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Abstract

In this study, a mathematical model has been dedigm calculate the summer school lecturing feeBakuz
Eylul University. The modelling in this case hagbelone for a multiple of one course hour of forswool fee
which needs to be determined. Our model has beerpieted geometrically using real variable and vahed
functions and analysed based on the directionalvatares of these functions. In addition, the comepu
programme of this model has been designed anahitied condition semi-differential equation has bdermed.
The problem status, has been generalized whilggleiamplified.

Keywords: Mathematics, Multivariable Real Mathematics AnadysMathematical Models, Mathematical
Modelling

1. Introduction

It is necessary for people to be able to adapt emasttical knowledge gained in classrooms to other
aspects of their life, and there is a need forissidonducted to this end. In this context, thegiples and
standards for school mathematics published by Nati€ouncil of Teachers of Mathematics [NCTM], (D0
emphasizes the importance of students’ using madtiesnto solve the problems of the world that sumds
them. For this, mathematics education should biefjuality that enables students to develop a enadlical
attitude towards issues and problems. One of thgswa achieve this is to conduct mathematical nodgl
studies within the classroom.

Mathematical modelling is the process of mathem#idnterpreting events and the connections betwee
them, thus finding patterns between these evergss¢Waffel, Greer & De Corte, 2002). Niss (1999 adibes
mathematical modelling as the mathematical knowdedgthe combination of knowledge chosen to reprtese
real-life situations and the relationships betwtwesse situations. According to Galbraith and Clatimp (1990),
mathematical modelling is the adaptation of math@wdo real-life problems that are unstructuredshort,
mathematical modelling is the process of solvindfialiities and problems faced in real-life through
mathematical means. According to Lingefjard (20@6)s process involves observing the phenomenon,
uncovering the relationships, conducting matherab@malyses, finding results, and the reinterpietabf the
model. In the mathematical modelling process, &lifeasubject that exist outside of pure mathesis taken
and turned into mathematical expression, which kesathe use of mathematical techniques to shed dighhe
subject (Blumm & Niss, 1989).

Modelling studies enable students to see, if josaf moment, that mathematical knowledge is abodt a
adaptable to the real world (Sriraman, 2005). Yahynteachers and pre-service teachers are notrprepa
reduce pure mathematics to modelling activitiesnfleg 1989). Yet, the “mathematical modelling andbegm
solving” skill and proficiency comes first amongetmathematical skills and proficiencies studentstngain
according to the mathematics class curriculum, ghdnto be used first with"9grade students and applied
gradually thereon, first coming into effect in tB613-2014 academic year in Turkey (Ministry of Matl
Education [MoNE], 2013, s. IV). In addition, NCTMsa emphasized that mathematical modelling studies
should be included more in school mathematics (12800). Tekin and Bukova Giizel (2011), in theirdst on
middle school mathematics teachers’ views on magiieal modelling, express that practicing teacltersot
utilize mathematical modelling in their lessons dexe they do not know how to. For teachers andg@naee
teachers to develop mathematical modelling skilltheir students, it is necessary for them to fimstproficient
themselves and predisposed to bachelor’s levelenatical modelling studies. Therefore, the aim wf study
is to reach the solution of a real-life problemngsimathematical modelling, and present an example o
interpreting a solution through different approache
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2. Problem Status

A certain fee is expected to be paid to teachiaff 8tho serve in summer schools that happen irouari
faculties of universities. This fee is specifiedré@tation to the formal education fee for one ceursur of over-
time. In this relation, the summer school fee iswdtiple of the fee for one additional course houformal
education (for example, for 2014 it cannot be dvéimes). This designated multiple is not alwayewgh for
calculating the instruction fee (such as at timéene there are not enough students enrolled). @éndor up
until now), this has been the situation, and a matiple has been needed to be determined. It e@s that this
multiple has been determined by those involvedyuh trial and error, which is the situation thas Ibehind the
inception of our study.

G(Xl, X2,...,Xn) = 0is an algebraic equation with n number of unknowissuming that everything is
related, compatible and harmonious in the univeitsegen that an algebraic equation is an expnestiat
contains all of the connections together. If wegasa corresponding phenomenon to each of the umkadn
this expression, it will be revealed that the typéselations between the phenomena is examineul Len
equation. If there is a relation Iik@(xl,xz,...,xn) =0 between n number of phenomena( j=1,2,3,..,n )
functions such as,

X = 00X X) % = B0 X)X = 0 X X %)

will be found. These functions show that every trirg in the universe is related to the other things
such, the conclusion is reached that relationsbeagxamined using figures (Bulut, 1988).

If the set of real numbers is IF, : IR" - IR, w= f(X,X,,...,X.) is called a function with n real
variables and real values. The graphic of this ionds in the IR™ dimensional space. If we wish to visualize,
we will conduct the geometrical interpretation fsr3 (Ozer, Cakir, Giun, Diker & Giircay, 1996).

Since our study is unique to the subject, w&B,C,D,E,F OIR" as the constants; the closed
function;

G(X, Xy,...s %) = AX, + BX, +Cx; + Dx, + EX; + F =0
will be used, as well as th¢, (j = 1,23,4,5) open functions, written with the G relation andhibe

general expression off; 'IR* - IR X; = f, (X X0 X000 %) () = 12345), which are given

in  sequence; % = (%, %, %,, %) , X, = £, (%, %55 %45 %) , X = F30, %0 X4, %)
X, = 1406, %,%6) % = £, %,%,%,)

As mentioned in the introduction of our study, det@ing a multiple of the one additional course hou
fee for formal education and calculating the téeaturing fee for every lecturer working during suer school
constitutes the research problem. The teachind, stafo teach courses (and summer school courses) in
universities, can have the academic titles of [a%de associated professor, assistant professurde, and
instructor. There is an existing multiple of formadlucation additional fees specified by the DokyiuE
University senate. This number multiplies the leetfee for one additional course hour of formal cadion.
Let’s call the number specified by the senite Concerning, the members of teaching staff givéugnmer
school courses, which qualifies as additional, @finde three situations below will be encountered

SITUATION 1

The money to be distributed to all teaching stalfl x (All the teaching staff's additional fee
for formal summer school)

SITUATION 2

The money to be distributed to all teaching staffl x (All the teaching staff’s additional fee
for formal summer school)

SITUATION 3

The money to be distributed to all teaching staffl « (All the teaching staff’s additional fee
for formal summer school)

The mathematical expression for all three situatican be written as such;
If, T = the net money to be distributed to all teiag staff
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and R (i=1,2,3,4,5) is the total formal lecturing fee favery member of the teaching staff by sequence of
title, then we would write;

SITUATION 1

T = P+Py+Ps+P+Ps= 25: P 0
SITUATION 2 -

T > PPy +Py+Py+Ps= 25: P )il
SITUATION 3 "

T < P+P#+Py+Py+Ps= 25: P i

i=1
Of these three situations, the third (which is memsnhmon in the Buca Educational Faculty), is thestmo
problematic, because it requires a multiple smatan M. Naturally this new multiple can be determined
through trial and error. Yet this is both time comsng, and thisiew multiple, which is to be a positive real
number, can often not be determined accurately.

3. Modelling the Status

Let’s pick each titled member of teaching stafbasriable for our model. Since the number ofditke5,
this means 5 variables. Let’'s show these variabfesx1, x2, x3, x4, and x5. x1 standing for the bamof
professors, x2 for associated professors, x3 feis@t professors, x4 for lecturers, and x5 fatrirctors. Also
since summer school fees have been linked to fosotadol lecturing fees, let's show the forma scheek as;

a,=: One additional course hour fee for a professor

& =: One additional course hour fee for an associptefessor

a=: One additional course hour fee for an assigieafessor

a,=: One additional course hour fee for a lecturer

a=: One additional course hour fee for an instructor

These values are determined by regulations. Inratieds, they are constants in the model. In aoldliti
let’s show,

b,=: Total course hours professors attend in sumoterc

b, =: Total course hours associated professors aiteswmmer school

bs=: Total course hours assistant professors attesdmmer school

b,=: Total course hours lecturers attend in summieoaic

bs=: Total course hours instructors attend in sumscapol

Once the course schedules are determined, thesbedsme constant for the given year. These can als
be treated as constants in the model.

(Note: A member of the academic staff cannot lecfar more than 30 hours additionally per weela If
person has over 30 hours of lecture time, this bl disregarded and calculated as 30. For lectaeds
instructors the maximum is 32 hours.)

In addition;

K = the new multiple we aim to determine

T = the total money that is to be distributed te thaching staff

According to these, the rations of fees according are as follows:

a.. by, X4=: The ration all professors will receive from suemschool money,
&. . X,=: The ration all associated professors will reedirom summer school,
as. . X5=: The ration all assistant professors will recdigen summer school,
ay. by. X,=: The ration all lecturers will receive from sunmsehool,
a. bs. Xs=: The ration all instructors will receive from sarar school money,
According to all this data, out main mathematicaldel is,

K. ay. b]_ X1+ K. . bz X2+ K. . m X3+ K. . b4 X4+K . b5 X5 =T (1)
or in short,

5

D (ajbyx)K=T
j=
From here, our mathematical model for K would be:
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T

K= 2
a,b.x +a,b,.x, +a,b.x, +a,b,.x, +ab.x @
or in short;
K :5#
D (3 b .x;)
j=1

In addition, the (total) fees to be received byhemember of the teaching staff would be,

Total fee to be received by 1 professor = Katal hours of lecture they attend at summer skchoo
(maximum 30 hours per week)

Total fee to be received by 1 associated professkra.total hours of lecture they attend at summer
school (maximum 30 hours per week)

Total fee to be received by 1 assistant profess¢raztotal hours of lecture they attend at summer skchoo
(maximum 30 hours per week)

Total fee to be received by 1 lecturer = Ka@al hours of lecture they attend at summer scthoo
(maximum 32 hours per week)

Total fee to be received by 1 instructor = ft@tal hours of lecture they attend at summer schoo
(maximum 32 hours per week)

SPECIAL CIRCUMSTANCE: Let's have x(i=1,2,3,4,5) be the members of the teaching stéifth
haven't given courses in summer school. In thisagibn, the K multiple is found by writing x 0 (i=1,2,3,4,5)
in the (2) formula.

4. Analysis of Formulas (1) and (2)

4.1.Minimum and Maximum K

The formal school additional course hour fee facteng staff titled professor is always higher thfzat
of all other titles. In this case, if all coursassummer school are given by professors, the Kiphalvalue in the
(2) formula would be minimum. Let's represent thédue withK .,

The teaching staff with the title instructor alwayess the smallest additional course hour fee diitbdk.
Therefore, if all courses in summer school are mgive instructors the K multiple value in the (2jrfaula would
be minimum. Let’s represent this value Witk

These are also the limit inferior and limit superfor the K value. ThusK m, £ K and Ky
> K.And naturally K £ M ve K, < M. From here, we can write;

Kmin < K < Kmax( < M) (3)
Equality in formula (3) — K, = K = Kqax— would only happen in the exceptional situatidrew each
X (=1, 2,3,4,5,6) share the same academic title.

4.2.Geometrical Interpretation
0] After the K multiple is found, our model has a dams. On the other hand and b
(i=1,2,3,4,5) are also constant. In this case.lf.a(i=1,2,3,4,5) is also constant. Now, lets writeg = A
(i=1,2,3,4,5) into formula (1).
Al. X1+A2. X2+A3. X3+A4. X4+A5. X5 =T
or,

or,
A XA X+ Ag X+ Ay X 4+As. Xs—T=0 4)
The (4) equation in the context of a function wi¢lal variables and real values, will become theedo
function:

G(X Xp0e1X5) = AX + AXp + AXy + AX, + A =T =0 ®)
And through the G relation, lead to the followingen functions, with the general expression,
f,:IR* 5 IR X = 04 X X %) (1= 12349), given in order:
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L B A A
= (% %50 X4 Xs, Xe):% %Xl_%)%_%x4_%x5,
X = F3 (X0 %o, Xy, X, Xe)zi %Xl—%xz—%&—%)%,
X4:f4(X1,X2’X3aX5’Xe):%_%)ﬁ_%xz_%xe_%xs'
e e )

If we interpret through graphics, the equation €)d in relation the equation (1) should gain aabiyt
special status. This notably special status, ieadt two of the x(j=1,2,3,4,5) variables having a value of O
(Because summer school opens, at least one of thest be other than 0). Accordingly, let's haed two

components with the value 0. For examplg0x x%=0. Equation (5) could be expressed as;
G(X, Xy, %) = AX, + AX, + AX; —T =0 (closed),

or with the open functions;

_ T A A
=f 21 A A T
(%, %) = A AX Alxg (6)
_T A A
=f = -1y '3
X, = (%, %;) A Ale A2X3 @)
_T A, _A
X, = f )= ——Lx —"2Zx,
3(X,X,) A A3><1 A3X (8)

For example, the graphic for (8) can be seen inreid..
(% >0,%>0,x, >0,l>0,l>o,l>0)
A A A

I

Figure 1.Plane segment, intersecting with and confined withe positive coordinates

The graphics for the functiong and % are also similar to Figure 1. Only the points isgeting with the

coordinates are different.
(b) Let’s have three components with a value of 0. &@mple, ¥=0, x=0, %=0. The equation (5) can

be expressed with the function,
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G(X,%X,,%3) = AX, + AX, =T =0 (closed),

T A
= f,06) = =2, 9
% = f,(6) = -=—2x ©)

or the open functions,

X, = (%) = X (10)

P> >

T
A,
For the graphic representation of (10), see Figure

T T
(x,>0,x,>0,—>0,—>0)
A A

X2
'y

T
C2 (0, E)

Cy
T

» X

Figure 2. Line segment intersecting with and caedimvithin the positive coordinates

The graphic for the function is also similar to trig 2. Only the points intersecting with the coonadés
are different.

(c) Let's have four components with a value of 0. Earaple, the equation (5) would become a relation
within IR, as seen below:

G(x)= Ax-T =0
Accordingly,

X = (11)
Is a point in IR. For the graphic of (11), see Figure 3.
Ci

o T
A,

r 3

Figure 3 A point on the positive coordinate

(ii) Let's take @ by X+ &. b Xor &. b Xst ay. by X4+ &. bs = ¢ (constant) in formula (2).
Then,

T
K=— (12)
C
will be found. In relation (12), if K is thought @&fs the dependent variable, and T as the independen

variable, the graphic would be the line graphicveas Figure 4. This function is limited with M.
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Figure 4 Limited line segment intersecting with the origioimt and limited to the first quadrant.

If in the relation (12), T is thought of as the dagdent variable and K the independent variable;
T =cK (13)
will be found. The graphic for (13) is the lineaaghic shown in Figure 5.

TK

CMt-cie e

O

Figure 5. Limited line segment intersecting witk tirigin point and limited to the first quadrant

4.3. Analysis with the Concept of Directional Derivative
0] Let's have the unit vectors of the Cartesian systensisting of the components be,

—_— — — —

€,6,,65,6,,6 X, = F (X, X, Xjup0n Xs) (] = 12349)
given in order. Now we’'ll calculate the directiordgrivatives of their functions in the direction thie
unit vectors. First, let's calculate for j=1. Besau

T AL AL AL A
A A A A A
X1 ‘s derivative in the direction oeT (j=2345) is Dej f,=grad fl.g; . On the other hand,

Ay Ag Ay Ay

gradf, = -2 ,
FELT AT TA S TAM AT

_— — — —

Which by, x ‘s directional derivative in the direction of tf8, , €5, €, , €& unit vectors can be found

X = £, X5, X, X5) = X5

as
grad fl.g = —%, grad f1.§3 = —%, grad f1.€4 = _X, grad fl.eﬁ5 = —%, (14)

in the given order. Similarly, let’s look at thastses j=2, j=3, j=4, and j=5. In the given order,
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D, f, = gradf,§ = —% (i = 1345) (15)
D, f, =gradf,g = —% (i = 1245) (16)
D, f, = gradf,g = —% (i = 1,235) (17)
D, fs = gradf, € = —% (i = 1234) (18)
are found.
(ii) If the unit vectors of the TK-coordinate system &[g€, , then K’s derivative in the direction
of é; according to formula (12) will be
— — 1-=_1
D, K = gradK g —E.q.el s (19)

Similarly, let's have the unit vectors of the KTerdinate system b€,,€, . Then, T's derivative in the

direction ofé would be found as,

D, T =gradTe = ceg =cC (20)

5. Conclusion and Discussion
The application of formula (I) expresses that, “Tioéal net money will be distributed between the
teaching staff participating in summer school. Naney will be left for the organization (university)

The application of the formula (II) expresses tiate total net money is more than that what wal b
distributed between the teaching staff particigptmsummer school. Money will be left to the

5
organization, and the amount of that monely isz P
i=1
The application of formula (l11), means that thadking staff will be payed according to the K npl#i

found. The net total of money will be distribute@tiveen teaching staff. There is no money left te th
organization.

The number of students attending summer schoobeahought of as a variable, because whether this
number is high or low affects the income teachelisreceive. But this number also affects the taotat money
(T) and therefore loses significance. Thus, itdsaanecessary variable.

When the formulas (14) to (18) are examined, iséen that each directional derivative is in the
negative direction. This shows that each independariable decreases with the increase of othezgaddent
variables. We can explain this negativity as sddfe T value in formula (I) is unchanging (constait)erefore
when one of the values for the variable$ jx1,2,3,4,5) increases, then the value of attleas of the others
must decrease. We could also reach these resutisgth a) the partial derivatives of the closed fioms b)
partial derivatives of the corresponding open fioms. Through the graphics shown in Figure 1 ampliféi 2, it
can be said that the points intersecting with therdinates are related to T. Therefore, the highemamount of
net total money, the further away these points bélifrom the origin point. Inversely, the smallee net total of
money, the closer the points intersecting withaberdinates are to the origin.

Approaching formulas (19) and (20) we can see #ah directional derivative is in the positive
direction. This shows that K increases as T doesvice versa. The higher the c value, the lower iK ve.
Inversely, the smaller c is, the higher T is.

If we take a step further, we encounter differ@ngiquations with partial derivatives. For exampite
partial derivative differential equation for=;(X,,%3,X4,%s5), from equation (5) would be an initial condition
partial differential equation:
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o __A 0 __A
ox, A X A’
o __ A X __A
ox, A o A

% (0000) = f, (0000) :%

Let's write A = K. 3. B; (i=1,2,3,4,5), into this equation. The partiatidative differential equation we
find would be another mathematical model of the ehdwl question. If the fee for one additional cauh®ur is
the same for lecturers and instructors, the totahlmer of lecturers and instructors can be takea asgle

variable, reducing the number of variables withie tmodel by 1. Accordingly, all formulas, relatioand
interpretations will be made with 4 variables.

Because the lecturing fee for one additional cobme is the same for lecturers and instructof®okuz
Eylul University, the computer programming has bdene accordingly.

5.1.Programming the Mathematical Model
The coding of our model in the “Visual Studio” sedre is given in Figure 6.

- JECT e et ol b Lo 8
B mer sEW, moECY  MED NHE0 TEAM CTOO(S WEY  MRCHIECIN  ONELEH  WEIDOW R
- L e L s e e 5 3

Figure 6. The writing of the model in basic prognaimg language

The screenshot after the programme is run is givémgure 7.
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IEDHN TONG O w A EAA TR &

Figure 7. Running the model in a computer programme

And below there is an example of the programmaingin Figure 8.

|2 w7 Coa1 a8 Verers

R b
frimi it Fyo e

Figure 8. Modelling Example

5.2. Generalizing the Problem Status (The Exampl®tl Additional Fees in an Organization)

An organization pays a fee for all employees thatip work overtime. This payment comes from the
money these workers bring into the organizationthis organization, the employees are sectionalintal
certain categories. Naturally, there is certain bemof people employed in each category and theofemne
hour overtime for each category is different (thliional fee is the same for all employees in #agne
category). A part of the money earned through awertwill be left to the organization, and the resll be
distributed among the employees in various categofThe proprietor wishes to distribute the morayyf
Let’s design the mathematical model to calculagefée to be received by each employee.

Solution: Let’'s assume the employees have been sectionatisgah number of categories. Let’s show
the number of employees in each category withx X3, ...,%,. T= The total money to be paid to all employees
for overtime. a= the fee for one additional hour for the employgé=1,2,3,...,n), = the total additional hours
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for employee x(i=1,2,3,...,n). According to all of these, the sh&wmebe payed of for i (i=1,2,3,...,n), will be
K.a.b (i=1,2,3,...,n). As a result, our formula (mathemaltimodel) for distributing payment would be as
follows:

> @hx)K=T

Frome here our mathematical model for K would be,
_ T
a,b,.x +a,b,.x, +ab,.x; +...+a,b, X,

or in short,

K:%
Z(ah-x)

This generalized problem status can also be rtimeitomputer programme.

5.3.Concluding Comments

The importance of content knowledge in modellingregt be ignored. Content knowledge (especially
mathematical analysis) needs to be comprehensivemimhematical modelling. Because if the content
knowledge is not sufficient, it cannot be relatdticently to real-life situations. In this case ither the
(mathematics- real-life), nor (real-life- mathematics approach) can be properly addressed.
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