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Abstract : This chapter provides the steady-state analysis of more general queuing system in the sense that
e M service channels in series are linked with N non-serial channels having reneging and balking
phenomenon where each of M service channels has identical multiple parallel channels.
e The input process is Poisson and the service time distribution is exponential.
e The service discipline follows SIRO-rule (Service in random order) instead of FIFO-rule (first in first
out).
e The customer becomes impatient in queue after sometime and may leave the system without getting
service.
e The input process depends upon the queue size in non-serial channels.
e  Waiting space is finite.
The practical situations where such a model finds application are of common occurrence. For example, consider
the administration of a particular state at the level of district head quarter consisting of Patwaris, Kanoongoes,
Tehsildars, Sub-divisional magistrates, district commisioner etc. These officers correspond to the servers of
serial channels. Education department, Health department, Irritation department etc. connected with the last
server of serial queue correspond to non-serial channels. The people meet the officers of the district in
connection with their problems. It is also a common practice that the officers call the people for hearing
randomly .Further District commisioner may send the customers to different departments such as education,
health, irrigation etc. if their problems are related to such departments.
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1. Introduction
The problem of serial queues studied by [1], [2], [3], [5], [6] in steady-state with Poisson assumptions with the
restriction that the customer must go through each service channel before leaving the system. [7] studied the
problem of serial queues introducing the concept of reneging. The steady-state solutions of multiple parallel
channels in series with impatient customers are obtained by [8]. The solutions of serial and non-serial queuing
processes with reneging and balking phenomenon have been studied by [10]. The steady-state solution of serial
and non-serial queuing processes with reneging and balking due to long queue and some urgent message and
feedback phenomenon is obtained by [9].This chapter provides the steady-state analysis of more general queuing
system in the sense that

e M service channels in series are linked with N non-serial channels having reneging and balking

phenomenon where each of M service channels has identical multiple parallel channels.
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e The input process is Poisson and the service time distribution is exponential.

e The service discipline follows SIRO-rule (Service in random order) instead of FIFO-rule (first in first
out).

e The customer becomes impatient in queue after sometime and may leave the system without getting
service.

e The input process depends upon the queue size in non-serial channels.

e  Waiting space is finite.

2. Formulation of Model

The system consists of Q ;( i =1,2,....M) service phases where each service phase Q; has c; ( i=1,2,....M)
identical parallel service facilities and Q,j channels (j=1,2,....N) with respective servers S; (i=1,2,...... M) and Sj;
G=12,...... N).Customers demanding different types of service arrive from outside the system in Poisson
distribution with parameters A ;( i =1,2,....M) at Q; service phase and A;;(j=1,2,.....N) at Q,; service phase
respectively . But the sight of long queue at Q,j, may discourage the fresh customers from joining it and may

&

. . . . . m,+1
decide not to enter the service channel Q;;(j=1,2,....N) then the Poisson input rate A ;; would be ~/ where m;
is the queue size of Qy;. Further, the impatient customers joining any service channel may leave the queue
without getting service after a wait of certain time. The service time distribution for the servers S; (i=1,2...... M)

and S;; (j=1,2....,N) are mutually independent negative exponential distribution with service rates

B =120 (=12, N)

respectively. After the completion of service at Q;

(1=1,2,........ M), the customer either leaves the system with probability p; or joins the next phase with
probability g; such that p;+q; =1 (i= 1,2.....M-1). After completion of service at Qy, the customer either leaves
9 uj
. I . . oom+1
the system with probability M or joins any of the Q;;(G=1,2,....... ,N) with probability —/ (G=1,2,....N)
N
9y
Py m 4—1

such that =TT A,

If the customers are more than c;in the Q; service phase ,all the c; servers will remain busy and each is
putting out the service at mean rate’uf and thus the mean service rate at Q;is ¢; H; ,on the other hand if the

number of customers is less than c;in the Q; service phase ,only n; out of the c; servers will be busy and thus the

mean service rate at Q;is n; H; (i=1,2,....... M).It is assumed that the service commences instantaneously when
the customer arrives at an empty service channel.

M N

Z n, + Z m; = K

i=1 j=1

Here we assume that if at any instant, there are K customers in the system , then the
customers arriving at that instant will not be allowed to join the system and it is considered as a forced balking
and lost for the system.

3. Formulation of Equations

Define P(n;,ny .. Nyv;my mpms my ;t) as the probability that at time ‘t’ , there are n ; customers ( which
may renege or after being serviced by the Q; phase either leave the system or join the next service phase )
waiting in the Q; service phase (i=1,2,.......,M) , m; customers ( which may balk or renege or after being
serviced leave the system ) waiting before the servers S ;(j=1,2,....... N).
n=(n,n,,. ... JMy,)

We define the operators T ;o , T o; and T 7, ;4 0to act upon the vector and T

m=(m;,m,,............
gand TojandT 0 4 O to act upon the vector CCRLCE 1My ) as follows:
T i 0 (n):(nl,nz, ......... ni—l...nM)
T o;(™M=(mn,........ nitl...ny)

T Oi e D (n): (nl,nz RS o H +1, N+ -1,....,nM)

T iU (m):(ml’mz, ......... mj—l...mN)
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T.; (M)y=mm......... mi+1...my)

Toj mo(M)=mm,.... m; +1,miy -1...my)

The following difference-differential equations hold:
d M N /11
L p@mt)y=—|> 4 +

dt Z Z m; +1

+i/1l.P(TiD (72) Z—P(n T, (m);0)

m;

M
+Z 8, e T P(T, (1), 13 0) + quﬂm,ﬂP(TD v o () 17850)

+Z§ )t +6, .7, )+i5(mj)(ﬂy.+1ejm‘/_) P(ii, ;)

j=1

Qy ~
+Zptltlm+1P(T ( ) m Z)+ZﬂMn +1 j P(nl’n2’ nM +1 T (m) )

i=l j=1 ]
N
+Z(Il'l1j +ijj+1 )P(I’Z,TL J (m)at)
j=1
--(1)
M
S0 D + m,
for n;, = i=1 j=1 <K; i=1,23,....M;j=1,2,3,....N), and

M

dip(” m; 0‘{25( )(:“m +0, o7, )+i5(m_/)(,u!/ +R,, )}P(ﬁ”%‘;t)"'

+§:/1,~P(Tim mt)+Z—P(nTD m);1)

N
q -
+Z QIll'lm +1P(]El i+l D ﬁ };l ZﬂM”M"’l Mj P(nl’nz’ n +1 T (m) )
j=1

i=1

n + m :
>0 m. =0 — e
for 20,20 Um0 A C G=1,2,3,..,M:j=1,2,3,...,N
Where
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1 when x = 0
o (x) =
0 w hen x =0
s 10 w hen n, < c,
(n;—c;)
1 w hen n, 2 c,
p | namy w hen 1 < n, < ¢,
" c, i, when n, 2 c,
_IuiTOz
n.
pioe
Pin, = — ;i =1,2,...... M
(I1-e )
“HpTo
pmy, e "
— 1J —
R/.mj = T ;] = 1,2,...... N
”1]‘
(I — e )
- and R, . . I
Where ™ /"; are the average rates at which the customers renege after a wait of certain time
T, and T,

0/ whenever there are n; and m; customers in the Q; and Q,; service phases respectively and

P(i, ii;t) =0

if any of the arguments is negative.

4. Steady-State Equations:
We write the following Steady-State equations of the queuing model by equating the time derivatives to zero in
the equations (1) and (2)

M N
> A +Z +Z5 )4, +6, o1 )+Z5(’”j)(ﬂ1j+ij/) P(i, i)
i=1 i m;+

J=1
M

Z m)+Z_P( u(rh))

P(T ( m)+zq“um+1P(Tl i+l D(”) m)

i=1

N
piﬂin,.HP(TDi (ﬁ)arh) +leuMnM+1P(nlanza---anM +1,T; [(”7’[))
=

MZ &ME “‘l\ﬁE N

+ (Il'llj +ij/+1 )P(ﬁ’T\:l J (ﬂ;l))

= 3)

29



Journal of Natural Sciences Research Www.iiste.org
ISSN 2224-3186 (Paper) ISSN 2225-0921 (Online) ) | J—'l
Vol.5, No.3, 2015 “s E

i=1 Jj

M-1 M/ _
+ q/um +1P(Tuz i+l D( m) +Z‘uMﬂw+1 P(nl,nz, My + 1T (m))

i=1 J=1 J 4)

\
N
an +Zm =K,

for '~ ;77 Tand ! J=1

o

Two cases arise depending upon the number of customers & and number of channels G at
(i=12,3,...,M)
5. CASE(1)

When the number of customers n; before

phase

o,

. . . . C .
phase is less than the number of identical service channels " (i.e.

t< 7 i=1,2,3,..., M), then there is no reneging in Q’ and the service is immediately available to the

iltl[

) =
customers on arrival. Then under such situation "~¢% =0 and ’u”’
Steady State Equations:
The equations (3) and (4) reduce to

2/1 Z +Zn,u+z5( )(,ul]+R )P(nm)

j= =1 m

= z,iip(z; u(ﬁ),n~1)+ ZEP(ﬁ,T, (7))
i=1 j=1m

J

M-1

+2 4k (0 +DP(T, 1y (7))

i=1

+Zp,u (n, +DP(T,, (1), ) +ZuM (ny +DP(ny,n,,...,ny, +1,T, (1))

i=1 J=1

N
+Z ('ulf + ijk,-+1 )P(ﬁ’% j (%))
j=1

030 m. >0 Zn +Zm < K;

)

for Y and '
and

|:§ni,ui + i5(m_/ )4, + R, ) | PG, i)

= iﬂl_P(T[ D(ﬁ),na)+i&P(ﬁ,T,- A (7))
i=1 J=1 mj

-1

N
G,y (n + DOP(T, (7)) 4Dty 1y +DP( oy oy, +1,T, (1))

i=1 Jj=1

Sa+3m
for 't 20; " 2Oand =l =l

Steady State Solutions:
The Steady State solutions of the above equations (5) and (6) can be verified to be
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P(i,m) = P(0,0) i[i} L(MJ
Im\s) |||\ &
1 [ﬂﬁqza;j’“ L [ﬂqu_lag_l]”‘”
e M, In_M My

(ﬂ'n + Uy G Py )ml 1 (ﬂlz + Uy G2 Py )mz

E ﬁ(,u“+le) [ ﬁ(ﬂ1z+R2j)

J=l j=1

. (Z‘IN+:uMqMNpM) i
mN mN
™ [ +,)
& )
Where A Gy Ay By and Pu are the same as mentioned below.
where
_ ﬂ’M T Gy Xy
Py =
H oy
a, = /11
o ﬂ'k+qk_1ak_1 5 k=2,3,........ , M -1
6. CASE (ID

0

: >, : 0 .0, =1
channels c’(i.e. = ), then there is reneging in Q’ (i=1,2,...,M). So under such situation " and

M, = CH; 6(n;) =1

When the number of customers before phase is more than or equal to the number of identical service

and
Steady State Equations:
The equations (3) and (4) reduce to

2/1+Z +Z(c,u+ )+i§( )(ﬂ1]+R )P(nm)

:iﬂP(T nﬁ)+i—1P(ﬁ,T,» J(7)
P J= mj

+ 1n+1P(7—51(ﬁ ’/h +Z qt/’ltct P(]—'Dl l+1D(’7l) ﬁ;l)
i=1

= i=1

S

S

N
+Z ptic, P(T., (7),m) + tyy o P(ny,ny oy + 1T, (1))

J=1

M= 1

+ (Iulj +ij.+1 )P(ﬁ’YL J (ﬁ/l))

> ( -
for M 0 and \ 7! J=

Il
_

J
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N
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Steady State Solution:

)

The Steady state solution of the above equations can be verified to be:

{/12 (Cuul R+ ) +aq,4Q }”2

P(#i,im) = P(0,0)| — (&)

o)

(cllul + ’”11‘) H(Czluz + r2i)(cllul N1 )"z

i=1

2
H(Cnui T ) RSPyt

)

4

i=1
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1
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M
(Cilui R ) F G111 }

M-l

C3ﬂ3 +r31 H( m +1)

i=l i=1

(s +11) H(C;u * +1)

i=l i=1

{;{11 tcy quﬂij'\/l }"’1

mn(ﬂn +R; )
=1

{ﬂ'lz tcy QleuMpzyw }mz

T (s )

v oymy
{ﬂIM +CMQMN#MIOM}
....................................... -
mNH(/‘lN +RNj)
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Where A 05 O Oy and Pu are the same as mentioned below:
Au H (c;u; + rin[+1) Ty My 191y
pM = — M -1
(Cy My + Prtn,, +1 )H (c,u; + rm[+1)
i=1
o, =1
k-1
o, = 3 Ccotts + 7 )+ @40y My 04y k=230, M -1
i=1
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Here , it is mentioned that the customers leave the system at constant rate as long as there is a line provided that

the customers are served in the order in which they arrive. Putting Jm; J (G=1,2,3,...,N) in equations (5),

(6),(8) and (9) and '™ ~ i

P(i.) = P(0.0) i(i] L[ﬂﬁ_w]
|ﬁ H |ﬁ H,

L[%J’—qz“ﬁ]n} R [ﬂM +q,.a, j"‘”

_|ﬂ # In_M H

L[ﬂll + 1y 90 Py ]Wﬁ 1 [ﬂlz + 490 Py sz

_Mﬁ Mt Ry M& M, + R,

1 [ﬂIM + 4y Gy Py ]MN

in equations (8) and (9), the steady-state solutions (7) and (10) reduce to

............................... Iﬂ L+ R,
for "G m20 (=123 M) 5 j-123,.......N).
Where s Oy, Oy By and Pu are the same as mentioned before.
P(ﬁ,l’h):P((),())|: Z'l ]’1 |:Z'2(cllu1 +7ﬁ1)+cl%ﬂ1a1 i|n2
(Cllul +’”1) (Cuul +’”1)(C2:u2 +r2)
2 3 M-1 Ty
/’IBH (Ci:ui +7 ) + 64,104, Ay H (Ci:ui +7 ) F My Xy
i=1 - i=1 —
[T(cw +r) [T(cn +r)
L i=1 i=1
L A +CMQM1:uMp]'\/I 1 1 [ A, +CMQM2luMp]'\/I 2
Tl (o +R) el (k)

my

1 [Ay+ey, QMNluMp]'\/I

Imy (4 +Ry)

.2 cC, . .
for ! ,m;=20 ;(=1,23,...... M 5 j=1,2,3,........ N).

o, a,... o ' .
127725773 M-1and Pu are the same as mentioned before.

K K M N
P(0,0) 22 P(am)=1  3on+3 m =K
We obtain from the normalizing condition 7=0 #=0 and =l 1=l
restrictions that the traffic intensity of each service channel of the system is less than unity.

(12)

Where

and with the
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