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Abstract 

This study compared the accuracy of the Beta, 2-parameter Gamma (2P) and 3-parameter Weibull (3P) 

distributions, fitted with the method of moments, for characterising the tree diameter of the reserve. Comparison 

was based on the Kolmogorov-Smirnov statistic (K-S), bias, mean absolute error (MAE), and mean square error 

(MSE). Distributions with location parameter were fixed as the minimum inventoried diameter of each plot.  A 

total of eight (8) temporary sample plots (TSPs) of size 50m x 50m were laid in the natural stand of the reserve. 

Systematic line transect was used in the laying of the plots. All trees with DBH ≥ 10.0cm in the selected plots 

were enumerated, identified and measured. The results from the goodness-of-fit statistics revealed that the 

Weibull (3P) distribution performed slightly better than the Beta distribution used in this study. The mean values 

for the K-S, bias, MAE, and MSE of the Weibull distribution were 0.11449, 0.00015, 0.00847, and 0.00022, 

respectively; as such ranked best. The Gamma (2P) distribution provided the worst fit to the dataset, with 

relatively large values for the goodness-of-fit statistics. It fits for the entire plot were far from the reverse J-

shaped of natural forests, which implies that the Gamma (2P) distribution is inappropriate for determining the 

structure of the natural stand. 
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1. Introduction 

Diameter distribution modelling has been an intrinsic part of forest management planning and research in the 

recent times. This has often been used in bridging the gap between crude stand-level simplification and complex 

individual tree models (Thomas and Cao, 2006). Size distribution information is essential for analysis of the 

structure of forest stand and making management decisions. Diameter distribution modelling in natural forest has 

always been a herculean task owing to the complex nature of the tropical forest which is characterised by diverse 

species composition and indeterminate age structure.  

The first study on size distribution was done by De Liocourt in 1898 when he observed that plotting 

the number of stems against equal-diameter classes as a frequency histogram results in a reverse J-shaped. In 

recent forest practice, several models of probability density of tree diameters in stand have been verified e.g. 

Beta (Loetsch et al., 1973; Gorgoso et al., 2008, 2012), Gamma (Nelson, 1964; Mohammed, et al., 2009; Zheng 

and Zhous, 2010; Eslami et al., 2011), Johnson SB (Johnson and Kitchen, 1971; Knoebel and Burkhart, 1991), 

Lognormal (Sheykholeslami et al., 2011), Normal (Nanang, 1998) and Weibull distribution (Bailey and Dell, 

1973;Zutter et al., 1986; Maltamo et al., 1995; Palahi et al., 2007; Ajayi, 2013). While most of these 

distributions, for example, the Weibull distribution has gained prominence and has enjoyed elaborate application 

in quantitative forestry in Nigeria and other parts of the world, little studies have been done on Beta and Gamma 

distribution model for characterising tree diameter of natural forest. This is not far-fetched from the complexity 

of computation in estimating the parameters of the Beta and Gamma distributions and few literatures abound on 

the subject, fortunately these distribution have the capability of assuming a wide variety of shapes to suit 

structure of natural forest. It is towards this end that the study seeks to explore and compare the effectiveness of 

Beta, Gamma and Weibull distributions for characterising tree diameter of Oluwa Forest Reserve, Nigeria. 

 

2. Methodology 

2.1 The Study Area 

This study was carried out in Oluwa Forest Reserve located in the moist tropical rainforest zone of Nigeria. It 

occupies an area of about 629km
2
 with much of it lying approximately between 300 and 600m above sea level 

(Ogunjemite et al., 2006). The natural forest covers about 8km
2
 (approximately 800ha) of the Forest Reserve. 

The Reserve is situated in Odigbo Local Government Area of Ondo State, Nigeria and lies between Latitude 6.83° 

- 6.91°N and Longitude 4.52° - 4.59°E (see Fig. 1). Annual rainfall ranges from 1700 to 2200 mm. Annual mean 

temperature in Oluwa is 26 °C. The relative humidity is high and uniform, ranging from 75% (afternoon) to 95% 

(morning).The natural vegetation of the area is tropical rainforest characterised by emergent with multiple 

canopies and lianas.  
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Fig. 1: Map of Oluwa Forest Reserve located in Ondo State, Nigeria (Source: Ogana, 2015) 

 

2.2 Sampling Procedure, Data Collection and Processing 

In this study, systematic sampling technique was used in the laying of the temporary sample plots (TSPs) in the 

8km
2 
natural forest. Two transects of 500m in length with a distance of 200m between the two parallel transects 

were laid. Sample plots of 50m x 50m in size were established in alternate position along each transect at 100m 

interval; summing up to 4 sample plots per 500m transect and a total of 8 sample plots in the study area, with a 

total area of 20,000m
2
 (i.e. 2ha). All living trees with Dbh ≥10.0cm in the selected plots were enumerated and 

identified by their botanical name using Trees of Nigeria (Keay, 1989) and measured. The data collected were 

grouped into species and families, and the following stand variables were computed from the inventory data: 

mean diameter, minimum diameter, maximum diameter, number of trees per hectare and basal area. The 

summary statistics of the dataset used for this study are presented in Table 1. 

Table 1. Summary statistics of the data from the sample plots 

 

Statistics 

Variables Mean Maximum Minimum Standard deviation 

 

No of Species = 58 

No of Family = 26 

Dbh (cm) 24.7 118.5 10.0 16.2 

Basal area (m
2
/ha) 18.28 31.72 8.12 7.31 

Density (tree/ha) 267.5 352.0 196 60.0 

Dominant Ht (m) 33.3 46.9 26.7 8.3 

          

 

2.3 Model Specification and Fitting Method 

2.3.1 The Beta function 

The general beta distribution function used by Loetsch et al. (1973) and more recently by Palahi et al. (2007) and 

Gorgoso et al. (2008 and 2012) was used for this study. It is expressed as    

       (1) 

Where: f(x) is the probability density associated with diameter at breast height (Dbh) x, L and U are the limits of 

the distribution (a<b) i.e. Lower and Upper limit respectively, c is the scaling factor of the function, and α and γ 

are the first and second exponents that determine the shape of the distribution respectively. 
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2.3.2 The Gamma function 
Also, the 2-parameter Gamma distribution function proposed by Krishnamoorthy (2006) was used. It is 

expressed as: 

       (2) 

Where:       (3) 

α = shape parameter (α > 0), β = scale parameter (β > 0), and x = diameter (Dbh). 

 

2.3.3 The Weibull function 

The 3-parameters Weibull distribution (Weibull 1951) was used for this study. It is expressed as: 

���� � �
� �
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Where: x = tree diameter, a, b and c are the location, scale and shape parameters of the distribution respectively. 

 

2.4 The Method of Moment (MOM) 

In this study, the method of moments (MOM) was used to estimate the parameters of the distributions. It is based 

on the relationship between the parameters of the functions and the first and second moment of the diameter 

distribution (i.e. arithmetic mean diameter and variance, respectively). This method was selected for this study 

because it is computationally simple and consistent. More so, because only the method of moment has been used 

in forestry studies to estimate the beta parameters; this will provide a good platform for their comparison. 

 

2.4.1 MOM for beta 

The method of moment used by Palahi et al. (2007) and Gorgoso et al. (2012) was used to estimate the beta 

parameters in equation 1 above. 

    � � �. ��� � 1� � 1      (5) 
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The parameter c is estimated as:       (10) 

Integrating the above function will yield: 

      (11) 

L and U are the lower and upper limit were considered as the minimum and maximum diameter in each plot to 

be inventoried, respectively, and d, is the arithmetic mean diameter and s
2
is the variance, Г(i) is the Gamma 

function in the point i. 

 

2.4.2 MOM for Gamma 
The general method of moment for estimating the Gamma parameters was used for this study. It is expressed as:

    � � $%!
 !         (12) 

        (13) 

The variables and parameters in the equations are previously defined  

 

2.4.3 MOM for Weibull 

The method of moment used by Stankova and Zlatanov, (2010); and Gorgoso et al. (2012) was used to estimate 

the Weibull parameters in equation 4 above. Expressed as: 
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        (14) 

    (15) 

Where: a which is the location parameter was taken as the smallest diameter of the plot, d is the arithmetic mean 

diameter of the distribution, σ
2
 is the variance and Г(i) is the Gamma function. 

 

2.5 Diameter Characterisation 

After the parameters of the distributions have been estimated using the method of moments, the parameters were 

fitted to the distribution functions. This was used to obtain the class probabilities (Pi) and subsequently used to 

compute the diameter-class frequencies for each plot. 

  Predicted Number of tree per class (Ni) = N x Pi      (16) 

Where: Ni = estimated number of trees per class, N = number of trees per ha and Pi = class probability. 

 

2.6 Model Comparison 

The following goodness-of-fit indices were used to test the ability of the beta, Gamma and Weibull distributions 

to smooth the diameter distribution of the trees in Oluwa natural forest stand.  

 

2.6.1 Kolmogorov-Smirnov (KS) test: this was used to compare the cumulative estimated frequency with the 

observed frequency. The most striking difference between the two distributions was the Dn statistic value of the 

KS test: 

  &' � ()��|+��,� � +-��,�|       (17) 

 Where: supx is the supremum value for x: 

  (18) 

F(xi) is the cumulative frequency distribution observed for the sample xi (i = 1, 2,…, n) 

F0(xi) is the probability of the theoretical cumulative frequency distribution. 

The fitting method consistency was also evaluated by the Bias, mean absolute error (MAE) and mean square 

error (MSE). The statistics were calculated for each fit in mean relative frequency of trees per one for all 

diameter classes and plots. 

2.6.2 Bias:         (19) 

2.6.3 Mean Absolute Error (MAE) :      (20) 

2.6.4 Mean Square Error (MSE):       (21) 

Where: Yi is the observed value, ./, is the theoretical value predicted by the model and N is the number of data 

points. 

All statistical analysis was performed using SAS for Windows Version 9.1. 

 

3. Result 

Graphical analyses of the observed number of trees (N/ha) and the fitted distributions (beta, Gamma and Weibull) 

was no doubt typical of a natural forest, where a larger proportion of trees are found in the smallest diameter 

classes with decreasing frequency as the diameter increases; given rise to reverse J-shaped structure (see Fig. 

2A-C). The skewness and kurtosis of the distributions were positive which also suggested that the number of 

small-size trees dominated the stand. From the results, it can be seen that the Weibull distribution did not show 

much differences from the beta distribution in fitting the diameter distribution of the entire plots assessed in this 

study. The expected number of trees (N/ha) produced by the Weibull and beta distributions showed slight 

variation with the observed distribution, however, the superiority of the Weibull distribution over the Beta 

distribution can still be seen in some of the diameter classes. A different scenario was observed in the case of the 

2-parameter Gamma distribution. Poor fits were observed for the Gamma distribution for the eight (8) Plots 

assessed. In fact, it fits were characterised by under and overestimation of the N/ha for the individual diameter 

classes, which suggested that the 2-parameter Gamma distribution was inappropriate in fitting the diameter 

distribution of the natural stand. 

Clear differences in the performance of the candidate distribution functions could be identified (Table 

2). The overall ranking in terms of mean values of bias, mean absolute error (MAE), mean square error (MSE), 

and mean and standard deviation of the Kolmogorov-Smirnov (K-S) statistic summarizes the overall accuracy of 

the distribution functions as comparison criteria. The results showed that the Weibull distribution had the 
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smallest K-S mean value of 0.11449, smallest MSE, MAE and bias of 0.00022, 0.00847, and 0.00015, 

respectively. This proved the superiority of the Weibull distribution function over the beta and Gamma 

distribution in characterising the diameter of the natural stand. This was followed by beta distribution which had 

a closer mean K-S value of 0.15501 to the Weibull distribution. Lastly, in the ranking order was the 2-parameter 

Gamma whose K-S statistic (0.30787) and bias revealed poor fits. 

 

Table 2. Goodness of fit test for Beta, Gamma and Weibull distributions 

Distribution Bias MAE MSE K-S (Dn) 

Beta 0.00063 0.00963 0.00032 0.15501 

[0.04864] 

Gamma 0.00192 0.00913 0.00027 0.30787 

[0.04639] 

Weibull 0.00015 0.00847 0.00022 0.11449 

        [0.02145] 

Standard deviation is enclosed in square brackets 

 

 
Fig. 2A: Observed diameter distributions, fitted beta, Gamma and Weibull distributions by moments approach in 

in number of trees per ha of plot 1 and 2 
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Fig. 2B: Observed diameter distributions, fitted beta, Gamma and Weibull distributions by moments approach in 

number of trees per ha of plot 3 and 4 
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Fig. 2C: Observed diameter distributions, fitted beta, Gamma and Weibull distributions by moments approach in 

in number of trees per ha of plot 6 and 7 

 

4. Discussion 

The characterisation of the tree diameter of the natural stand of Oluwa Forest Reserve was the hallmark of this 

study. The effectiveness of beta, Gamma and Weibull distributions for diameter characterisation was compared 

in pursuant of the best distribution function that could determine the structure of the forest stand. The method of 

moments was used in the parameter estimation of the distribution functions wherein fitting was done. The 

assessment of the characterisation ability of the distribution functions based on the goodness of fit statistics (i.e. 

K-S, bias, MAE, and MSE) revealed that the 3-parameter Weibull distribution provided the best fit to the dataset 

for the eight (8) plots considered. The relative flexibility of the Weibull distribution could have influenced it 
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performance. Attributed to this could also be as a result of the effects of the three-parameters that were used for 

the characterisation. This is because when the 2-parameter Weibull distribution was considered (though not 

documented in this write-up) provided a poor fit to data whose results were not better off than the 2-parameter 

Gamma distribution used in this study. This study is in agreement with the findings of Zhang et al. (2003) who 

opined that the results of the fitted distribution depend on the underlying assumptions used in the fitting process, 

and concluded that the assumption concerning some parameters could have been more refine. This result agreed 

with Zheng and Zhous (2010) who modeled diameter distribution of trees in natural stands managed on 

polycyclic cutting system using beta, Gamma, negative Exponential and Weibull distributions. They were of the 

opinion that Weibull distribution model fitted better than others regarding the structure of diameter distribution 

in natural forests managed on polycyclic cutting system. 

The beta distribution whose performance is noteworthy, ranked second based the aforementioned fit 

statistics. It fits for the entire plots used for this study show little or no variation from the fitted 3-parameter 

Weibull distribution; which implies that the beta distribution could be used in lieu of the Weibull distribution for 

diameter characterisation. The finding agreed with Fallahchai et al. (2000) who investigated the structure of 

natural beech stands using different statistical distributions; found that the beta distribution was more appropriate 

for the diameter characterisation of the forest stands. However, this is not in line with Bullock and Boone (2007) 

who studied diameter distributions of loblolly pine trees, observed that sometimes none of the distributions may 

fit the dataset and concluded that in such situation Bayesian model, averaging distribution could be used. 

Furthermore, this finding agreed with Gorgoso et al. (2012) who compared the accuracy of the Weibull 

distribution, Johnson SB and beta distributions for describing the diameter distributions in even-aged stands of 

three pines species; found that the Johnson SB and Beta distribution were more superior than the Weibull 

distribution for two of the species. 

The 2-parameter Gamma distribution used in this study did not provide good fits to the dataset. It fits 

for the eight (8) plots were far from the usual reverse J-shaped that is typical of natural forest. This suggests the 

fact that the 2-parameter Gamma distribution may be inappropriate for describing the stand structure of the 

natural forest. The fit provided by the Gamma distribution for this study also suggest to me that the 2-parameter 

Gamma could be adequate for even-aged stands. This study agreed with Eslami et al. (2011) who investigated 

the structure and distribution of diameter classes in beech forest; reported that the Gamma distribution did not fit 

the dataset, as such recommended the beta distribution model for the natural stand. However, this finding is not 

in line with Mohammad et al. (2009) who studied the diameter distribution in uneven-aged forest stand; 

observed that the Gamma distribution provided the best fit for the forest stand. From the foregoing discussion it 

seems that fitting the same dataset with 3-parameter Gamma distribution may provide a good fit. Since the 

number of parameters affect distribution performance. 

 

5. Conclusion 

This study has provided some baseline information on the diameter distribution of the natural stands of Oluwa 

Forest Reserve. The comparison on the effectiveness of the Beta, 2-parameter Gamma and 3-parameter Weibull 

distributions for characterising the tree diameter of the reserve has been made. The results from the goodness-of-

fit statistics i.e. Kolmogorov-Smirnov (K-S), bias, mean absolute error (MAE), and mean square error (MSE) 

indicated that both the Weibull and Beta distribution were successful in fitting the data. However, the Weibull 

distribution was more consistent in all the diameter classes for the individual plots than the beta distribution. In 

the case of the Gamma distribution, poor fits and inconsistency were observed for the entire plots used for this 

study, which implies that the Gamma distribution cannot determine the true structure of the natural stands i.e. the 

reversed J-shaped. 

Since poor fits were observed for the 2-parameter Gamma and 2-parameter Weibull distributions, the 

researchers suggested that further study be carried out on the likely effects of the number of parameter on the 

fitting performance of distributions vis-à-vis the type of forest stands (i.e. even-aged and uneven-aged).  
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