a§3)(6) (agz)(@ (T53) + (alslz)(ﬁ) (T33)(a'3’3)(6) (T33) =
0

Definition _and unigqueness of Ty, :-

After hypothesis £(0) < 0, f(e0) > 0 and the functions (a;")™(T,,) being increasing, it follows that there
exists a unique Ty, for which f(Ty,) = 0. With this value , we obtain from the three first equations

_ (a15)D6y4
[(a15) D +(als)D(17,)]

(a13) V614

G = 1
137 J(aly) D+(alpD(11,)]

Gis

Definition _and unigueness of Ty, :-

After hypothesis £(0) < 0, f(e) > 0 and the functions (a;")® (T,,) being increasing, it follows that there
exists a unique Ty, for which f(T;,;) = 0. With this value , we obtain from the three first equations

(a18)?6Gy7

(a16)?Gy7 —
[(a1e)P+(ay)@(Ti,)]

T [@o@+@p@,)]

616 618

Definition _and uniqueness of T;; :-

After hypothesis £(0) < 0, f(«0) > 0 and the functions (a;)"(T,,) being increasing, it follows that there
exists a unique Ty; for which f(T;;) = 0. With this value , we obtain from the three first equations

_ (a22)®6;1
[(@})®+(asy) 3 (13,)]

_ (a20)®6y1
(@) ®+(as)®(15,)]

GZO GZZ

Definition and uniqueness of T, :-

After hypothesis f(0) < 0, f(c0) > 0 and the functions (a/")® (T,s) being increasing, it follows that
there exists a unique T,s for which f(T;5) = 0. With this value , we obtain from the three first
equations

_ (a26)®Gys
[(ae)®+(ahe) @ (T55)]

_ (a24) W65
(@) W+ahp@(155)]

G24 626

Definition and uniqueness of T;, :-

229



Journal of Natural Sciences Research Www.iiste.org
ISSN 2224-3186 (Paper) ISSN 2225-0921 (Online) Ly
\Vol.2, No.4, 2012 ISTE

After hypothesis f(0) < 0, f(c0) > 0 and the functions (a}')® (T,,) being increasing, it follows that
there exists a unique T3y for which f(T5) = 0. With this value , we obtain from the three first
equations

(a30)®Gyo
[(@30)®+(az0)®(735)]

(a28) 629

Gpg = )
28 7 [(abe)®+(ahe)®(735)]

Gso =

Definition and uniqueness of T3 :-

After hypothesis f(0) < 0, f(c0) > 0 and the functions (a;')® (T,3) being increasing, it follows that
there exists a unique T35 for which f(T33) = 0. With this value , we obtain from the three first
equations

_ (a34)®Gs3
[(@3)®+(a5)®(133)]

_ (a32)®633
[(a3)@+@3)®(155)]  *

G3, Gz

(e) By the same argument, the equations 92,93 admit solutions G5, G,, if

9(G) = (b)) D (b1 = (b13) P (br)® —

(1) (B P (6) + (1) P (1) P (@ ]+(bi5) P () (b)) P (6) = 0

Where in G(Gy3, G4, G15), G13, G5 Must be replaced by their values from 96. It is easy to see that ¢ is a

decreasing function in G,, taking into account the hypothesis ¢@(0) > 0, ¢(o0) < 0 it follows that there
exists a unique Gy, such that ¢(G*) =0

(f) By the same argument, the equations 92,93 admit solutions Gy¢, G, if
@(Gyo) = (bis)(z)(bb)(z) - (b16)(2)(b17)(2) -
[(b16)® (b17) P (G1s) + (b17) P (b16) P (G19)]+(b16) P (G19) () P (G19) = 0

Where in (G19)(Gy¢, G17, G1g), G1g, G1g Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G, taking into account the hypothesis @(0) > 0, ¢() < 0 it follows that there
exists a unique Gi, such that @((G,4)*) = 0

(9) By the same argument, the concatenated equations admit solutions G,q, G,4 if
@(Gy3) = (béo)(3)(béi)(3) - (bzo)(3)(b21)(3) -
[(630)® (b)) P (G23) + (b31)® (b36) P (G23) |+ (b56) P (G23) (b31) P (G23) = 0

Where in G,5(G,g, G21, G22), G0, G2, Must be replaced by their values from 96. It is easy to see that ¢ is a
decreasing function in G,, taking into account the hypothesis ¢(0) > 0, ¢() < 0 it follows that there
exists a unique G5, such that ¢((G,3)*) =0

(h) By the same argument, the equations of modules admit solutions G4, G5 if
9(Ga7) = (b3)® (b5)® — (b2)® (b)) —
[(B24)™ (b35) ™ (Ga7) + (b3s)® (b3) P (G27) |+ (b3) ™ (G27) (b35) ™ (G27) = 0

Where in (G57)(Go4, G35, Go6), G4, G2 Must be replaced by their values from 96. It is easy to see that @ is
a decreasing function in G, taking into account the hypothesis @(0) > 0, ¢(o) < 0 it follows that there
exists a unique G, such that ((G,;)*) =0
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(i) By the same argument, the equations (modules) admit solutions G,g, G,q if

9(G3q) = (bés)(s)(béra)(s) - (bzs)(s)(bzg)(s) -
[(b36)® (b55) P (G31) + (be)® (b55) S (G31)]+(b35) ) (G31) (b36) P (G31) = 0

Where in (G31)(Gzg, G129, G30), G2g, G3o must be replaced by their values from 96. It is easy to see that ¢ is
a decreasing function in G,4 taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows that there
exists a unique G4 such that ¢((G3,)*) =0

(j) By the same argument, the equations (modules) admit solutions G3,, G35 if

@(Gss) = (béz)(6)(b§3)(6) - (b32)(6)(b33)(6) -
[(b52) @ (b53)©(G35) + (b53)© (b3)© (G35)]+(b32) @ (G35) (b35) @ (G35) = 0

Where in (G35)(G32, G33, G4), G342, G4 must be replaced by their values It is easy to see that @ is a
decreasing function in G35 taking into account the hypothesis ¢(0) > 0, ¢ () < 0 it follows that there
exists a unique G35 such that 9(G*) = 0

Finally we obtain the unique solution of 89 to 94

G1, given by ¢(G*) = 0, Ty, given by f(T;,) = 0 and

G = (a13)Ma;, Gr. = (a15) V61,

B 7 (@i ®+@n®(r,)] 1 1 T (@)D +(alnD(11,)]
T* — (b13) D15, Tr — (b15) VTS,

B 7 bl ®@-01®60] 7 T T (1) P-015) D (6]

Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

Giy given by ©((G19)") = 0, Ty; given by f(T;;) = 0 and

Gt = (a16)PG1, * (a19) G},
16 [(3’16)(2)"'(3’1’6)(2) (T;7)] ' 18 [(3118)(2)*'(3’1’8)(2) (T*17)]
T* = (b16) DT}, T = (b18) DT,
16 7 [0)@-0/@(6100] 7 18T [0l @ -0 P ((610)")]

Obviously, these values represent an equilibrium solution
Finally we obtain the unique solution

G31 given by ¢((G23)*) = 0, T, given by f(T5;) = 0 and

Gr = (azo)(3)G;1 Gt = (azz)(?’)GEl
207 [(ah)®+(@h)®(13)] 1 T2 T [(ah) P+ 3 (13,)]

* (b20)®T13, * (b22) T3,

20 T 03— B (G230] 7 22T (5@ -3 P (623)]

Obviously, these values represent an equilibrium solution
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Finally we obtain the unique solution

G2s given by ¢(Gz7) = 0, Tzs given by f(Tz5) = 0 and

Gt = (a29) W63 Gr. = (az6) 63

2T (@)@ +@h@(155)] T T2 T [(ahe) P+ (ahe)@(T35)]
(b20) W13 (b26) VT35,

T2*4 — 24 25 , T2*6 — 26 25

[CARECARI(ZRY] (B2 =b3) P ((627)7)]
Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

G3o given by ¢((G31)") = 0, T given by f(T5,) = 0 and

Gt = (azs)(s)Gé‘g G (‘130)(5)029
28 = (@b ®+(@g) O (T50)] 30 T [(@he)®+ahp) O (T30)]
. _ (b28) T34 . (b30) T3,

Ty = T =
2T 03— GN] T30 T (050 P -3 B (Ga))]
Obviously, these values represent an equilibrium solution

Finally we obtain the unique solution

G3s given by ¢((G35)™) = 0, T3; given by f(T33) = 0 and

G: (az)®)63, G:, = (a34)©635

32 T @by @+@p©(s3)] 73 T (@) ©@+(afp© (1))
x b32)O)Ts . Dag) ()T

Ts, = (b32)\*'T33 T, = (b34)**T53

[ © (155 (635)")] [(b1)® = (b5 ((G35)")]

Obviously, these values represent an equilibrium solution
ASYMPTOTIC STABILITY ANALYSIS

Theorem 4: If the conditions of the previous theorem are satisfied and if the functions (a;" )™ and (b;")®®
Belong to C™W( R,) then the above equilibrium point is asymptotically stable.

Proof:_Denote
Definition of G;, T; :-

GL=G1*+(GIl 7Ti=Ti*+Ti
a am!H@
(aM) (Trs) = (%4)(1) ) ( ) (G") =5

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

G , *
e —((@1)® + (1)) Gy3 + (a13) PGy — (913) V63T
G , *
714 = —((@1)® + P12) V) G4 + (A1) PGrs = (q12) V61, Toy
aG ’ *
—2 = —((@15)W + (1)) G5 + (015) PGy — (015)VG15Trs
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dT , .
—2 = —((b1)® = (1) V) Tyz + (1) VT + Zj215(503 ) Ti3G))

dT .
=2 = —((01)® = (1) )Ty + (b)) VT3 + 211'213(5(14)(j)T14Gj)

dT , .
d;S = _((bls)(l) - (Tls)(l))Tls + (bls)(l)T14 + 211‘213(5(15)(j)T15(Gj)

If the conditions of the previous theorem are satisfied and if the functions (a;)® and (b;)® Belong to
C@(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
GLZG:‘F(GL lTiZTL'*-I_Ti

a(b )

"’(“”) (T) = (@)@, L ((G19)") = 535

taking into account equations (global)and neglecting the terms of power 2, we obtain

dGlﬁ = —((@16)® + (P16)?)G1g + (a16) P G17 — (916) P G161y
L2 = (@) + 1) P) Gy + (017) PGy — (@17) PG, Ty
dGlS = —((@1e)® + (P18) @) G5 + (a18) PGy — (915) P Gis Ty
dgle = ((b16)(2) - (r16)(2))T16 + (blﬁ)(Z)T17 + Z, 16(5(16)(1)T16G )
dT;

ax _((bb)(z) - (T17)(2))T17 + (b17)(2)T16 + 2}516(5(17)(j)Tf7Gj)

dT ,
dls = ((b 8)® — (718)(2))T18 + (b1g)@Ty, + Z, 16(5(18)(])T18G )

If the conditions of the previous theorem are satisfied and if the functions (a;")® and (b;")® Belong to
C®(R,) then the above equilibrium point is asymptotically stabl

_Denote
Definition of G;, T; :-
GL:GL*+GL 'Ti:Ti*+Ti

6(a21>< ) a(b )

(T;1) = (%1)(3) ’

((023) ) - Sl]

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG X
_dzo = _((az )(3) + (on)(3))G20 (azo)(3)G21 - (CI20)(3)020T21
dG

d21 = ((a21)(3) + (P21)(3))G21 + (a21)(3)G20 - (QZ1)( )Gz1T21
dG

dzz = ((azz)(g) + (Pzz)(3))G22 + (azz)(s)Gm - (qZZ)( )622T21
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T2 = —((b50)® = (120) @) T20 + (b20) DT + £2250(S 20y T50G1)
Tt = (B30 = () Tas + (b20) PTo + E20(561) ) T5165)
T = (05 = (12) )T + (b22) Va1 + Ea0 (502 T526)

If the conditions of the previous theorem are satisfied and if the functions (a/)® and (b;")*® Belong to
C(4)( R,) then the above equilibrium point is asymptotically stabl

_Denote
Definition of G;, T :-
GI.=GL*+(GL lTi=Ti*+Ti

bi) Bb
(“25) L(T3) = (@29)® Eh )

((627) )= Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

AdGypy

P (@)™ + (P20) ) G4 + (a24) PG5 — (424) P G345

dGys

a —((@35)® + (025) ) G5 + (a25) PGy — (G25) P G35Ts

dGye

P —((@36)™ + (P26)™) G + (A26) PG5 — (426) @ G365

dTpy

dt = —((b§4)(4) - (T24)(4))T24 + (b24)(4)T25 + 2?224(5(24)(;')7154(‘;;')

aT ’ *
=2 = —((b35)® = (ra5) @) Tos + (bos) P Tas + X324 (525 T55G))

dT , N
d—:6 = _((bze)(4) - (Tzs)(4))T26 + (bzs)(4)T25 + 2?224—(5(26)(]')7126(&]')

If the conditions of the previous theorem are satisfied and if the functions (a/)® and (b;")® Belong to
C®(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
Gl=GL*+Gl lTi:Ti*+Ti

a(b )( )

6(a29) ( 29) — (ng)(5) , ((G31) ) =Sij

Then taking into account equations (global) and neglecting the terms of power 2, we obtain

dG , s
= —((@5)® + (28) ) Gipg + (a28) P Gzg — (428) VG35 T2g
G , .
e —((@59)® + (020) )G9 + (a20) P Gpg — (420) G5 T 0
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% = _((aéo)(s) + (pso)(s))Gso + (a30)(5)((}29 - (%o)(s)G;oTze

dj% = —((b3)® — (r28) ) Tog + (b2) P To9 + X3256(528) (1 T26Gy)
dj% = —((b59)® = (120)F)T29 + (b20) O T,g + X3226(520)( T30 G5)
dj% = —((b50)® = (r30) ) T30 + (b30) P T29 + X32,6(5:0) (1 T50G))

If the conditions of the previous theorem are satisfied and if the functions (a,)® and (b;")® Belong to
C©®(R,) then the above equilibrium point is asymptotically stable

Denote
Definition of G;, T; :-
GLZG,_*‘l'Gl ,TizTi*+Ti

a(afp)®

: )
Tas (T33) = (CI33)(6) ,

an

((G35)") = Sij

Then taking into account equations(global) and neglecting the terms of power 2, we obtain

dG , .
d:2 = _((‘132)(6) + (Psz)(ﬁ))Gsz + (a32)(6)G33 - (Q32)(6)G32T33
dG , X
_d:3 = _((a33)(6) + (p33)(6))G33 + (a33)©Gsy — (q33)©G33Ts3
dG , .
dt34 = _((‘134)(6) + (P34)(6))G34 + (a34)(6)G33 - (Q34)(6)G34T33
dT , .
22 = _((b32)(6) - (7'32)(6))'11‘32 + (bsz)(ﬁ)Tss + 23132(5(32)(;')7132@)
dt
dT , X
—2 = _((bss)(6) - (7"33)(6))T33 + (b33)©Ts, + 2?132(5(33)(j)T33Gj)
dt
dT , X
— = _((b34)(6) - (7”34)(6))T34 + (b34)(6)T33 + 2?132(5(34)0)7’34@]’)
dt

The characteristic equation of this system is

(DD + (bi)® = () NP + (@1)® + (015)P)
(WD + @)D + 1)) @) D61s + (@) (@)D )|
(DD + B = 1)V )san,anTis +b12) Vsan anTis)
+ (((/1)(1) + (a£4)(1) + (p14)(1))(Q13)(1)Gf3 + (a13)(1)(q14)(1)61*4)
(((1)(1) + (b13)® = (1) V)5 ey an s + (b14)(1)5(13).(13)T1*3)

(WD) + (@)D + @)D + @)@ + () @) WD)
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(D) + (i)™ + B = (1) + (1)D) DD

+ (D) + (@)D + (@)D + P12)® + Pr)®) WD) (15) V6
(DD + (@)@ + P12)P) (1) V(@) D6, + (@14) P (ar5) P (15)V65)
(DD + Bi® = (1) D)s .05 s +(11) Vsaz,asTis )} = 0

+

(D + Bie)?® = (1)) (D + (@1e)® + (p1e)®)

(DD + (@)@ + P10 P)(@17) PG + (017)P (016)PGig )|

(DD + b1 = (1)@ )sananTir +B:)Psa6,anTir)

+((DP + @)@ + @17)P) (@16) PGl + (016) P (017) PG5 )

(WP + B10@ = (10P)sanaeTir + Bi)Psas,a0Tis)

(W) + (@)@ + (@)@ + P10 + P:)P) WP)

(WD) + (Bi)® + BN = (0P + (3,)P) NP

+ (WD) + (@)@ + (@DP + 1P + P1)P) DP) (415)DGrg
(D@ + (@10)@ + P1)P) (1)@ (@7 PGi7 + (a17) P (1) P (G16) PGi)

(((/1)(2) + (bie)(z) - (rlﬁ)(Z))S(17),(18)T1*7 +(b17)(2)5(16),(18)T1*6)} =0

+

(DS + (1)@ ~ ()P W (DD + (@) ® + (p22)P)
(WD + (@)@ + P20)®) (@2 D631 + (220D (020)D630 )|
(DD + B3P = (2)D)s 0,0 T +B2)D5 G0 0T )
+ (DD + (@)@ + @202 (420)P 630 + (@20) P (020)V631)
(DD + B3P = (2)D)s 1,0 T + (021)Ds@0,@0T5)
((W®) + (@)D + (@)@ + @20)D + B2)P) D)

(

(W) + ((B3)® + B3P = ()P + (2:)P) W®)
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+ (((A)(g))z + ( (aéo)&) + (aél)(3) + (pzo)(3) + (P21)(3)) (/1)(3)) (Q22)(3)Gzz
+((/1)(3) + (a50)® + (pzo)(B)) ((azz)(3)(QZ1)(3)G;1 + (a21)(3)(a22)(3)(q20)(3)650)

(((A)(S) + (béo)(s) - (7'20)(3))5(21),(22)T51 +(b21)(3)5(20),(22)T2*0)} =0

+

(D@ + (b3)® = (o) W(D@ + (@he)® + (p26)®)

(D@ + (@)@ + P20) @) (@25) D635 + (a25) P (024)63, )|
(DD + B3P = (20)D)s(25),2)T5s +(25) D520, T5s)

+ (D@ + (@)@ + (25)®) (@2) PG54 + (020)® (425) VG35

(DD + B2)® = ) P)s@syeaTss + b2) Vs @0 Ts)
(@) + (@)@ + (@)@ + P2)® + (25)P) DP)

(D) + (B30)® + (3)® = (2@ + (125)@) @)
+((W®) + (@)@ + (@)@ + ©20P + P25)®) DD) (026)® G2
(DD + (@) ® + ©20P) ((a26) P (425) G35 + (225)® (a26) P (024) P 634)
(DD + B5)@ = (25025, 26)Ts5 +(b25) V52, 26)T4 )} = 0

+

(DS + (B3)® = )OS + (@) + (:0)®)

(DS + (@) + 126)) (426) G35 + (a26) ) (420) G35 )|

(WS + (b)® = (126)®)5 29,2 T30 +(b29) S 2,20 T3 )

+ (DO + (@) + (126) D) (26)® G0 + (226)® (426) G35

(D + )@ = 20)D)s(20) 200 T55 + (029) 528,25
(WD) + ((@)® + @) + P2e)® + P20)®) D)

(W) + (B3)D + (b3)® = (26)® + (1)) WD)
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+ (((A)(S))Z + ( (aés)(s) + (aét})(s) + (pzs)(s) + (qu)(s)) (/1)(5)) (%0)(5)630
+((/1)(5) + (ase)® + (pzs)(s)) ((a30)(5) (420)®G30 + (azg)(s)(aso)(s)(QZS)(S)GSS)

(((A)(s) + (bés)(s) - (7'28)(5))5(29),(30)712*9 +(b29)(5)5(28),(30)T2*8)} =0

(D@ + B5)© = )OO + (@)@ + (p2)©)
(D@ + (@5)@ + 132)©) (433) 635 + (25)@ (052)©63, )]
(D@ + B5)© = (52533659 5 +bs3) V532,59 T5s)
+ (DO + (@)@ + (33)©) (@)@ 632 + (252)® (433) 0635 )
(D@ + B5)@ = (525560755 + b3) V62,6 T2
(WO + (@)@ + (@)@ + P3)©@ + (3)@) D)
((DO) + (B3)© + (B2)© = (13)©@ + (13)@) W)
+ (DO + (@)@ + (@5)@ + P32)@ + 133)@) D®) (434) G4
+((D© + (@)@ + 032)@) ((a3) @ (35) 9635 + (239) (036 (432) V635

(((A)(@ + (b3)® — (T32)(6))5(33),(34)T§3 +(b33)(6)5(32),(34)T§2)} =0

And as one sees, all the coefficients are positive. It follows that all the roots have negative real part, and
this proves the theorem.
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