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ABSTRACT

A comprehensive study of thermal radiation oneady two-dimensional laminar flow of a viscous
incompressible electrically conducting micropoland past a stretching surface embedded in a naci@a
porous medium is analyzed numerically. The goveynéguations of momentum, angular momentum, and
energy equations are solved numerically using RuKgéta fourth order method with shooting technigiiae
effects of various parameters on the velocity, ongtation, and temperature field as well as skintiém
coefficient, and Nusselt number are shown graplyiald in tabulated. It is observed that the miotap fluid
helps in the reduction of drag forces and also @@ cooling agent.

KEYWORDS: Micropolar fluid, Free convection, Darcy numbermidion, MHD, Porous medium.

1. INTRODUCTION

Micropolar fluids are fluid with microstructur&@hey belong to a class of fluids with honsymmetric
stress tensor that we shall call polar fluids. Mpolar fluids may also represent fluids consistofgrigid,
randomly oriented (or spherical) particles suspdridea viscous medium, where the deformation ofptheicle
is ignored. This constitutes a substantial geneatitin of the Navier-Stokes model and opens a rnield bf
potential applications. The attractiveness and pafi¢he model of micropolar fluids come from treef that it
is both a significant and a simple generalizatibthe classical Navier-Stokes model. The theorynafropolar
fluids developed by Eringen [1] and has been & fidlvery active research for the last few decadethis class
of fluids represents, mathematically, many indastimportant fluids such as paints, body fluids|)ypeers,
colloidal fluids, suspension fluids, animal blodiyuid crystal, etc among the various non-Newtonfrids
model. Eringen[2] has also developed the theorghefmomicropolar fluids by the extending the theofy
micropolar fluids. A thorough review of the subj@dtthe application of micropolar fluid mechanicashbeen
given by Lukaszewicz [3] and Arimanm et al [4]. Aadi [5] obtained a similarity solution for microjaol
boundary layer flow over a semi-infinite plate. deand Mathur [6] further studied the laminar freaection
flow of thermomicropolar fluids past a non-isothatmertical plate.

Boundary-layer flow and heat transfer over a camtirsly stretched surface has received considerable
attention in recent years. This stems from varjossible engineering and metallurgical applicatismsh as a
hot rolling, wire drawing. Metal and plastic extims, continuous casting, glass fiber productiornystal
growing, and paper production. The continuous serfaoncept was introduced by sakiadis [7,8]. Rgjabet al
[9] studied a boundary layer flow a non-Newtoniaerma stretching sheet with a uniform free streldady [10]
studied the solution of a heat transfer to a miclapfluid from a non- isothermal stretching sheéh injection.
Na and Pop [11] investigated the boundary layew fid micropolar fluid due to a stretching wall. ldasien et
al [12] studied a numerical solution for heat tfansn a micropolar fluid over a stretching shdésseaux and
Kelson [13] studied the flow of micropolar fluid tweded by stretching sheet. In all the above studhes
authors have taken the stretching sheet to beianted in horizontal direction. However, of late thffects of
MHD to the micropolar fluids problem are very imfort. Abo — Eldahab and Ghonaim [14] investigatesl t
convective heat transfer in an electrically conghgetmicropolar fluid at a stretching surface withiform free
stream. Pavlov [15] studied the boundary layer flofvan electrically conducting fluid due to a sttéhg of a
plane elastic surface in the presence of a unitoamsverse magnetic field. Chakrabarti and Gupsh éktended
Pavlov’'s work to study the heat transfer when daum suction is applied at the stretching surface.
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Many processes in engineering areas occur at ldgiparatures and knowledge of radiating heat
transfer becomes very important for the designhefiertinent equipment. Nuclear power plants, gesirtes
and the various propulsion devices for aircraftssies, satellites and space vehicles are exanglssich
engineering areas. Abo-Eldahad and Ghonaim [11yaes the radiation effects on heat transfer ofi@apolar
fluids through a porous medium. Ishak [18] studigel thermal boundary layer flow over a stretchihget in a
micropolar fluid with radiation. Gnaneswar [19] died the heat generation and thermal radiatiorctsffever a
stretching sheet in a micropolar fluid. Olanrewejlal. [20] found radiation effects on MHD flow oficropolar
fluid towards a stagnation point on a vertical @lat

However the interaction of radiation effect of alectrically conducting micropolar fluid past a
stretching surface has received little attentioant€ an attempt is made to investigate the radiafifects on a
steady free convection flow near an isothermalic@ristretching sheet in the presence of a magfield, a
non-Darcian porous medium. The governing equatarestransformed by using similarity transformateomd
the resultant dimensionless equations are solvadkeriocally using the Runge-Kutta fourth order methwith
shooting technique. The effects of various goveyngarameters on the velocity temperature, skinidnic
coefficient and Nusselt number are shown in figuaed tables and analyzed in detail.

MATHEMATICAL FORMULATION

Fig.Sketch of the physical model.

Let us consider a steady, two-dimensional lamifi@e convection boundary layer flow of an electiica
conducting and heat generating/absorbing microghlat through a porous medium bounded by a veriza
thermal sheet coinciding with the plane y = 0, vehitre flow confined to y > 0. Two equal and oppo$itrces
are introduced along th¥ - axis so that the sheet is linearly stretched kegthe origin fixed (see Fig.1). A
uniformly distributed transverse magnetic field stfength B is imposed along thg/' — axis. The magnetic
Reynolds number of the flow is taken to be smatiugyh so that the induced distortion of the applietnetic
field can be neglected. The viscous dissipative lealso assumed to be negligible. It is also @&zl that
microscopic inertia term involving (whereJ is the square of the characteristic length of astucture) can be
neglected for steady two — dimensional boundarerdiow in a micropolar fluid without introducingng
appreciable error in the solution. Under the abassumptions and upon treating the fluid saturat@wys
medium as continuum, including the non-Darcian tiaereffects, and assuming that the Boussinesq
approximation is valid, the boundary layer formtbé governing equations can be written as (WillgdH
,Nield and Bejan [22])

au oV _

—+—=0
ox oy

1)
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Subject to the boundary conditions:
u=bx v=0 T=T, o0=0 aty-=0,
u-u,T - T ,0=0asy - o 5)

where X and y' are the coordinates along and normal to the sheeand V' are the components of the
velocity in theX and y' - directions, respectivel)U,k1 andG; are the microrotation component, coupling

constant, and microrotation constant, respectivédy, C,K,T' are the effective thermal conductivity,
permeability of the porous medium, transport propeglated to the inertia effect, fluid temperatuespectively.
£,,U_ andg are the coefficient of thermal expansion, coedfitiof concentration expansion, volumetric rate

of heat generation, free stream velocity, and acatbn due to gravity, respectivelg,,, 0,V and C,are the

electrical conductivity, density, apparent kinematiscosity, and specific heat at constant presstithe fluid,
respectively.

By using the Rosseland approximation (Brewster)[2BE radiative heat flux iy’ direction is given by

Qoo T"

where O is the Stefan-Boltzmann constant akidis the mean absorption coefficient. By using (#he
energy equation (4) becomes

, 0T’ oT" _ k 0°T’ 40" 9°T"
u +V = —¢ st 7)
ox' oy pc, 0y? 3Kpg 0y

It is convenient to make the governing equations
and conditions dimensionless by using

ng yzgR u:i, v:i,R R= U H:T,_T“j
u’ u, u, u, N T-T

v = 0B o 9B, -T.)
b bu
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In view of the equation (8), the equations (1), (3) and (8) reduce to the following non-dimensidiorm.

MM oo ©
ox ay

2
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The corresponding boundary conditions are
u=x v=0 =0 =1 at y =0,
u=l =0 =0 as y - 3j1

whereR s the Reynolds number. Proceeding with the arglyg define a stream functia#t(X, y) such that

u-a—w v=-%¢ (14)

ay 0Xx
Now, let us consider the stream function as if

wxy)= f(Y+xq'y
(15)

o =xh(y)
(16)

In view of equation (14) — (16), the continuity egjon (9) is identically satisfied and the momentequation
(10), angular momentum equation (11), energy eqodfi2) becomes

oy Oy _dy oy oYy, (M LUy ) ~Gro (17)
dy 0xdy 0Ox dy 0y oy "(dy
0poo_owoo_156, 4 50°0 06
=74+ " |+ +3 (+r @y —
dy ox oxdy Proy 3FPV£( RETA ! 9y, -
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and the boundary conditions (13) become

a_w—x a_l//: h=0 =1

= ty=0
oy 0X Y
a—walh_»049—>0asy—»°° (20)
ay

in equations (17), (18),(19) and equating coeffitief X% and X, we obtain the coupled non-linear ordinary
differential equations

f'"+f'g—f'g’—£M+ij f'—yf2+Gréd=0 (21)
Da

gm_l_ggn_(g)z_( M+Diaj g—zy fg+ Nl.h: O

@2)
GH -2h-¢'=0

@3)

(3F +4(1+r6)") " + 3PFgE + 12( #r6)° 67 = | @4)

where a prime denotes differentiation with respedt .

In view of (17) and (18) , the boundary conditi¢@8) reduce to

f=0 f'=0 g=0 g¢g=1 h=1 6@=1 at y=0

f,—>1 g'—>0 h—>0 6—>O asy—>0° (25)

Of special significance in free convection problears the skin-friction coefficient, Neusselt number

The shear stress at the stretching surface is dgiyen

7, =(u+ k)(a—uJ +k(o),,= pvb!{%)
y'=0 y y=0

oy
= pvbR '(0)+ xd (). 26
The skin-friction coefficient; is given by
T 20 cu '
Co=1" ==[1"(0)+ xd'(0)].
12 R
ou;,
2 (27)
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The wall heat flux is given by

T’ bR( 0T b
qw=—k(—,j - —k—(—j =k HT,-T)00).
0y )y u, \ 9y ), LLOR( )
Nussel number Nu=—m __ — b—F\)G'(O). (29)
k(T,-T.)

w 00

(28)

00

NUMERICAL PROCEDURE

The shooting method for linear equations is basedeplacing the boundary value problem by two
initial value problems and the solutions of the fmary value problem is a linear combination betwéen
solutions of the two initial value problems. Theosting method for the non-linear boundary valuebfgm is
similar to the linear case, except that the sotutsd the non-linear problem cannot be simply expedsas a
linear combination of the solutions of the two imlitvalue problems. Instead, we need to use a segquef
suitable initial values for the derivatives suchttthe tolerance at the end point of the rangesig small. This
sequence of initial values is given by the secaethiod, and we use the fourth order Runge-Kutta ogeth
solve the initial value problems.

Following Rosenhead [24] and Carnahan et al [2%, talue ofy at infinity is fixed at 5. The full
equations (21) - (24) with the boundary conditi¢@S) were solved numerically using Runge-Kutta rodth

algorithm with a systematic guessirfg'(0),g" (0),h' (0),8' (0) by the shooting technique until the boundary
conditions at infinity f'(y) decay exponentially to one, alsg'(y), h(y),0(}) to zero. The functions
f',g',—h @ are shown in Figures.

RESULTSAND DISCUSSION

As a result of the numerical calculations, the disienless velocity, angular velocity , temperatame
concentration distributions for the flow under ddesation are obtained and their behavior have lksrussed
for variations in the governing parameters vize thermal Grashof numb@r, solutal Grashof numbesc,
magnetic field parametd, Radiation parametét, the parameter of relative difference betweendhgperature
of the sheet and temperature far away from thetshd@randtl numbeiPr, Darcy number, porous medium
inertia coefficient)/, vortes viscosity parametéd1, microrotation paramete®. In the present study, the
following default parametric values are adop®d= 0.5,G¢c=0.5,M = 0.01,Pr =0.71,F =1.0,r = 0.05, y =

0.01,N1=10.1,G = 2.0,Da = 100. All graphs therefore correspond to thedeasnspecifically indicated on the
appropriate graph.

Fig.1(a). Shows the variation of the dimensionksiscity componentf ' for several sets of values of

thermal Grashof numbésr. As expected, it is observed that there is a ngbeé velocity due to enhancement of
thermal buoyancy force.

The effect of variation of the magnetic paraméteon the velocity  (f'and g"), angular velocity-

h, temperatured and concentratio profiles is presented in Figs. 2(a) — 2(d) retipely. It is will know that

the application of a uniform magnetic field nornt@khe flow direction gives rise to a force callsatentz. This
force has the tendency to slow down the velocitythef fluid and angular velocity of microrotation the
boundary layer and to increase its temperatures #hiobvious from the decreases in the velocityfilps)
angular velocity of microrotation profiles, whilerhperature profiles increases, presented in Fi@.-22(d)
respectively.

Figs. 3(a) — 3(d) present typical profiles for teriables of the fluid'sx — component of velocity (
f'and g'), angular velocity-h, temperatured for different values of Darcy numb@a. It is noted that

values ofDa increases the fluid velocities and angular velodgityreases, while temperature of the fluid be
decreases.
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Figs. 4(a) — 4(d) present the typical profiles thoe variables of the fluid’s — component of velocity (
f'and g'), angular velocity-h, temperatured for different values of the porous medium inexeefficient
y . Obviously, the porous medium inertia effects tiomi® resistance to the flow. Thus as the inastiafficient
increases, the resistance to the flow increasesjregthe fluid flow in the porous medium to sloeweh and the
temperature, concentration increases and, therefase) increasesf’, g’ and -h decreases while the

temperatured

Figs. 5(a) — 5(d) present the typical profiles thoe variables of the fluid’s — component of velocity (
f'and g'), angular velocity-h, temperatured for different values of the vortex viscosity paester N1

Increase in the values MfL have a tendency to increade, —h, & and to decreasg' .

Fig. 6 is a plot of the dimensionless angular viéyoeh profiles for different values of the presence of
the microrotation paramet&. The curves illustrate that, as the valueS&afcreases, the angular velocitly, as
expected, decreases with an increase in the boymtaler thickness as the maximum moves away froen th
sheet. Of course, when the viscosity of the flledréases the angular velocity of additive increase.

Fig.7(a). lllustrates the dimensionless velocitynponent f ' for different values of the Prandtl number

Pr. The numerical results show that the effect oféasing values of Prandtl number results in a deang
velocity. From fig.7(b), it is observed that anrimase in the Prandtl number results a decreadeeahermal
boundary layer thickness and in general lower a@estamperature within the boundary layer.

The effect of the Radiation parametér on the dimensionless velocity componefit and
dimensionless temperature are shown in Figs. 8(a) &b) respectively. Fig.8 (a) shows that velocity
component f' decreases with an increase in the radiation pdearfie From Fig.8(b) it is seen that the

temperature decreases as the radiation parafmetereases. This result qualitatively agrees wikpegtations,
since the effect of radiation is to decrease the od energy transport to the fluid, thereby desirgg the
temperature of the fluid.

The influence of the parameter of relative differe between the temperature of the sheet and the
temperature far away from the sheein dimensionless velocitf ' and temperature profiles are plotted in Figs.
9(a) and 9(b) respectively. Fig.9(a) shows thatetisionless velocityf ' increases with an increaserinlt is
observed that the temperature increases with aease i (Fig.9 (b)).

Table 1 illustrates the missing wall functions feelocity, angular velocity, temperature and
concentration functions. These quantities are lsafevaluation of wall shear stresses, gradienaogular
velocity, surface heat transfer rate and mass feamate. The results are obtained for 0.05 and different
values of the the thermal Grashof numBey, magnetic field paramet&t, Radiation parametét, the parameter
of relative difference between the temperaturehef gsheet and temperature far away from the shdatandtl
number Pr, Darcy numberDa , porous medium inertia coefficieny , vortes viscosity parametexl,

microrotation parameté&s . From Table 1 indicate that increasing the valddb® Grashof numbegr result in
an increase in the values df'(0) . This is because &r increase, the momentum boundary layer thickness

decreases and, therefore, an increase in the vafu€$(0) occurs. The results indicate that a distinct ifall
the skin-frction coefficient in the x — directiorf { (0) and g"(0) ),the surface heat transfer raté'(0), while
gradient of angular velocityr'(0) increases , accompanies a rise in the magnetit fimameteM. Increases in
the values oDa has the effect of increasing the skin-frictiondtion f"(0), heat transfer rate-@'(0) while
gradient of angular velocity1'(0), the skin-friction functiong”(0) slightly decreases aBa increases.
Further, the influence of the porous medium inectiefficient ) on the wall shear stresses, gradient of angular

velocity, surface heat transfer is the same asdhé#ihe inverse Darcy numbdda™ since it also represents
resistance to the flow. Namely, gg& increases, f"(0),8 (0), decrease whileg"(0),—h (0) slightly
increases, respectively.
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From Table 2 that for given values G, M, Da, )/, an increase in the values of microrotation
parameterN1 leads to reduction in the skin-friction functia'(0),8 (0) while the skin-friction function
f"(0), gradient of angular velociti'(0), increase abll increases. The skin frictiof "(0) increase and the
gradient of angular velocityn'(0) is decreased as the microrotation paramétencreases, while the skin-
friction coefficient in thex- directions Q"(0) heat transfer rate-@'(0) are insensible to change .
Increasing the values of heat generation paramétessult in an increase in values &f'(0) and the heat

transfer rate—@'(0) decrease. It is observed that the magnitude ofwhietemperature gradient increases as

Prandtl numbePr or radiation parametdf increases. Furthermore, the negative values olvilietemperature
and concentration gradients, for all values of dimaensionless parameters, are indicative of thesiphl fact
that the heat flows from the sheet surface to thiient fluid.

o 1 2 s n s ' ' Ty ) ’
y
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Table 1 Variation of f",g",—h,8 ,¢ at the plate witlGr, M, Daand y for Pr=0.71, F =1.0, r = 0.05.

or |M  |pa |V |ft'@ |g© |NO) |-60)

0.5 0.1 100 0.01 1.21865 -1.05339 0.25808 0.27721
1.0 0.1 100 0.01 1.72256 -1.05339 0.25833 0.276989
0.5 0.2 100 0.01| 1.64847 -1.05339 0.25827 0.277042
0.5 0.1 10 0.01 1.11425 -1.05275 0.26313 0.272843
0.5 0.1 20 0.01 1.12368 -1.09429 0.26264 0.2732p5
0.5 0.1 100 0.1 1.17407 -1.09973 0.26014 0.2754p5
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Table 3 Variation of f",g",—h',8" at the plate witlG, Pr, N1, Ffor Gr = 0.5, M = 0.1, Da = 100.

G|Pr | NL]F | f%0) 9"(0) ~h'(0) ¢(0)

2 1071 | 01| 1.0 1.12865 | -1.05339 0.25808 0.27721
4 071 | 01| 10| 121747 | -1.05339 0.15006 0.27721
2 110 |01]| 1.0] 1.1752 -1.05339 0.25805 0.33548
2 1071 | 04| 10| 1.22994 | -1.03823 0.25937 0.27557

CONCLUSIONS

The problem of steady, laminar, free convectionrutary layer flow of micropolar fluid from a verdc
stretching surface embedded in a non —Darcian gonoedium in the presence of thermal radiation,aunif
magnetic field and free stream velocity was inygggtd. A similarity transformation was employedctange
the governing partial differential equations intdioary one. These equations were solved numeyibglifourth
order Rung — Kutta along with Shooting techniquewifle selection of numerical results have beengmtesl
giving the evolution of the velocity, microrotatiotemperature profiles as well as the skin- frictemefficient,
heat transfer rate. It was found that the skintifsit coefficient, heat transfer rate are decreas®t gradient of
angular velocity increases as the inverse Darcybaumporous medium inertia coefficient, or magnéidtd
parameter is increased. It was noticed that ineimee in radiation parameter or Prandtl number dadeerease
in the skin-friction coefficient and increase irh&ransfer rate.
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