Journal of Information Engineering and Applications Www.iiste.org
ISSN 2224-5782 (print) ISSN 2225-0506 (online) jJ-i,l
Vol.5, No.5, 2015 Ils E

Centralizing Higher Left Centralizers on Prime Gamma Rings

Salah M. Salih
Department Of mathematics, College of Educations, Al-Mustansiriya University

Mazen O. Karim
Department Of mathematics, College Of Educations, Al-Qadisiyah University

Abstract

In this paper we study the commutativity of prime I'- rings satisfying certain identities involving higher left
centralizer on it .
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1.Introduction
Let M and T be two additive abelian groups . then M is called I'- ring if there exist a mapping
M X T XM — M which satisfies the following conditions
V(x+y)az=xaz+yaz | x(a+ By = xay +xBy xa(y + z) = xay + xaz
iy (eay)Bz = xa(yB2)
holds for all x,¥,2 €E M and a,ff €T, inthe sense of Barnes [ 2 ]
throughout this paper M is denote to a I'-ring and it is center will denoted by Z (M) which equal to the set
of all element X € M such that xay = yax forally € M .
now for any %, ¥ € M and @ €T, the symbols [x, ¥], and {x, ¥}, will denoted to Xx@&y — yax  and
xay + yax respectively which are called commutator and anti- commutator respectively .[ 4 ] .
AT-ring M is called commutative if [%,¥], =0 forallx, ¥y EMand @ ET[1].
Throughout this paper we consider the I'- ring M satisfy the following condition xayfiz = xfyaz for all
%, V,2 EManda, f €T which will represented by { *)
The above commutator and anti- commutator satisfies the following[4]:
) [xBy.zle = [x, 2] By + xBly. 2]a
2) [ yBzl, = yBlx 2z, + [x, ¥]apz
3 yB2), = (6 3)oBz — Bl 2]y = yB(6y), + (131, B2
»y{xpy. zhy = xfly.z)y — [xz] By = {xaz) By +xBly.z),

AT-ring M is called prime if x'MT'y = {0} implies thatx = 0 or¥ = 0 and it is called semi-prime if
xT'MTx = {0} implies that x = 0.
An additive mapping F: M — M is called centralizing on asubset S of I'-ring M if [F(x),x]_, € Z(M)
and it is called commuting if [F(x),x], = 0 forallx € S[6].
An additive mapping T': M — M is called left(right) centralizer on a I'- ring M if

T(xay) =T(x)ay holds forall X, € M anda@ € I'[ 57,

Many authors covers the concept of left centralizer and study the relation between the commutativity of ring
and left centralizers .

In [3] K.K.Dey and A.C. Paul proved that a mapping T': M — M is centralizer if and only if it is centralizing
left centralizer . they also showed that if Ty and T} are two left centralizers on a prime I'- ring M such that
Ty(x)ax+ xaT,(x) € Z(M) forall x € M andea E T thenboth Ty and T are centralizers on M .

K.K.Dey and A.C. Paul in [4] study the commutativety of I'- ring in which satisfying certain identities
involving left centralizers .

In this paper , we obtain the commutativity of I'- ring  satisfying certain identities involving higher left
centralizers on I'- ring . This work motivated from the work of K.K.Dey and A.C.Paul [ 4] .

We introduce a new definition of higher left centralizer on a I'-ring M as the following

Definition 1.1 :let M be a I'- ring and let T = (T:);cy be a family of left centralizers on M . Then
T,:M — M is called higher left centralizer on M if
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Tu(xay) = s Ty(x)ay
holds forall x, ¥ EM andx €I .

2. Commutativity of Prime Gamma Rings
In this section we study when the gamma rings is commutative by using the higher left centralizers on prime
gamma rings.

Theorem 2.1 : let M be a prime I'- ring and I be anon —zero ideal of M. suppose that M admits a family of non
— zero higher left centralizers T = (T; ); e, such that X2, T (x) # x for allx E land L EN . if
T ([xv], —[x.¥], =0 forallx,y €I and «E T then M is commutative .
Proof : Giventhat T=(T; );p afamily of left centralizens of M such that.

T.([x¥l, —[x¥]l. =0 v (1)
forallz,¥y EIl, a €T
Then T,( xay- yax)— (xay—yax)=10

So that
{E?=1Ti (x)ay — 2?:1 T {}rja:x} -(xay - yax )=10
Which leads to
AT x)— x)ay-X2,T:. () —¥)ax=0 ... 2)

Replace X by x57in (2) we get
2T, (xfr)— xfr)ay-X,T; (0 —y)axfr=10
Hence
(T (x)— x)fray-2",T. () —y)axfr=0 ... 3)
Forallx,¥ €EI,r EM anda,ff €T
Using the condition (*) we get
X AT (x)— x)Bray-2,7: (¥) —¥)Bxar=20 (4)
Forallx,y €I, r EM anda,ff €T
Using (2) in (4) to simplify , we obtain
P (T:(x)— x)B[ry]l,=0 5)
Forall x,¥ €I, ¥ EM and,ff ET .
Again replacing r by TAS in(5) and using (*¥) we get
i=(Ti(x) — x)Brd [sy], =0
Forall,¥ E I, .5 EM and ﬂ!,ﬁ er
Liz(T;(x) — x)TMT [s,y], =0
forall x,y EI seEM a €T
by primness' of m and since A= (T; (x)— x)#0
hence [5,¥ ], =0 foraly €I ,5s EM ,a€T
there fore I © Z(M) and hence M is commutative . M
Corollary 2.2 : In theorem 2.1 , if the family T of higher left centralizers is zero then
M is commutative
proof : suppose that T, ( [x,¥])-[x.,¥], =0 forany x,¥ €[, €T
if T, = 0 then [x,¥ ], =0 forall x,y¥ €[ andax €I
There fore I is commutative hence M is commutative . B
Theorem 2.3 : let M be a prime I'- ring and I be a non — zero ideal of M suppose that M admits a family T
of non — zero higher left centralizer T = ( T; };en, such that £, Ti(x) # — x for all x €I and
i EN | for ther if T, ([x.¥],)+ [x.¥],= 0 forallx,¥y €I, anch @ € I' then M is
commutative .
Proof : Giventhat T=(T; };cy isa family of higher left centralizers of M such that .

T.([x.¥],)+ [xy],=0  forallx,y €I,&€l ... (1)
Then
T.(xay—yax)+ (xay—yax)=0
So that



Journal of Information Engineering and Applications Www.iiste.org

ISSN 2224-5782 (print) ISSN 2225-0506 (online) iy
Vol.5, No.5, 2015 ||STE
(ZE.T; (Day— X4 T; (Wax)+(xay — yax ) =0
Which leads to
AT, (D+ x)ay-2, T, 3+ ylax=0 ... (2)

In(2) replace X by Xf5T to get
E?i(T{IﬁT']‘l'IBT]fI}T E: =1 ,{}F}+}F}rxxﬁ'r_ﬂ
Hence

2 (T.(x)+ x)fray- (2, T; () +y)axfr=0 ... (.3)
Forall:x:,}F eEl,r EManda,fET
Using the condition (*) we get

2 AT (x)+ x)fray- (X2, T, (¥} + ¥ )Bxar=0 ... 4)
Forallx , ¥ EIlr EManda ,fET
Using (2) in(4) to simplify , we obtain
(2, T{x)+ ) B[r.¥)o=0 Ll 5)
Forallx,y €I, vy EManda ,fET
Replace rby ¥As in(5) and using (¥), to get
(E: 1 :{x]-l_x] ﬁ?’f-{,[.'i',}?]a =D
Forallx,y €l r,sEManda ,B,AET
in other words
{E: 1 :(x] +:XI] rMT [S’}r]n: =o
Forallx,y EI , sE Manda €T
Bypnmnessof M andsince Xro; (t; (x)+ x) #0
we get 5,¥]|g=0forally €l ,sEM,ax €T
Thereforef C Z(M) and hence M is commutative . W
Theorem 2.4 : - let M be aprime I'- ring and I be anon — zero ideal of M suppose that M adimits afamily
of non — zero higher left centralizers . T'= ( T; );c, such that X", T: (x ) # x for all x € I and
i € N, further if

TSy )= dxuyk

Forallx,¥ € I.x €T then M is commutative .
Proof : - Given that
Tol=mxgyr g f-singy 2= 0 L (1)
Forallx,y €I ,a €T
This implies that

cAT(x)— x)ay+ X (T, (¥)—y)ax=0 ... (:2)
Replace Xby {87 in (2 ) we obtain .

(T (xfr) — xfr) ay+ L7y(T; () —y)axfr=10
Hence

e (T (x)— x)Bray+ E(T; () —y)axffir=0 ... .. 3)
Forallx,y EI,r EMand a,f €T
Using (2) and condition (*) we get

2 (T (x)— x)fray+ X (T; (x) —x)Byar=0 ... 4)
For all x}FEITEMaﬂLd w,f ET
That is

X (T(x)— x)Blr.¥l.=0 (5)

Forall x,y €I,y E Mand a,f €T
Replace T by ¥AS in (5) and by using condition(*] so from( 5) we get.

(T (x)— x)prdls,y],=0 ... (6)
Forall x,y €I,7,s E Mand a ,FAET
ie:  Xhy(T.(%)— x)IMT[s,y], =

By primness of M andsince Y=, T;(x)— x)# 0
Then[5,¥ ], =0 forally €1
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Hence I © Z(M) there for M is commutative M
Theorem 2.5 : - let M be aprime I'- ring and I be anon — zero ideal of M . suppose that M adimits afamily of
non — zero higher left centralizers . T = ( T} };z,, such that Z?’zl T, (x)+# —x for all x € I and
i € N, furtherif
Tl )t begylp—0
Forallx, ¥ €I, € T then M is commutative
Proof : - Given that T = ( T;);z,, be a family of non — zero higher left centralizers of M such that
T l=<xy > <y ==0¢ ... (1)
Forallx,y €l ,a €T
Then
2 (T (xay + yax))+ (xay + yax) =0
Hence X7 Ti(x)ay+X7-,T,(y)ax+ (xay + yax) =0
2e(Ti(x) + x)ay + By (T;(7) +¥)ax)=0 L (:2)
In the above relation eplace X by X7 we obtain .
Ea( T (xpr) + xfr) ay+ Xy (T; (v) + ¥ )axfr=10

So we get

i=1( T (x) + x)Bray+Zio,(T; (v) +y)axpr=0 ... 3)
Forallx,y El,y E Mand a,f €T
Substitute (2) in (3) and use the condition {*) to get

T+ Frly=0 L )

Forall x,¥ €I,r E Mand a,f €T
Now again replace ¥ by ¥AS in (4) we have

e dn(x)+x)prdls, .0 . )
Forall x,y EI,r,s E Mand a,FAET
ie: (T (x)+ x )rMTYs,¥], =0
By primness of M andsince Xl=,( T;(x )+ x)# 0
Wehave [5,¥], =0 foraly EIl,sEManda €T
Hence I = Z(M) there for M is commutative W
Corollary 2. 6 : in theorem 2.4 and 2.5 if a higher left centralizers T, is zero .then M is commutative .
Proof: forany X ,¥ €1, we have

T iy o= x,y =g
if T,=0 thn < x,y >,=0 forallx,y €I and a€T
replace X by xffZ and using the fact
yax = —xay¥ we conclude that
xf [z.¥], ={0]) foralx,y,z€I,anda,FET
In other words we have
ITMT[z,y],=0 forally,z Eland a€ T
Since M isprimeand I #={ 0}
Sothat [ z,¥ ], =0  forally,z Eland a€ T
then I is commutative and hence M is commutative . W
Theorem 2.7 :- let M be a prime I'- ring and I be anon zero ideal of M . suppose that M admits a family of non
—zero higher left centralizers T = (T;);zp such that X7, T;(x) # x for all x €1 and for alli EN |
further if T, (xeay) + (xay) = 0 forallx,¥ €I and@ €' then M is commutative .
proof :- forany X,V €I and@ €T we have T, (xay) = (xay)

this implies that T, ([x v].) — ([x.¥],) =0
and hance by theorem 2.1 we have M is commutative
on the other hand if M is satisfy the condition Ty, (xay) + (xay) =0 forallx,¥ €I anda ET
then for any x,y €1 and a € I' we have T, (xay + yax) = —( xay + yax)

Sothat T, ({x,v),) + ({x,¥),) =0 forallx,y €I andax ET
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Then by theorem 2.5 we have M is commutative B
Corollary 2.8 : -let M be a prime I'- ring and I be anon zero ideal of M . suppose that M admits a family of non
—zero higher left centralizers T = (T;);cp such that X', T:(x) # +x forall x € I and foralli EN |
further if Tﬂ{xrxy] + (vax) =0 forallx,¥ €1 anda@ €T then M is commutative .
proof : foranyx,y €1 anda EI' wehave T,(xay)+(vax)=0
now if Tﬂ{xrx}?] = (yax) this implies that
Tﬂ{[xry]m] I ([}F!x]n:j = Tn{[xry]zj =k ([xry]m] =0
then by theorem 2.5 we have M is commutative
now when T, (xay) + (yax) = 0 then T, ([x, ¥]2) + ([3.x];) = O this implies that

T, ([x v],) + ([x,¥].) = 0 and hance by theorem 2.1 we have M is commutative B

3.The Main Results:
In this section we introduce the main results of this paper we start by the following theorem .

Theorem 3.1: :let M be a prime I'- ring and I be anon zero ideal of M . suppose that M admits a family of non

—zero higher left centralizers T = (T;);cx such that X7, T (x) # x forall x € I and foralli € N , then
the following conditions are equivalent :

(i) T([x¥]l,)— ([x.¥v],) =0 forallx,y €I andx €T

(i) T,([x¥],)+ ([x.¥],) =0 forallx,y €I anda €T

(iii) forallx,¥ €I andea €I, either Tﬂ{[X,}?]Ej o= ([x,y]ﬂj =0 or
L(xy]l.) + ([xy]l) =0

(iv) M is commutative
Proof :

(i)—(iv) suppose that T, ([ ¥],) — ([x,¥], ) = 0

Then by theorem 2.1 we have M is commutative

(iv)—*(i) suppose that M is commutative then [x,¥], = 0

and hence T, ([, ¥] ) — ([x.¥],) = 0

(ii) —#(iv) suppose that T, ([x. ¥] ) + ([x,¥],) = 0 forallx,y €I anda €T

Then by theorem 2.3 we have M is commutative

(iv)—(ii) suppose that M is commutative then [%,¥], = 0 forallx,y¥ €I andax ET

Andhence -[x,¥], =0 forallx,¥ €I andax €T

Which implies that T, ([x, ¥],) — ([%,%],) = 0 forallx,¥ €I andax ET

(iii) —*(iv) suppose that forall %, ¥ € I andea €I, either T,,([x ¥].) — ([x.¥],) =0 or

L(xyl.) + ([x,¥]l.) =0
Then by theorem?2.1 or theorem 2.3 we have M is commutative
(iv)—*(iii) suppose that M is commutative
Foreach fixed¥ € anda@ € I" we set
L = {x € IIT, ([x,5],) — ([x.¥],) = 0}
L ={x elIlT,([x.¥],) + ([x ¥].) = 0}

Then Iy and I5 are additive subgroups of I suchthat! =13 U, .
But a group cannot be the set theoretic union of two proper subgroups , hance we have either
Ii =T or Iz =] .
Further , using a similar argument , we obtain
I={}FEI|I1 =1}or I={}FEI|I2 =1}
Thus we obtain that either Tﬂ{[:E, vl E] — ([x,¥] E} =0 forallx,y €1 andx €T
or T([xyl.)+ (xy],) =0 foralx,y €Il anda ET

Hence M is commutative in both cases by theorem 2.1 ( respectively theorem 2.3) B
Theorem 3.2 : :let M be a prime I'- ring and I be anon zero ideal of M . suppose that M admits a family of non
—zero higher left centralizers T = (T} );ep such that £, T:(x) # x for all x € I and for alli EN |
further if T, (xay) — (xay) € Z(M) forallx,¥ €I anda@ €T then M is commutative .
Proof : forany x,¥ €I anda €I we have
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T, (xay) — (xay)eZz(M) (1)
This can be written as 7oy T, (x)ay —xay € Z(M) forallx,y €l anda €I ... ()
Thatis [(X, T.(x) — x)ay,r] =0forallx,y ELr€M anda,f ET" ... 3)
Which implies that
(Z=1Ti(x) — Daly,rlp + [BL, Ti(x) — x,rlgay=0 .. @)

forallx,y ELTEM anda ,fET
in (4) replace * by x8z | we have
G, T,(x) - 0)8zaly,rlp + [(Cn T,(x) - 96z Flgay=0 .. 5
forallx,¥,2 ELrEM andax ,5, €T
from (3) we get that (5) becomes
(X1 Ti(x) — x)0zaly,rlp =0 forallx,y,z EL,r€M ande,B,8€T
This yields that
(=1 Ti(x) — x)TMTIT[y,r]p = {0}  forallx,y EL,Ly EM andB,ET
The primness of M implies that
IF[FJT],E = {ﬂ} or z?:1 T!-{x} il
and since I #= {0} and ™ T:(x) #x forallx €1
we get that I is central and hence M is commutative B
Theorem 3.3: let M be a prime I'- ring and I be anon zero ideal of M . suppose that M admits a family of non
—zero higher left centralizers T = (T;);cp such that 27, T.(x) # —x forall x €I and foralli EN |
further if Tﬂ {IEI}F] e {xrx}r] = E{M] forallz,¥ €I and @ € I' then M is commutative .
proof : suppose that T = (T );=x be a family of non —zero higher left centralizers satisfying the
property Tn(xrx}r] —(xay) € Z(M) forallx,y €I andx €T
then the non- zero higher left centralizers (—T ) satisfies the condition
(—T,)(xay) — (xay) EZ(M) forallx,¥y €I anda €T
Hence by theorem 3.2 we have M is commutative. B
Remark In theorem 3.3 if the h, 5 igher left centralizer is zero , then M is commutative .
Theorem 3.4 : let M be a prime I'- ring and I be anon zero ideal of M . suppose that M admits a family of non
—zero higher left centralizers T = (T;);cp such that X', Ti(x) # x for all x €I and for alli EN |

further if T, (xay) — (yvax) € Z(M) forall x,y €1 and @ € I' then M is commutative .
Proof : we are given that a higher left centralizer of M such that

T, (xay) — (yax) € Z(M)
forallx,¥ €[ andax ET
this implies that [T, (xay) — (vax), rlg=0 ... (1)

holds forallx,y €1, 7 EM anda,ff ET
which implies that

(XL, T (x)ay — yax, T"]gz o )
forallx,y €I, vy EM ande, § ET
replacing ¥ by ¥3X in the above relation and use it hence
[Xi=, Ti(x)aydx — yaxdx, r]p=0
forallx,y €I,r€M andex, 5,6 ET
we find that

ErTixay—yax)8xrlp=0 @)
forallx,y €1, €M ande, 5,6 ET
again replace T by TS5 in (4) to get
(s T.(Way— yax ) 6rpt [x,s]p + (T, Ti()ay — yax ) 8 [x,rlgus = 0.5
forallz,¥v EI,r,sEM anda, 5,4, 0 ET
From (4) the relation (5) becomes

Q=T K)ay — yax ) érp [x,slg =0 (©6)
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forallx,y €EI,r,sEM anda,f8,6, 0 ET
ie: (B T.(x)ay— yax)TMT [x,s]ﬁ =i
forallx,y €E1,s€EM anda,f €T
the primness of M implies that either [, S]Jg =0o X, T.(x)ay—yax =0
forallx,y €E1,sEM anda,f €T
nowput I, = {x € I [x,5]g =0 foralls€E Mandff € r}

L={xel|lX%, T.(x)ay —yax =0 forallx,y€land a €T}

Then clearly that I; and I are additive subgroups of . moreover by the discussion given I is the set-
theoretic union of I; and I; but can not be the set- theoretic of two proper subgroups .
Hence Iy =1 or I, =1 .
If Iy =1 | then [x,-':"]jg =0 forallx EI,sEM andff €T and hence M is commutative .
On the other hand if I; =1 then X', Ti:(x)ay = yax forall forallx,¥ €I andax EI .
Thatis Xi; Ti(x)ay—yax =0 forall forallx,y €I anda €T .
This implies that T, ([x, v],) — ([x,¥],) =0 forall forallx,¥ €I andax ET
Hence apply theorem 2.1 yields the required result . B
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