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Abstract

It is well known that the combinatorial structure, algebraic structure and D-transform based method render the
nonlinear sequences with good autocorrelation function (ACF) and great linear complexity (LC). However, “all
sequences” are not equal even if they are “born” by the same method! In this paper the big inequalities regarding
LC of these sequences are shown based on a hardware oriented method (D-transform). In order to get the right
sequences some more extensive simulations and trade off are needed. That is why this paper is represented here
with above Title.
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1. Introduction
Binary sequences with large length (period), good autocorrelation function (ACF) and great linear complexity (LC)
are most desired in such applications like cryptography, mobile communications security, watermarking... [1-6].
A lot of attentions have been paid to this issues. In general the mathematical tools for generating and analyzing
such sequences can be classified as:

i. Combinatorial structure [7-12].

ii. Algebraic structure [1,2,3,6,13-15].

iii. The hard ware oriented or D-transform (time multiplexing)[16-19].

It can be seen that while the ACF are more or less the same in all constructions, the LC shows a big
differences. The paper is organized like this: after reviewing the main concepts of sequence design in section 2,
we will point out the differences in LC in section 3. Then, in the next section, section 4 we will show some trade
off and remarks related to sequences selection.

2. Preliminary
For better understanding of problems encountered in selection of sequences, a broad view on sequences design
methods is given.

2.1 The combinatorial approach

There is a one-to-one correspondence between cyclic difference sets and almost balanced binary sequences with
the autocorrelation property [3,7]. Therefore, constructing all cyclic difference sets is equivalent to finding all
almost-balanced binary sequences with the desired autocorrelation property.

Definition 1 [3] difference set: A set of distinct integers D={di,d>,...dx} modulo an integer v is called integer
difference set or difference set denoted by (v, k, ) if every integer b#0 (mod v) can be expressed in exactly A way
in the form d;-d; =b(mod v), where d;, d; belong to the integer set D.
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D=1{1,3,4,59}isa (11,5, 2)— difference set A=2.
It is well known [7,11] that CDS characteristic sequence of period v defined by
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Example 2

Consider a CDS (15,7,3), and D = {0----5-7--10,11-13,14}.The corresponding sequence S(t) determined by (1)
is:

S(t)= 011110101100100 and satisfies (2).
Note: The bit zeros correspond the positions of Digits in D!
Definition2-cyclic Hadamard difference set (CHDS): A cyclic difference set with v=4"-1, k=2"-1, A=n-1 is called
a cyclic Hadamard difference set, and it induces a binary sequence of period v=4"-1 with the ideal autocorrelation,
a Hadamard sequence [11,12]. Sequences generated based on CHDS draw a lot of attentions from many authors.
These sequences include the well-known m-sequences and GMW sequences, quadratic residue difference set
sequences, Hall’s sextic residue difference set sequences, twin prime difference set sequences. Among the
sequences related to CDS, the binary sequences of length 2"-1 with two level ideal ACF are most widely used [7-
12]. Therefore, our selection is concentrated on this kind of sequences.
Definition 3 CDS with Singer parameters [10,11]: Cyclic difference sets in GF(2") with Singer parameters are
those with parameters (2" - 1, 2"! - 1, 2"2 — 1)for some integer n or their complements.
Most of cyclic difference sets with Singer parameter were constructed from binary sequences, q-ary m-sequences,
g-ary GMW sequences, and g-ary cascaded GMW sequences and therefore are having interleaved structure.
Note that (1) is the necessary and sufficient condition to generate sequences having almost ideal ACF(2).

2.2 Algebraic structure method: Trace function representation and analysis of interleaved Structure:

The concept of trace function is widely used in representing the sequences of length 2"-1[1-4,7,9,16,20-22], and it
is convenient to represent the interleaved structure. Let n= 1.m> 1 for some positive integers | and m. The binary
GMW sequence with these parameters and can be specified as

b, =Tt" ([Tt (&")]), i=0,1,2,...

Where a is a primitive element of GF(2"), and r is any integer relatively prime to 2™ -1, 1<r<2™ -1.

Example 3: The CDS and Trace function concepts for interleaved structure

Let consider the CDS(255,127,63). Its characteristic sequence of length 255=15.17 obviously has the interleaved
structure. The way to decompose this into 17 subsequences, each of length 15 is represented in [4,10]. The trace
representation is closely related to the coset mod 127. The coset leaders in z=127 are:
C~={1,7,11,13,19,23,29,31,37,43,53,59,61,91,127}

The power series of x in trace representation corresponds to Cyis {7,11,13,37} which present the GMW sequences
of length 255. It’s trace form is:

S(x)=Tr® (x7+x1+x134+x37).

For C7={1,19,53,91} the corresponding trace is S(x)=Tr® (x+x1*+x>3+x"),

In many papers published recently the trace representation are widely used to represent and analyze the sequences
LC since it related to maximal sequences, easily implemented by linear feedback shift register (LFSR). However,
it is not always easy to express the sequences in trace form .For details please refer to [4,10,11,12].

2.3 D-transfotmation and Technical oriented method
Definition 4 D-transform [2,16,17,18,19]: The D-transform of a sequence {b,} over GF(p) is denoted by D[b,] or
F and designed by:

D[bn]:F:Zn:biDi 3)

For example: let {b,} = 010111, D-transform of by is D(b,)=D+D*+D*+D?>.
The inverse transform of D is D*'= {b,}
The D-transform of the generator sequence {b,} of a linear feedback shift register (LFSR) is then given by:
S(D)

HO)=G o, @
Where G(D) of degree n is the generating polynomial of a LFSR and S(D) of degree < n -1 specifies the initial
condition corresponding to a particular shifted version of {b,}. When G(D) is primitive, the LFSR sequence is an
m-sequence and there are 2"-1 polynomials S(D) corresponding to 2"-1 values of the initial states of that LFSR.
D-transform is based on the delay-operation and therefore most closely related to time-multiplexing technique as
compaired to other matematical tools. That is why it is called Hardware oriented method. It can be also easily used
to analyze the ACF as well as LC of the sequences [20].
Since all above mentioned methods render sequences with ideal two level ACF, we will just give one example
here for reference.
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Figure 1. ACF diagram of the sequences pecified by g(D) =1 + D + D? + D* + D* + D° + D° + D® + D°, length
L=511.
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Figure 2. Spectrum of nonlinear interleaved sequence of length L=4096.

3. Profile of linear complexity of interleaved sequences of length 2"-1

The linear complexity of a periodic sequence is considered as a primary measure of its randomness and strength
against Berlekamp—Masey algorithm. Therefore, a lot of efforts have been made to generate sequences not only
having good ACF but also large LC (nonlinear).

The nonlinear interleaved sequences having almost ideal ACF is introduced in 1984 by Sholtz and Welch,
which turn out to be equivalent to the cyclic difference set of Gordon, Mills and Welchand called GMW sequences
[1,2]. In 1985, a method to construct the nonlinear interleaved sequences with best possible ACF is introduced
based on quite different approach: D-transformation (time multiplexing technique) and called an m-like sequence.
Later on they are shown to be equivalent to GMW sequences [19,20]. However, due to differences in methodology
the algorithm for calculation of LC are different.

In algebraic method, the LC of GMW sequence can be calculated either:
(i) By the minimum number of terms in its trace function expression (by the sum of elements in GF(2")). For

example, the GMW sequence of period 63 given by g(t)=Tr; ({Trg (oc‘)}3) can be expanded as [2,10,13,14,15]:

0 1 2 3 4 5 0 1 2 3 4 5
g(t):Tr?(a:;t)_j’_Tr(l)(ast) — aZ 43‘:_;’_(12 .3t+a2 .3t+a2 .3I+a2 .3t+a2 3t +a2 .5t+a2 .5t+a2 45t+a2 .51+a2 .51+a2 St
and LC=12, since there are 12 terms in that expansion or
(i1) Based on the Hamming weight of the decimation r (which creates the non-linearity) in the expression:

b, =Tr" ([Tr::1 (ai )T]

And is determined as [1,2]: LC= m.1*® With I=n/m, w(i) is the Hamming weight of r (decimation).
In D-transform based method, a DFT (discrete fourier transformation) can be used to calculate the LC of periodical
sequences [16]:
LC=w(SY) where w is the Hamming weight of the DFT SN of the sequence S(t).
This is called Blahut theorem.
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It is well known that most of the specific sequence of great length L has interleaved structure since L is composite
number in most of the cases (L=T.N). For sequences of interleaved structure two simple operations are introduced
before applying Euclid algorithm for LC calculation [17,18,19,20]:

(1) Time division: In the time frame T the consecutive bits of subsequences are separated by T time slots. In
D-transform this equivalents to the operation Zi(D)=Z;(d").

(i1) Timeslot assignment: This operation is equivalent to multiply the subsequences by D', therefore
b(D)=%L} & [dT} According to theorem 1[17], if one want to get the nonlinear sequence C,, Zi(d") must

Gufdly

where Sm(dT) anii Ges(d") represent the initial state and generating polynomial for {e,} respectively. Then.
c(D)=X4 dc“f;_ '
The Euclid algorlthm applied on C(D) renders the least degree polynomial for C (D) and the LC is thus obtained.
The simulation and hardware implementation in this paper is completely based on this method. Since the number
of primitive polynomials of degree >12 is very large [21], we can only take 70 polynomials for degree n=12, 14
in this appendix. The results are listed in Appendix A.
Appendix A
The first column is the order number.
The second column list the primitive polynomials of degree n=Im, correspond to the sequences of interleaved
structure.
The next columns list the polynomials of degree m of the subsequences. The binary values represent the feedback
taps of the LFSR.
Remarksl: The set of {LC} It can be seen in Table 1,for n=12, m=6, LC={12,24,48,96,192}. In table 2a,2b,2c,
for n=14,m=7 LC={14,28,56,112,224,448} similarly for n=16, m= 8§, LC={16,64,128,256,1024}. In general
LC=m.2"®, W(r) is the Hamming distance of r, r being an integer (0<r<m, r is the decimation).
Remark 2: Relationship to subsequences {en}:
- Let {as} denotes the original subsequences of length 2™-1 in the interleaved sequence {b,}[17,18,19,20].
- Let Igdenotes the interleaving order (time multiplexing) of {a,} to create {bn}.
- Let {en} denotes the subsequences of length 2™-1 replacing {as}.
Then:

1) LC=LCuin if {en} = {an}. That is clear since there is no change (nonlinear effect) in {b,}. For
n={12,14,16,18}, we have the value LCyin ={ 12,14,16,18} (linear).

2) LC=LCpax if the hamming weight of r reach the maximal value = {192,448,1024,2304}.
It is clear that the nonlinear effect is created by replacing the subsequences {a,} by {en} (decimation of {a,} by r)
[1,17,18]. However, the effects on LC are not equal and depends on the particular subsequence pair {a,} and {e,}!
For example in table 1, for n=12,{b,} specified by 1100101000001=1+D+D*+D%+D'?; m=6 and {a,} specified by:
1100001 =1+D+D® then LC=12(linear). If {a,} is replaced by {e,} specified by 1000011 =1+D+D® then LC=192!
a big difference!

represent the particular phase shift (subsequences) of {e,}, specified by IT Similarly to (4) we put: Z; {d }_

4. Run distribution of nonlinear-interleaved sequences

In this section we want to check how far the nonlinear-interleaved sequences satisfy the randomness postulate r-2
about runs distribution. According to R-2 postulates: In every period, half the run have the length 1 (probability =
1/2), one fourth have the length 2 (probability=1/4), one eighth have length 3(probability 1/8) and so on. Here we
will give a demonstration for n = 10 and see that the nonlinear interleaved sequences almost satisfied this R-2.
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Figure 3. Runs of “0” distribution for
Sequence 1 Sequence 2 Sequence 3
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Note: All created sequences having LC = 80.
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Figure 4. Runs of “1” distribution for the above sequences.

5. Conclusion and Further work

With D-transform the direct connection between the algorithm and the time multiplexing technique can be easily
established. Therefore the hardware implementation is clear. It can also be seen that while ACF is identical for any
interleaving, the distribution of runs is almost random and the LC shows a great differences! There need be some
more investigation and trade off regarding the choice of subsequences. We hope to prove the relation between the
decimation r and the linear complexity in the next paper.

We express our gratitude to the reviewer for improving the paper.
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APPENDIX
Table 1 LC of m-like sequences of length 2'%-1
Order GF(21?) GF(2%)
1100001 | 1000011 | 1101101 | 1011011 | 1110011 | 1100111
1 1100101000001 | 12 192 48 48 24 96
2 1000001010011 | 192 12 48 48 96 24
3 1001011000001 | 192 12 48 48 96 24
4 1000001101001 | 12 192 48 48 24 96
5 1101111000001 | 12 192 48 48 24 96
6 1000001111011 | 192 12 48 48 96 24
7 1011111000001 | 48 48 24 96 192 12
8 1000001111101 | 48 48 96 24 12 192
9 1001100100001 | 192 12 48 48 96 24
10 1000010011001 | 12 192 48 48 24 96
11 1000101100001 | 48 48 96 24 12 192
12 1000011010001 | 48 48 24 96 192 12
13 1101011100001 | 96 24 192 12 48 48
14 1000011101011 | 24 96 12 192 48 48
15 1110000010001 | 24 96 12 192 48 48
16 1000100000111 | 96 24 192 12 48 48
17 1111100010001 | 192 12 48 48 96 24
18 1000100011111 | 12 192 48 48 24 96
19 1100010010001 | 12 192 48 48 24 96
20 1000100100011 | 192 12 48 48 96 24
21 1101110010001 | 12 192 48 48 24 96
22 1000100111011 | 192 12 48 48 96 24
23 1111001010001 | 48 48 24 96 192 12
24 1000101001111 | 48 48 96 24 12 192
25 1110101010001 | 48 48 96 24 12 192
26 1000101010111 | 48 48 24 96 192 12
27 1101011010001 | 48 48 96 24 12 192
28 1000101101011 | 48 48 24 96 192 12
29 1010000110001 | 192 12 48 48 96 24
30 1000110000101 | 12 192 48 48 24 96
31 1100110110001 | 96 24 192 12 48 48
32 1000110110011 | 24 96 12 192 48 48
33 1001101110001 | 96 24 192 12 48 48
34 1000111011001 | 24 96 12 192 48 48
35 1111101110001 | 48 48 24 96 192 12
36 1000111011111 | 48 48 96 24 12 192
37 1011000001001 | 48 48 24 96 192 12
38 1001000001101 | 48 48 96 24 12 192
39 1110110001001 | 48 48 96 24 12 192
40 1001000110111 | 96 24 192 12 48 48
41 1011110001001 | 96 24 192 12 48 48
42 1001000111101 | 24 96 12 192 48 48
43 1110011001001 | 24 96 12 192 48 48
44 1001001100111 | 24 96 12 192 48 48
45 1100111001001 | 48 48 96 24 12 192
46 1001001110011 | 48 48 24 96 192 12
47 1111111001001 | 192 12 48 48 96 24
48 1001001111111 | 12 192 48 48 24 96
49 1001110101001 | 24 96 12 192 48 48
50 1001010111001 | 96 24 192 12 48 48
51 1101001101001 | 96 24 192 12 48 48
52 1001011001011 | 24 96 12 192 48 48
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" GF(2%)
Order GF2™) 1100001 | 1000011 | 1101101 | 1011011 | 1110011 | 1100111

53 1111000011001 | 192 12 48 48 96 24
54 1001100001111 | 12 192 48 48 24 96
55 1011100011001 | 48 48 96 24 12 192
56 1001100011101 | 48 48 96 24 12 192
57 1001110011001 | 12 192 48 48 24 96
58 1001100111001 | 192 12 48 48 96 24
59 1111110011001 | 24 96 12 192 48 48
60 1001100111111 | 96 24 192 12 48 48
61 1011001011001 | 24 96 12 192 48 48
62 1001101001101 | 96 24 192 12 48 48
63 1100010111001 | 48 48 96 24 12 192
64 1001110100011 | 48 48 24 96 192 12
65 1110000000101 | 192 12 48 48 96 24
66 1010000000111 | 12 192 48 48 24 96
67 1110110000101 | 24 96 12 192 48 48
68 1010000110111 | 96 24 192 12 48 48
69 1111001000101 | 48 48 96 24 12 192
70 1010001001111 | 48 48 24 96 192 12

Table 2a LC of m-like sequences of length 2'4-1

Order GF(2'%) GF(2))

11000001 | 10000011 | 10010001 | 10001001 | 11110001 | 10001111

1 110101000000001 | 14 448 56 112 28 224
2 100000000101011 | 448 14 112 56 224 28
3 100111000000001 | 14 448 56 112 28 224
4 100000000111001 | 448 14 112 56 224 28
5 110010100000001 | 224 28 224 28 56 112
6 100000001010011 | 28 224 28 224 112 56
7 111110100000001 | 112 56 28 224 28 224
8 100000001011111 | 56 112 224 28 224 28
9 110111100000001 | 112 56 112 56 14 448
10 100000001111011 | 56 112 56 112 448 14
11 100101010000001 | 448 14 112 56 224 28
12 100000010101001 | 14 448 56 112 28 224
13 111101010000001 | 28 224 224 28 56 112
14 100000010101111 | 224 28 28 224 112 56
15 110111010000001 | 112 56 56 112 112 56
16 100000010111011 | 56 112 112 56 56 112
17 101111010000001 | 14 448 56 112 28 224
18 100000010111101 | 448 14 112 56 224 28
19 | 111100110000001 | 56 112 56 112 112 56
20 | 100000011001111 | 112 56 112 56 56 112
21 110101110000001 | 112 56 28 224 28 224
22 | 100000011101011 | 56 112 224 28 224 28
23 110011110000001 | 224 28 224 28 56 112
24 | 100000011110011 | 28 224 28 224 112 56
25 101100001000001 | 224 28 224 28 56 112
26 | 100000100001101 | 28 224 28 224 112 56
27 | 110010001000001 | 56 112 112 56 56 112
28 100000100010011 | 112 56 56 112 112 56
29 | 110111001000001 | 56 112 112 56 56 112
30 | 100000100111011 | 112 56 56 112 112 56
31 110000101000001 | 112 56 448 14 224 28
32 100000101000011 | 56 112 14 448 28 224
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14 GF(2))

Order GF2™) 11000001 | 10000011 | 10010001 | 10001001 | 11110001 | 10001111
33 110110011000001 | 28 224 112 56 112 56
34 100000110011011 | 224 28 56 112 56 112
35 101110011000001 | 112 56 448 14 224 28
36 100000110011101 | 56 112 14 448 28 224
37 111001011000001 | 448 14 112 56 224 28
38 100000110100111 | 14 448 56 112 28 224
39 101101011000001 | 28 224 28 224 112 56
40 100000110101101 | 224 28 224 28 56 112
41 101011011000001 | 56 112 224 28 224 28
42 100000110110101 | 112 56 28 224 28 224
43 101010111000001 | 112 56 56 112 112 56
44 100000111010101 | 56 112 112 56 56 112
45 100110111000001 | 112 56 28 224 28 224
46 100000111011001 | 56 112 224 28 224 28
47 100011111000001 | 56 112 112 56 56 112
48 100000111110001 | 112 56 56 112 112 56
49 101100000100001 | 224 28 224 28 56 112
50 100001000001101 | 28 224 28 224 112 56
51 111010100100001 | 56 112 56 112 448 14
52 100001001010111 | 112 56 112 56 14 448
53 100001100100001 | 112 56 56 112 112 56
54 100001001100001 | 56 112 112 56 56 112
55 111111100100001 | 224 28 224 28 56 112
56 100001001111111 | 28 224 28 224 112 56
57 101000010100001 | 448 14 112 56 224 28
58 100001010000101 | 14 448 56 112 28 224
59 101110010100001 | 448 14 112 56 224 28
60 100001010011101 | 14 448 56 112 28 224
61 111000110100001 | 28 224 224 28 56 112
62 100001011000111 | 224 28 28 224 112 56
63 110100110100001 | 224 28 28 224 112 56
64 100001011001011 | 28 224 224 28 56 112
65 101100110100001 | 448 14 112 56 224 28
66 100001011001101 | 14 448 56 112 28 224
67 110001110100001 | 56 112 56 112 112 56
68 100001011100011 | 112 56 112 56 56 112
69 100101110100001 | 56 112 56 112 112 56
70 100001011101001 | 112 56 112 56 56 112

Table 2b LC of m-like sequences of length 2'4-1
Order GF(2'%) GF(2)
10111001 | 10011101 | 11100101 | 10100111 | 11010101 | 10101011
1 110101000000001 | 224 28 112 56 28 224
2 100000000101011 | 28 224 56 112 224 28
3 100111000000001 | 224 28 112 56 28 224
4 100000000111001 | 28 224 56 112 224 28
5 110010100000001 | 112 56 112 56 224 28
6 100000001010011 | 56 112 56 112 28 224
7 111110100000001 | 112 56 14 448 224 28
8 100000001011111 | 56 112 448 14 28 224
9 110111100000001 | 56 112 112 56 56 112
10 100000001111011 | 112 56 56 112 112 56
11 100101010000001 | 28 224 56 112 224 28
12 100000010101001 | 224 28 112 56 28 224
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Order GF2™) 10111001 | 10011101 | 11100101 | 10100111 | 11010101 | 10101011
13 111101010000001 | 56 112 224 28 112 56
14 100000010101111 | 112 56 28 224 56 112
15 110111010000001 | 448 14 224 28 112 56
16 100000010111011 | 14 448 28 224 56 112
17 101111010000001 | 224 28 112 56 28 224
18 100000010111101 | 28 224 56 112 224 28
19 111100110000001 | 28 224 112 56 448 14
20 100000011001111 | 224 28 56 112 14 448
21 110101110000001 | 112 56 14 448 224 28
22 100000011101011 | 56 112 448 14 28 224
23 110011110000001 | 112 56 112 56 224 28
24 100000011110011 | 56 112 56 112 28 224
25 101100001000001 | 112 56 112 56 224 28
26 100000100001101 | 56 112 56 112 28 224
27 110010001000001 | 14 448 28 224 56 112
28 100000100010011 | 448 14 224 28 112 56
29 110111001000001 | 14 448 28 224 56 112
30 100000100111011 | 448 14 224 28 112 56
31 110000101000001 | 224 28 56 112 56 112
32 100000101000011 | 28 224 112 56 112 56
33 110110011000001 | 112 56 28 224 112 56
34 100000110011011 | 56 112 224 28 56 112
35 101110011000001 | 224 28 56 112 56 112
36 100000110011101 | 28 224 112 56 112 56
37 111001011000001 | 28 224 56 112 224 28
38 100000110100111 | 224 28 112 56 28 224
39 101101011000001 | 56 112 56 112 28 224
40 100000110101101 | 112 56 112 56 224 28
41 101011011000001 | 56 112 448 14 28 224
42 100000110110101 | 112 56 14 448 224 28
43 101010111000001 | 448 14 224 28 112 56
44 100000111010101 | 14 448 28 224 56 112
45 100110111000001 | 112 56 14 448 224 28
46 100000111011001 | 56 112 448 14 28 224
47 100011111000001 | 14 448 28 224 56 112
48 100000111110001 | 448 14 224 28 112 56
49 101100000100001 | 112 56 112 56 224 28
50 100001000001101 | 56 112 56 112 28 224
51 111010100100001 | 112 56 56 112 112 56
52 100001001010111 | 56 112 112 56 56 112
53 100001100100001 | 448 14 224 28 112 56
54 100001001100001 | 14 448 28 224 56 112
55 111111100100001 | 112 56 112 56 224 28
56 100001001111111 | 56 112 56 112 28 224
57 101000010100001 | 28 224 56 112 224 28
58 100001010000101 | 224 28 112 56 28 224
59 101110010100001 | 28 224 56 112 224 28
60 100001010011101 | 224 28 112 56 28 224
61 111000110100001 | 56 112 224 28 112 56
62 100001011000111 | 112 56 28 224 56 112
63 110100110100001 | 112 56 28 224 56 112
64 100001011001011 | 56 112 224 28 112 56
65 101100110100001 | 28 224 56 112 224 28
66 100001011001101 | 224 28 112 56 28 224
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Order GF2™) 10111001 | 10011101 | 11100101 | 10100111 | 11010101 | 10101011
67 110001110100001 | 28 224 112 56 448 14
68 100001011100011 | 224 28 56 112 14 448
69 100101110100001 | 28 224 112 56 448 14
70 100001011101001 | 224 28 56 112 14 448

Table 2¢ LC of m-like sequences of length 214-1
N GF2)

Order GF2™) 11111101 | 10111111 | 11010011 | 11001011 | 11110111 | 11101111
1 110101000000001 | 112 56 56 112 56 112
2 100000000101011 | 56 112 112 56 112 56
3 100111000000001 | 112 56 56 112 56 112
4 100000000111001 | 56 112 112 56 112 56
5 110010100000001 | 56 112 14 448 56 112
6 100000001010011 | 112 56 448 14 112 56
7 111110100000001 | 112 56 112 56 112 56
8 100000001011111 | 56 112 56 112 56 112
9 110111100000001 | 28 224 224 28 28 224
10 100000001111011 | 224 28 28 224 224 28
11 100101010000001 | 56 112 112 56 112 56
12 100000010101001 | 112 56 56 112 56 112
13 111101010000001 | 112 56 112 56 448 14
14 100000010101111 | 56 112 56 112 14 448
15 110111010000001 | 56 112 224 28 224 28
16 100000010111011 | 112 56 28 224 28 224
17 101111010000001 | 112 56 56 112 56 112
18 100000010111101 | 56 112 112 56 112 56
19 111100110000001 | 224 28 112 56 28 224
20 100000011001111 | 28 224 56 112 224 28
21 110101110000001 | 112 56 112 56 112 56
22 100000011101011 | 56 112 56 112 56 112
23 110011110000001 | 56 112 14 448 56 112
24 100000011110011 | 112 56 448 14 112 56
25 101100001000001 | 56 112 14 448 56 112
26 100000100001101 | 112 56 448 14 112 56
27 110010001000001 | 112 56 28 224 28 224
28 100000100010011 | 56 112 224 28 224 28
29 110111001000001 | 112 56 28 224 28 224
30 100000100111011 | 56 112 224 28 224 28
31 110000101000001 | 224 28 112 56 56 112
32 100000101000011 | 28 224 56 112 112 56
33 110110011000001 | 14 448 224 28 56 112
34 100000110011011 | 448 14 28 224 112 56
35 101110011000001 | 224 28 112 56 56 112
36 100000110011101 | 28 224 56 112 112 56
37 111001011000001 | 56 112 112 56 112 56
38 100000110100111 | 112 56 56 112 56 112
39 101101011000001 | 112 56 448 14 112 56
40 100000110101101 | 56 112 14 448 56 112
41 101011011000001 | 56 112 56 112 56 112
42 100000110110101 | 112 56 112 56 112 56
43 101010111000001 | 56 112 224 28 224 28
44 100000111010101 | 112 56 28 224 28 224
45 100110111000001 | 112 56 112 56 112 56
46 100000111011001 | 56 112 56 112 56 112
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Order GF(Z™) 11111101 | 10111111 | 11010011 | 11001011 | 11110111 11101111
47 100011111000001 | 112 56 28 224 28 224
48 100000111110001 | 56 112 224 28 224 28
49 101100000100001 | 56 112 14 448 56 112
50 100001000001101 | 112 56 448 14 112 56
51 111010100100001 | 224 28 28 224 224 28
52 100001001010111 | 28 224 224 28 28 224
53 100001100100001 | 56 112 224 28 224 28
54 100001001100001 | 112 56 28 224 28 224
55 111111100100001 | 56 112 14 448 56 112
56 100001001111111 | 112 56 448 14 112 56
57 101000010100001 | 56 112 112 56 112 56
58 100001010000101 | 112 56 56 112 56 112
59 101110010100001 | 56 112 112 56 112 56
60 100001010011101 | 112 56 56 112 56 112
61 111000110100001 | 112 56 112 56 448 14
62 100001011000111 | 56 112 56 112 14 448
63 110100110100001 | 56 112 56 112 14 448
64 100001011001011 | 112 56 112 56 448 14
65 101100110100001 | 56 112 112 56 112 56
66 100001011001101 | 112 56 56 112 56 112
67 110001110100001 | 224 28 112 56 28 224
68 100001011100011 | 28 224 56 112 224 28
69 100101110100001 | 224 28 112 56 28 224
70 100001011101001 | 28 224 56 112 224 28
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