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Abstract

In the Present paper we prove some fixed point theorems in cone metric space our result generalizes the
previous result of mathematicians.
Keywords:- fixed point cone, metric space, Altering function.

2. Introduction & Preliminaries

Since the Banach contraction Principles several types of generalization contraction mapping on metric
spaces have appeared, one such method of generalization is altering the distances. Delbosco [2] and skof
[3] have established fixed point theorems for self maps of complete matric spaces by altering the distances
between the points with the use of a positive real valued function Hunage and zhag [1] introduction the
concept of cone metric space by replacing the set of real numbers by an ordered Banach space and obtained
some fixed point results. Recently Asadi and Soleimani [7] prove some fixed point results on cone metric
space by using altering distance function and the (ID) property of partially ordered cone metric space
(see[7]). We are giving some new results by introducing a vector valued function in cone metric space
which has similarity with altering function it becomes the generalization of altering function in view of
cone used in place of positive read numbers as well as the constraints used for self map of cone metric
spaces.

Definition-: Let (X,d) be a cone metric space a self mapping T on x is called an almost jaggi contraction if it
satisfies the following condition.
[d (x, T,)d(y.T,)

d(TuTy) < x—— 2=

+Bd(xy)
v[d(xTy) + d(n.T,) + d(x, T,) + d(3.Ty)
1+d(x,T,).d(y.T,).d(x.T,).d(y.T,)
+L Min{d(x,T,).d(y.T,)
+j Min{d(x, T,)d(y.T, )}
For all x, ¥,€ X where L.j = 0 and &, §,¥ € [0,1] with

Theorem 3.1 Let (x.d) be a complete cone metric space and p a normal cone with normal constant M, Let
T:X — X be on almost jaggi contraction for all x, ¥ € X where L,J] = 0 and @, £,y € [0,1] with
@+ +y =1 then T has a unique fixed point in X.
Proof:- choose xp € X set X3 = Txp.x, =Tx; 4
d(xn,Xn41) = d(Txp_1, Txy,)
o d(x"_;'g;:,lij{x"' Txn) + fd(xp-1,%5)
d(xp_1,Txp) +d Ty )+ d (2, T ) + d(%,Txy)
1+d(x, 1, Tx, ) d(x,Tx,).d (x, 1,Tx,).d(x,.Tx, 1)
+L Min{d(x,_1,Tx,).d(x,.Txp_41)}
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+j Min{d{xn—ll Txﬂ—l)' d(xnl Txﬂ)}

d(xﬂ—llxﬂ)d{xwxﬂ+1)
d{xﬂ—llxﬂ) +ﬁ d{xﬂ—l'xﬂ)

d(xXp_1,%p) +d(xp,x,) + d(xy_,%,) + (X0, Xp11)
T a1 %0) A ) A 1K) A, %2)
+L Min{d (x,_1,%,1)-d{x,,%,)}
+J Min {d(x_1,%5) d(Xp, X 41)]
d(Xp, Xps1) S A0 Xp4q) + f-d (1, %)
+¥: [A(xp-1.2%n11) + A0ty 1,%,) + d(Xp, Xp41)
+ Min{d(x;_1,%,)d (X, X 41)}
d(XpsXn41) = @.d(Xp, Xpyq) + B d(Xn_1.%,)
+v. [d(xn—1,%n) + A (n, Xp41) + d(Xp_1,%,) + d (x5, %p_4)]
+J Min {d(x;,_1,%5) d(Xp, Xp1)]
L ad(XpXp )+ F A (X 1.%,)
+v.[2d(xp_1. %) + 2d (Xp, X 41)
+] Min {d (xp_1,%5).d(Xp, Xn11)
(1 —a—2y) d(xp,Xp41) < (B +2y) d(xp_1,%,)
] Min (d (o, %) d (s s)
Case I when | Min { d(x,_1,%p)-d (X, Xpi1)
=J d(xp_1,%,) Then
(=2 dln s g)= (B 2y T (x5 05%5)
B+2r+))
1-a-2y)
e B+2r+))
1—a—2y
d(xn Xns1) = Ry (Xp1,%p)
Case-II when | Min{d(x,_y,%,),d(xp, Xp11)
= d(x,,,%,.+1) Then.
d(xpXn1) (1 —a —2y) < (B +2y) d (x_1,%n) +]d (x,2%441)
(l—a—J—-2¢)d (x50 = (B + 2v)d (x,_1.%,)

B +2y)
d(xy, Xne1) = A—a—J—27)

d{xﬂlxﬂ+1) =0,

d{xwxﬂ+1) = .d {xﬂ—l'xﬂ)

a+f+ay+]<1

.d {xﬂ—l'xﬂ)

_ (B+2y)

We get Then both case, R =Ry =R, =a+f+]+4y <1
and by induction. d(Xp,Xp41) = R d (Xp_1,%)
= R™d(xp,x4)
dix;x) Sllxgxsg ) bva (xapitns e e b dlgss s08)

< (Rﬂ,Rﬂ+l . +R“+m—1)d(xo,xl)
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d{xﬂlxm) = 1—R d (xOJx:l]

We get 11 d(xp, 2, )1 < M %H (xg, x4 )11 which implies that d(x,.x,) =0 as n — oo hence x, is a

Cauchy sequence so by completeness of X this sequence must be convergent in X
d(u,Tu) < d(u, xp41) + d(xp41.Tu)
<d(u,x,.4)+ d (Tx,,Tu)

a . [d (x,, Tx,)d (u, Tu)]
d {xﬂ,u) + ﬁl d'(xnlu)

[d (x,,Tu) + d(u, Tx,) + d(x,,, Tx,,) + d(u, Tu)]
" [1+d(x,,Tx,) d(u, Tw).d(x,,Tu).d (u,Tx,)]
+L Min{d (x,,u).d(u,Tx,)
+] Min{d(x,,Tx,).d(u, Tu)

d'(:x'.'vx'n+1)-d {u, u)
d{xﬂ,u) +ﬁ-d{xmu)

v-[d0enw) +d(w,xp 1) + d (g, %041) +d(w,1)]
1+ d(x,,x,01)-d (u,u). d(x,,w). du. x,,, 1)

+L Min {d(x,,u).d(u,x,,1)]
+] Min {d (x,,x,.4).d (u,u)}
S d(u, Xpiq) + B.d (xpuw) + . [d(x0, Xp41) + A(%, Xnie)
+L Min {d(x,,w).d (1,x,,1)
< d(, %p41) + B.dGepu) + 2y [d(xp Xp41)
+L.Min {d(x,,w)d(u, x,.1)}
< d(W, %p41) + B.d(xpu) + 2y[d(xp,w) + (U, X 44)
+ L Min {d(x,,w)d(u, x,.)
(0, Tx) < (14 2y)d (U, Xp41) + (B + 2)d (x,u)
+L Min{d(x,, u)d(u, x,,1)}
So using the condition of normality of cone
Hd (u, Tw)l < M(1+ 2y)I1d(uw, x4 )1 + (B + 2y) d(x,,,u)
+L Min Ild (x,,w)d (u, x4 )]

= d(u, xﬂ+1) +

<d(u,x,,1)+ @

As . — 0 we have IT d(u, Tu)II < 0 hence we get
u =Tu, uisa fixed point T
Theorem (3.2) Let (X,d) be a complete cone metric space and P a normal cone with normal constant M, suppose

the mapping F,G, is called on almost jaggi contraction if it satisfies the following condition
a.d(x,Fx).d(y,Gy) + f.d(x,¥)
d(x,y)
[d(x.Gy) + d(y,Fx) + d(x,Fx) + d(y,Gy)]
Y +d(x Fx).d(v, Gy).d(Y, Fx).d(x, Gy)

+L Min{d(x, Gy).d(¥;, Fx)
+J Min{d(x, Fx).d(Y, Gy)

d(Fx,Gy) <
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Forallx,y e X whereL = 0and a,f,y € (0,1) witha+ ff + ¥ < 1 then each of F,G has a; unique fixed

point and these two fixed points coincide

Proof:— Let x,€e F(xp) and x; = G(x;) such that

Xans1 = F(n),  Xonyz = G(¥z2n41)

d(xX2n4+1.X2n42) = A(F X2, G X0 11)

< a.d(x5, F3)-A(X3011,GX3041)
d(Xz2n, X2n41)

+y[d(x2n, Gxzn11) + A(X2n41,FXan) + d(X2n, FX2n) + @(Xan41,GX2n11)

1 + d(x2n, Fx30)-d(X2n 41, GX2n11 ) (X320, GX2n11) (X201, F X2p)

+L Min{d(xzy, GX3n41)d(32n 11, FX30)

+] Min{d(x;p, FX35). A(X2541,GX2n41)

@.d(xX3p,X3n11)-d(X2ns1,X2n42)

d(Xzn.X2n+1)

Y[d(aniXans2) + 0041 Xan+1) + @niX2n11) + (X2n+1%2n+2)

1+ d(xXn11,X2n11)-(Xon s 1.X2n12)- A(Xon, Xon12)-A(Xan 11, X2n12)

+L Min {d(xz2n. Xon12)- 0 (Xons1.X2n41)

+ Min{d(xzn. %201 1)d(Xon 1 1.X2n12)

< @.d(X3n41X2n42) + P (Xan Xoni1)

+¥[d(xan Xanez2) + A(X2n X2n41) + A(X2n11,%2n42)

+] Min{d(x3n,%2n41)-A(X2n+1, X2n4+2)

< a.d(Xzn41.%2n42) + B (%20 X2n41)

+¥[d(xan Xane1) + A(2n11,Xane2) + (20 X2n41) + A(Xani1,Xon12)]

+] Min {d(x2n, %20 41)-(Xz2n11, X204 2)}

< a.d(Xzn41.%2n42) + B-A(X2n,X2n41)

+2y[d(x2n. X2n11) + A(X2ns1.X2n42)]

+ Min {d(xz2n,X2541)d(X2n41.X2n42)

Case I when. Min{d(x2,, %50 41)-8(X25 41, %2542) = (%20, %50 11)

Than

d(Xzn41.X2n+2) < @ A(Xpn11.X0n42) + B d(Xon. Xan41)

+2y[d(xzn,%2n41) + A02n11.X2n42)] + 1A (X2n, X2n41)

(1 —a—2y)d(xzns1.%m42) = (B +] + 2y)d(x2p, X2n41)

+ ﬁ d(xzw x2n+1)

+ ﬁ d(x2n1x2n+1)

B+]+2y)
d(Xani1.Xme2) = YD 2y d(X2n X2n+1)
B+]+2y)
whereRl=m.ﬂ: +8+]+4y <1

d(Xzn+1X2n+2) = R18(X20, X2n41)

Case II. When Min{d(x2n,X2541)-(Xan 11, X2n42)} = d(X2n 1 1. X2n42)
d(xzn11.X2n12) £ @-d(Xgn 1. %0 42) + B-A(Xgn.Xan 1)

+2y[d(xzn. X2n11) + d(Xon s 1.X2n42)] +JA(X2n11,%2n+2)

(1 —a—] —29)d(xzn11.%2n12) < (B + 2¥)d (%20 Xan41)
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B +2y
d(Xon11.Xan12) S O—a—J—2p d(Xn X3n41)

Where Rz=%,a+ﬁ+_{+4}'{ 1}

In both case we get Ry = R, = R.
Then d(Xzpn11,X2n+2) = R. d(X20,X2041)
d(%2n+3:X2n42) = A(FXzn42, GX3p11)

d(xX2n42FXan42)8(X2041, GX2ny1)
<a B.d(xzn12%2n41)
d(X2n+2:X2n+1)

 Vla(¥zn+ 0.6 pn s 1) 48 (Xont 1 F¥onte) +d(¥pn 0. Fozntz) +d(Xon+1.62gn+1)]

1+d(Xant 2 F¥ania) Q(¥an 11,6520 4108 (Xan 11, F¥an12)-8(Xan 12,6020 14)

+L Min{d(Xzn1 2, GX2n11)-(02n 41, FXon42))
+] Min{d(x3n12,FX32n42)8(X2n41,GX2n41))
[d(x2n42:%2n+3)d (X ons1s X2n42)]
. d(X2n+2:X2n4+1)
[d(xani2:Xan42) + d(Xoni1X2n43) + d(Xoni2:Xon13) + (Xoni1,%2042)]
1+ d(Xan41.%2n4+3)- A(Xan 41, Xan+2)8(Xon1 2. X2n42)- A(X2n41.X2n43)

+L Min{d(x2p42, Xz2n+2)-d(X2n41,X2n+3)}
+J] Min{d(x;p12,X2n+3)- 4 (X2n41,%X2n4+2)

A(Xzn12.Xn4+2)-A(Xon12,X2n11)
A(X2n12 X2n41)

+v. [d(x2ns1.%2n13) + d(Xons2. Xani3) + d(X2n11,Xon+2)
+] Min{d(x2n12:%2n+3)-d (Xani1.X2n12)

< @.d(Xpn13Xoms2) + BA(Xoni2:X2041)
F¥[A(X2ne3X0n42) + E2ni2. Xon 1) + A(X2n43 X2n11)]
+J Min {d(Xzn43%50+2)-8 (Xane1. Xone2)

< @.d(Xpn13Xoms2) + BA(Xoni2:X2041)
+¥[d(x2ni3Xmr2) + (oni2:Xons1) + A(Xonia Xons2) + d (Xon iz, X2n )]
+f Min{d(xzmg’xznu).d(x2ﬂ+1,x2ﬂ+2)

= a.d(Xzn43%2n42) T B A(Xan12: Xan41)

+v-2[d(x2n43 X2mr2) + Aon 12, X2m41)]

+J Min {d(xzn13%n42)4(X2n41, ¥2n42)

Case-1 when Min{d(%zns3 X2n+2)-G00n1 1 X2n12)} = A (X211, %2n+2)

+ Bd(X2n42,X2n+1)

+ Bd(Xan42 X2n41)

Then d(Xzn13X2n42) < @ d(Xoni3%ons2) + B-A(Xani2:¥2ns1)

+2¥[d(Xan+3X2ns2) + dXanizs Xn 1))

+.6(X2n+1:X2n+2)

(1 —a —29)d(Xonia Xams2) < (B +1 +21)d(X2n12. X201
B+ +2y)

d(x2n+3,x2n+2) = T'd{x2ﬂ+21x2ﬂ+l)
(1—a-2y)
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whereR1={‘8 e a+f+]+4y =<1

1—a-2y)
d(Xn+3Xon+2) S R1d(Xon42:X2n41)

Case Il - when Min{d(¥3n43 %zn+2)-@02ne1.X2n+2)} = A(X2n43 Xans2)
A(Xzn43 Xomez) < @A (Xznia Xonez) + B-A(Xzni2Xane1)

+2¢[d(xzn13 X2me2) + d(X2ns2.¥2m 1)

HAd(X2n+3%2n+2)

(1 —a—J —21d(Xzni3Xzns2) < B +2¥)d(X2n12:X2041)

(B +2y)

d(X2n43Xzne2) < m d(Xn+2:X2n41)
B +2y)

a1 =2

d(x2n+3,x2n+2) = Rpd(Xzn+2.%2n+1)

In both case we get Ry = R, = R.

(B) d(x2ﬂ+3,x2'n+2) = Rd(X3n42.X2n41)

Add Equation (A) and (B) we get

D At < ) R d(xgx,)
n=1 n=1

R
“1_Rr d(xq,x1)

where R,= a+f+J+4y <1 ,Then

We get | d(xp,Xpe1) 1= M.% Il d(xq,x1) | which implies that

d(x,,%,41) > 0 asn— oo Hence {x,] is a Cauchy sequence, so by completeness of X this sequence must be
convergent in X , we shall prove that u is a common fixed of F and G.

d(u, Gu) < d(x3p,41,6U)

< d(u, Xap41) + A (Fxp,,Gu)

S du xS gy,

+y[d(xzn, Gu) + d(u, Fgy + d(x35,Fx35) + d(u, Gu)]
[1+ d(u, Fx,,).d(u, Gu).d(x,,,Gu).d(u, Fx,)]

+L Min {d(x,,,Gu).d(v,Fx,,)

+/Min {d(x3,,Fx3,).d(u, Gu)

d(x,,,x )-d(u,w)
< d(u, Xgpp1) + €. ——2 d(z,::l 5 + f(xgp.0)

+y[d(xn,w) + d(W, x5 41) + A(X2p, X2p41) + d(w, u)]
1 +d(w Xap4)d(w,w). d(u, xpp11)-d(X0,1)
+L Min {d(x,,,w), d(u, x5, 1)
+ Min {d(x5,,%35,41)-d(w,u)}
< d(w, X2p41) + B g, w) +¥[d(xzn. 1) + d(w, x541) + d(Xon, X2n41)
+L Min {d(x5p,u)d (U, X2041)}
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< d(u, Xpn11) + Pd (pn w) +¥[d(xon w) + d (W, X2541) + d (30, 1) +d (W X5044)]
+L Min {d(xzn,w)d (1, %3541}

d(u, Gu) < d(u, x3n41) + B-d (20, w) + 2y [d (320, 1) + d (W, X3744)]

+L Min{d(xpn,u).d (W, X3p41)

So using the condition of normality of cone

I d(u, Gu) < M(ll d(w, Xzp41) | +8 1 d(xz0,1) | +2¥[ll d(xz,1) + d (W, X3541) 1I]
+L Min || d(x,,1w).d(u, x5n,1) |l

Asn - 0 we have || d(u, Gu) |< 0 Hence we get u = Gu

U is a fixed point of G.

Similarly

d(u, Fu) < d(u, x30,2) + d (3301 2.Fu)

< d(wxpn42) + d(Fu, Gxgny 1)

[a. d(u, Fu). d(x2p41,G%2p41)]

< d(u,Xzn42) + d(u, X3p41)
] T+

+B.d(u, X344)

[d(u, Gxppp1) + d(xXpp o1, Fu) + d(u, Fu) + d (X341, GX3p41)]

1+ d(u, Fu).d(x2n11,GX2n41)d(on 1, Fu).d (U, Gxgpy 1)
+L Min{d(u,Gxyp, 1 )-d(x2p4 1. Fu)}
+] Min{d(u, Fu).d(x5,,1, Fu)}
+a.d(u, u). d(x3541,%2n12)]
d(U, X2n41)

+rld(u, xpn42) + Ay w) +d(wu) +d(pn 1, %2n42)]

1+ d((w,u). d(Xzn41.X2n42)-A(Xan 1,0 A(U, X304 2)
L Min{d(u,x5,42) - 8(x354 1, W)}
J Min{d(u,u). d(x5,,4,1))
< d(w, xgn12) + B, xgn11) +¥[d(w, x50, 5) + d(xpn s 1,1) + d (X0 41.%2042)]
+L Min{d(u,x5,,2)8(x5011,1))
< d(W, Xpne2) + B (W X2041) +¥[A(W X3042) + d(X2n41,1)
+d(xzns1.1) + (U X2n42)]
+L Min{d(u,x5,.2)8(X50n11,1)
< d(u, Xap42) + BA (U, X3041) + 2v[d(W, X2n42) + A(X2540,1)]
+L Min{d(u,%5p.5)d (W, X3541))
So using the condition of normality of cone
S Ml d(w, x3011) | +8 11 d (1, x5044) |l
+2y Il [d(w, x2542) + d(xzpne1,u) |l
+L Min || d(u, xgp 4 2)d(uxzpeq) |l

= d(ulx2ﬂ+2) +ﬁ' {u'xzﬂ"-l:)

Asn — 0 we have || d(u, Fu) || <0 Hence we get

u = Fu,u is a fixed point of F.
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