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Abstract
The notion of the pedagogical sequence of “condretbstract” is supported by educational theoresgarch,
and practice, especially in mathematics and sciettecation. But in the teaching of number basesjyma
teachers violate this pedagogical sequence and tdar topic abstractly. This has created diffi@dtifor
students and teachers in trying to study and utelgisthe topic. Many teachers teach number bastgatly
by just stating the algorithms for the conversidresn one base to the other without concrete mdseta
practicalise the concepts. In this paper, focumitiow to simplify the teaching and learning ofnter bases in
schools using counters. Also, model strategiescéorying out basic operations in various numberebaare
discussed. The paper recommends that teachergdsieriicounters to simplify the teaching of numbeesels in
schools
Key words: Counters, Number Bases, Teaching

1. Introduction

Of all subjects in the school curriculum, matheggtis the most international. The understanding of
mathematics influences decision making in all atpet life including private, social and civil. Me&matics
education is a key to increasing all opportunitiedife after school, but unfortunately many stutdenow
struggle with its study and become disaffectechascbntinually encounter problems in the studyhefgtubject.
Apparently, it becomes imperative that teachersetstdnd what effective mathematics teaching is erpeto
be and what teachers can do to key into pattenifettive teaching. One of the strategies for difecteaching
is the use of teaching aids which helps to cormeethathematical concepts. The focus of this papdp i
examine the strategies for effective mathematiashimg and practices that teachers can apply itetehing of
number bases.

In this era of educational development, there ésagreement that effective mathematics instructgpuires the
use of concrete materials. Concrete materials lgjexts that students can

grasp with their hands (Douglas,1999). Countersf@mas of concrete material. This sensory natutersbly
makes manipulative “real”, connected with one’wititely meaningful personal self, and therefordphd.
Supporting this, Confucius in Thompson (1994) dhat Learning without thought is labor lost. Alfdewey in
Thompson asserted that an experience is not a&xperience until it is reflective. The use of catermaterials
in teaching has been supported by Bruner's theo@oncrete materials are used for two purposest, Firsy
enable the teacher and the students to have grdwuale/ersations. Their use provides something ‘et
about which teacher and students can talk. Secomtrete materials provide something on which sttegdean
act (Thompson,1994).

The use of manipulative improves the academic aehient of students in mathematics topic becauseakes
sense” for the topic. Students who use manipulatiagerials in their mathematics classes usuallgropgrform
those who do not, though the benefits may be slighése benefits hold across grade level, abiéitel, and
topic. Manipulative use also increases scores dentien and problem solving tests. Attitudes tovgard
mathematics are improved when students have itgtruavith concrete materials provided by teachers
knowledgeable about their use (Douglas, 1999). &uydnd Higgins in ERIC Education Resources Infoionat
Centre (2012) studied the use of manipulative medtén grade K-8 pupils and found that lessons gisin
manipulative materials have higher probability @bgucing greater mathematical achievement than @o n
manipulative lessons. Use of manipulative materdald pictorial representations is highly effectisgmbolic
treatments alone are less effective. Also, MoyatkBaham and Suh in ERIC Education Resources Infimma
Centre (2012) examined the influence of virtual ipalative materials on different achievement grodpsng a
teaching experiment in fifth grade classroom. Resaf the study revealed that there was over alhg
following the treatment. Follow —up paired sampiedividual t-test on the low, average, and highieeing
groups indicated a statistically significant gaon $tudents in the low achieving group, but onlynetical gains
for students in the average achieving and higheating groups.
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2. Number Bases.
A number is simply an idea or a concept of quanfiyr instance, the number two(2) represents tineejat of
quantities that are two e.g. two boys, two carg) tegs, etc. But different cultures have differavays of
representing two. Most Nigerian traditional comntiesi used strokes (//) to represent two. Some erseal
objects such as stones. The Arabs represent two tiét symbol 2 while the Romans represent two \iith
These symbols used to represent numbers are caifadrals.
As there are various ways of representing numbensenically, different cultures have various wayguoiuping
objects or quantities for the purpose of countiRgr instance, many tribes in Nigeria count in fouiges,
sevens, tens, twelves, twenties and sixties. Int c@®munities, there usually four market days aswkr days
in a week. In local Ibo markets in Nigeria, yams aold in fives, tens and twenties. These systdrgsooiping
numbers or systems of counting numbers are callather bases (Azuka, 2012). Students are very famvilith
base 10 counting where we group objects in tensinstance:
12 =1ten+2 =10+ 2=/l 1]
25 =2tens+5=20+5 =/, I
46 =4tens+6=40+6 =/, I, T, 1T
127 =1ten square, 2 tens and 7 = 100+ 20 +7
1425 =1 ten cube, 4 ten square, 2 tens and 5

=1x1%+4x16+2x10+5

=1000+400+20+5
In general whole numbers in base 10 system aresepted in the following way(Ward,2007):
a=ga.10 +a,.. 100 +a3,,. 10"+ ........ +3.10 +a. 10 +a.10 ...... (1)
where “a” is a number, such as 1425, and thea, are numbers between 0 and 9
While this base ten looks trivial for teachers atddents, they experience difficulties in the téaghand
learning of other number bases. Many teachers lyswmlort to teaching number bases by talk andkaimathod
and the students only try to memorizing the alponi for conversion to base ten and conversion frage ten
to other number bases. As a matter of fact, stsdee¢ number bases as being abstract and thefailote
understand the concepts. Their lack of understgnasuially manifests in trying to carry out the bagperations
such as addition, subtraction, multiplication andsibn in other number bases apart from baseReninstance,
just ask the students to convert 45 in base tea tmmber in base eight without the usual pen amkma
algorithms. Many students cannot do this due to rtfethod used in teaching them. These result in poor
performance of students in questions involving nentiases in school and public examinations.
Concrete materials such as counters can be useuatticalise the teaching of number bases for prope
understanding by students. The author has triediththe retraining of teachers in Nigeria and heas have
described it as a veritable strategy for effecte@ching of number bases in schools. See pictumevb&Vith
counters in teaching number bases in workshopsy teathers were excited and also confessed thantneer
understood number base before the workshop. Tlcheeaexpressed deeper understanding and compi@iens
of number bases and the basic operations using eub@ses after the use of counters to learn nuivdmsss.
According to Bruner in Nnachi (2008) learning isread out if the learner is given the opportunitydiscover
the fact by himself. This implies that cognitiondshieved as individuals interacts with the envinent and
explores the materials in the environment. In teaghumber bases students should be given opptytimnuse
concrete materials such as counters to developaheept of number bases.

Fig. 1. Participants at a workshop in Nigeria beshgwn how to use counters to converiyl4
to 32 (3 fours and 2)using counters.
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Fig.2. # = 23 (2threes and 2)

Fig.3. 14 = 32, (Three fours and two)
To teach this in the class every student is expeictdave at least twenty counters each. Theretdeher should
lead the students to group the counters into varimumber bases. For instance, ask every studdmtng out
five counters and arrange them in groups of (igt&si) base 4 (iii) base 5 (iv) base 6.
Below are the arrangements using counters. Herstitbkes represent the counters:

0] 510 =/l =1threeand2=4]2

(ii) 50=/Ml =1fourand1=11

(iii) 50 =1l =1fiveand 0 =10

(iv) 510 = I = zero sixand 5 unitsg 5

Next ask students to take 12 counters and arrdmage in groups of (i) base 4 , (i) 5, (iii) 6, Xibase 8 (v) base

w

Below are the arrangements using strokes to repirése counters:

0] 12, =/l Il 111l = 3fours and 0 = 30

(i) 120 = /1 1 1T = 2 fives and 2 = 22

(iii) 120 =/ 1l =2 sixes and 0 =20

(iv) 12,0 =/ 1T =1 eight and 4 =34

(v) 12,0 =11, 11 1T = 4 threes and 0 =46 11Q since 4 =13
But this is better illustrated as:

Fig. 4. 1¢ = 1 three square, 1 three and 0 =3110

After this stage lead the students use coumteconvert the following numbers in base 10 to otmember
bases as shown in the table below:
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Base 10 | Base 4 Base 6 Base 8
3 AAA 3, AAA 3, AAA 3,
4 AAAA1D, | AAAA 4, AAAA 4,
1 fourand 0
5 AMAALL, | ADAAAS, | AAAAA 5,
A
1fourand1
6 AAAAAT2, | AAAAAALG, | AAAAAAG,
AN 1sixand 0
1 fourand 2
8 AAAA 20, JAVAVAVAVAVAN W22 RAVAVAVAVAVAVAVAY KO X
JAVAVAYAY AN
1 eightand 0
2 foursand 0 1sixand 2
9 AMAA21, | AAAAAALS, | AAAAAAAA
ANAA ANA A 1l
A
1sixand 3 1 eightand 1
2 foursand 1
2 | AAAA AAAAAA20, | AAAANAAA
AAAA 30, AVAVAVAVAYA AANAA 14,
ANAA
2 sixand 0 1 eightand 4
3 foursand 0

Fig .1:Conversion to other Number Bases using Counters

226



Journal of Education and Practice www.iiste.org
ISSN 2222-1735 (Paper) ISSN 2222-288X (Online) ,lL,i,!
\ol.4, No.12, 2013 ||$ E

From the table, students can discover that numasesare simply grouping in various numbers or tifies)
For example,

14, 16, (1 eight and 6)

200 3%, (3 six and2)

Students can now complete the following orally:

(@) 14, = ( )
(b) 25 = ( »
() 300 = ( )
(d) 35 = ( o
(e) 180 = ( )

This helps to explain the conversion of humbersnfitmase ten to other number bases and also converio
base ten. It enhances the understanding of theatipes in number bases such as addition, subtractio
multiplication and division

Conversion of Number Bases to Base 10

Place values in base ten (H. T U) are simply powéten. For instance 1000(TH) =10100(H) =16, 10(T) =
10*, 1(U) = 16 .Numbers in various number bases can be writt¢herexpanded form using the powers of the
number base. For example,

€) 25 = 2sixand 5 =2X 6 + 5 = 1.
4% 4 4°
(b) 213, = ——— =2 foursquare, 1 four and 3
213

2 x £ +1 %X 4 +3

= 32 +4+ 3
= 3%
52 5' 5°
(c) 132 = ———— =1 five square, 3 fives and 2
132

= 1X 52+ 3 X 5+ 2
= 25 + 15 + 2

= 42
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X2 Xl XO 2 1 0
(d) 213 = — =2 %X X +1 X x + 3 X X
213
= (€ +x + 3)g

This explains thathe place values of digits in a number base arepthwsers of the base as shown in (c) and (d)
above. Thisis like TH H T U in base ten.

Since any number raised to power zero is one, weaarite the expansions above as:
(@ 14, =1x5'+4x5°=9

(b) 25, =2x6'+5%6° =17,

(c) 213, = 2x4% +1x4' +3%x4° =39,

(o)) 132 =1x5% +3x5" +2x5° =42,.

Generalizing, we can represent numbers in the tbass, follows (Ward, 2007):
a=a.b+a, .0 +a,. 0%+ ... +a.FP+a.b +ab’. . (2)

wherea is a number, such as 132, and dah&with subscripts are digits in the given numbdsoAb is the given
number base system

If we divide a number a, by b continuously, we fihdt the remainders of the division are the digftsur new
number base b.

Thus, a number in any number base can be convertadnumber in base 10 by expansion as shown above.
Generally, we put powers of the number base foma gtarting from the unit digit on the right analiease the
powers to the left.

3. Conversion of Fractions in other Number Baseto Base 10

We can als@onvert decimals to a numbers in base 10. A dediraation such as 0.201 can be written in terms
of negative powers of 10:

0 1
102 103

0.201 ==+
Alternatively, we can write it as:

0.201 = 2. 10+ 0. 10°+ 10°
In general a fractional number, a, in base b canwriteen (Ward, 2007):
a=a .b'+a,. b?+az.b> +..... where b = the given number base system....... (3)
Alternatively, we can write it as:

a =+ 2D (4)

Tpt  p2  p3

For example
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1 A0 -1 -2
(a) 21.13 =M=2x31+1x3°+1><3-1+2><32
21.1 2
2
= 6 + 1 +—+—
9
3+2
= 7 +—-
9
- 2= 7555, ...
9
-1 42 -3
(b) 0.123 = 4°4°4 =1 % 4P1e2x47+ 1 x 48
01 2 1
1 2 1
= 4+ =+ =
4 16 64
1 2 1
0.124 = =
4 16 64
_ 16+8+1_ 25
64 64
= 0.3900625 .

4. Conversion of Numbers in Base 10 to other Numals Bases

From the arrangements of objects above we carhage t

@) 9 = 12
(ii) 120 = 14
(i) 15 = 33,
(iv) 2040 = 24, and so on.

You notice that we are dividing the numbers in bE3éy the number bases and writing out the reneamd-or
example, 20 + 8 = 2 remainder 4. Thatis, 2 eight arahd written as 24

This could be generalized to convert numbers i ddésto any other number base. Study the examplesvtio
convert a 142 in base 10 to a number in base 6
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Convert 142, base 10 to base 6
Number of 6’s Remainder
142 6x23 + 4
23 6x3 + 5
3 6x0 + 3

We read off the new number, base 6 from the remsaingtarting from below: 35450 142 in base 10 is 354 in

base 6.

This is usually arranged in the classroom as shostiow:

(@) 143, = ( )e6- 6 142
6 23 R 4
6 3 R 5
0 R 3
The remainders are written from the bottom upwaodsake up the answer.
O 142 = (354).
9 184
(b) 184, = ( )oo 9 20 R 4
0 184, = (224),, 9 2 R 2
0 R 2

5. Conversion of Fractions in other Number Baseto Base 10

We seen that in general a fractional number, hase b can be written:

a=a.bt+a,. b?+az.bd+............ ,
where b is any number base.
Alternatively, we can write it as:

a_q , a_p , a_3

.....(3, repeated)
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where b is any number base (Ward, 2007).

Therefore, in converting a decimal in base 10 f@etion in base b, we do the opposite of conmgrthe whole

numbers: we multiply the number in base 10 by beatgdly, and our remainder is theeger part of the

resulting number starting from the topVe continue to multiply each decimal part by thenber base being
corrected to until the decimals are no more orzero

For example

(@) (0.25), = ( )22

Convert 0.25 Base 10 to Base 2

Integer, Number of 2’s

0.25x2 0 5

5x 2 1 0

Therefore, (0.25) =0.05

This can be arranged as shown below:

2x025=1 050
2x0.50= 1.00

Write the answer as indicated by the arrow frontaugown formed by the digits before the decimahpmi
0 0.25, = 0.0%
(b) (0.375), = ( )a

4x 0375=1 1500
4x 0500= 2000
0 0375, = 012,.

(¢) (20.025), ( )s. First change 2@ to base 5

You know that 20 40;.

Then convert 0.025to base 5.

5x 0025=1 0125

5%x0.125= 0.625
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5% 0.625= 3.125
5% 0.125= 0.625
5% 0.625= 3.125
Notice that the decimals are recurring. So westap at any point. Therefore,
0.025, = (0.00303....
Therefore (20.02%) = (40.00303...5)
6. Multiplication and Division of Numbers in Various Number Bases
To be able to multiply in the various number bages, should be able to convert numbers from bas®e bther
number bases properly. Also you should be ablaltbim the various number bases. So students neexVise

these again before proceeding in the next unit.

To multiply numbers in other number bases, youukhdirst multiply in base 10 and then correct
immediately to the required number base you ardiwgrin. For example,

(i) 4s X 56

4 x 5 = 20, and 2Q, =3%

(i) Simplify 23, x 32
2 3

X 32

The multiplication and addition should be donehia given number base.

Students and teachers usually have problems witkialn in other number bases apart from base this. i$ just
because students and teachers find difficultiesotoprehend multiplication tables in such other nerriase.
Most teachers have the practice of converting tirabrers to base ten first, divide out and then cadrback to
the required number base. This is really a long @ndbersome procedure. The easier one way otltiof
problem is to guide the students to work out thdtiplication table using the divisor and the digits the
required number first before the division. In thase, the students can easily pick out the digitshie division
from the multiplication table developed in the n@nbase. Also, in division of numbers the digiteesied to
make up the quotient (answer) should be multipbigdthe divisor in the given number base. For exampl

32, +5; = 4, becausd, x5,=32,.
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Let us look at these divisions in other number base
(@) 10213+ 25
(b) 13233+ 23

For division, it is faster to first multiply ouhé divisor by the digits in the number base (Azu@]2). For
example, il 0213 + 25;, multiply out using digits 1-5 since these aredigits in base six.

Digits | 1 2 3 4 5

x25 | 25, |54, |123 |152 | 223

Also, in 13233 + 23, multiply out using digits 1-3 since these aredfwts in base four.

Digits | 1 2 3

x23, |23, |112, | 204,

These would save you the trouble of deciding theers to pick when dividing. Do same for other nemb
bases. Below are the solutions to the above prablem

@ 213
25 102 13 o s
—54 L {x  2554) Zsm
41 ~112 L (2x23, =112,)
- 25 L (1x 25=25) > 03
123 -2 01 -~ (3% 23,=201,)
- 1235 (§x 25=123 23
0 - 23 o (Ix 23,=23)
0
0 10213 + 25= 213 0 13233 +23, =231,

7. Conclusion

For a long time now many teachers teach numbershatsstractly by just stating the stating the atbans for
the conversions from one base to the other. Thischaated difficulties for both teachers and sttslém the
study of this important topic. Teachers and stuslent expected to use concrete materials to sirpie study
of the topic. The use of counters helps to cormeetiumbers in the various number bases other thsa ten.
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When students are exposed to number bases usimgecothey easily understand and comprehend theugar
number bases. In particular, this strategy woulabén students understand the basis of the usuadithlgns for
conversion from one base to the other and the tpaesaof addition, subtraction, multiplication adivision in
the various number bases other than ten. Teachersr@ouraged use counters to introduce numbes liase
students in schools and use the method of diviggea in this paper.
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