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Abstract

Slope and Deflection in beams has a key role to play in determining the quality of a beam and they are thus
paramount in conducting beam design. Moment-Area method of beam design is a versatile method of
determining slope and deflection in beams as it can determine them in beams of varying cross-section unlike
most mathematical methods of determining slope and deflection. This paper presents a novel Moment-Area
method of determining slope and deflection in beams by analyzing various case scenarios of loading on a simply
supported beam. The results of this novel method are validated using Macaulay’s method of slope and beam
deflection and are shown to be in unison.
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1. Introduction

Beams are used to carry various types of loads that are loaded perpendicularly to the axis of the specific beam in
question. It is inevitable that the loaded beam will sag under the weight of the load being carried, regardless of
whether the span beam of the beam is wide. Many structural codes consider the deflection of structures in terms
of safety and serviceability. Safety ensures that no casualties result from structural collapse. For this, it is
necessary to provide sufficient time for people to identify deformations, such as deflection of the structure and to
evacuate before destruction (Kim & Kim 2021). Several parameters are used to define the curvature of this
sagged beam to determine its usefulness in engineering applications. The slope of the curvature is measured from
the imaginary horizontal axis and the deflection of the curvature is measured from the nominal position of the
beam when un-loaded.

Several methods have been devised to aid in calculating the slope and deflection in beams (Khurmi & Khurmi
2019), among them Macaulay’s method, double integration method, Superposition method, Moment-Area
method and Castigliano’s method. However, Moment-Area method is superior to these other methods mentioned
in that it in addition to analyzing deflection in conventional beams, it is also capable of analyzing the deflection
in beams of varying cross-section like stepped shafts and as such it is more versatile.

Despite the fact that Mohr’s theorems were seemingly invented a long time ago, they are still in use to this day
as a graphical technique known as the Moment-Area method. Moment-Area method is a graphical technique that
requires visual representation by graphical methods for analysis of slope and deflection of beams. From the
conventional interpretation of Mohr I and Mohr II (collectively known as Mohr’s theorems), one is required to
have a graphical drawing of the Bending Moment Diagram before analyzing the slope and deflection of the beam.

The consequence of employing this graphical method as is currently interpreted from the Mohr’s theorems is that
it makes the method cumbersome and lengthy for engineers looking for a speedy and efficient method of
analyzing beams. Further, the efficacy of the method in determining slope and deflection is also dependent on
the accuracy of the graphs drawn for the analysis.

In an ideal situation, the determination of slope and deflection in beams should be simple, accurate and not prone
to error. To remedy this, a mathematical technique is required to replace the graphical technique in use. It is
much simpler, accurate and error-proof to use mathematical equations in determining the slope and deflection in
beams than to employ graphs to do the same.

Considering Mohr I and Mohr II that form the backbone of Moment-Area method of beam deflection; to
calculate slope between two points in a beam, one needs to determine the area under the Bending Moment
Diagram (BMD) between these two points. On the other hand, to calculate deflection, you need to determine the
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first moment of area of the BMD between these two points i.e. the area between two points multiplied by the
centroid of the region in question with respect to the right hand support.

When the BMD is triangular in nature due to the fact that the load applied is a point load, this makes it easy to
determine the area under the BMD and the centroid of any region under the BMD. However, in the case the
beam carries a Uniformly Distributed Load (UDL) or a Variable Distributed Load (VDL) or a combination of
these loads with point loads; determining the area underneath the BMD is not straight forward nor is the
determination of centroids of any specific region.

This paper proposes a novel mathematical Moment-Area technique to replace the graphical method that requires
one to draw the BMD in the first place. The proposed technique will be versatile enough to calculate slope and
deflection under all types of loadings on the beam without requiring one to actually draw the BMD.

2. WHEN THERE IS NO BREAKPOINT IN THE BMD, BUT THERE EXISTS A TURNING POINT ON
THE DEFLECTION CURVE
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Figure 6:Beam without a Breakpoint in the BMD but with Turning Point on Deflection Curve

2.1 DETERMINING SLOPE AND DEFLECTION USING MACAULAY’S METHOD
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The bending moment along the length of the beam is given by:
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Figure 7: FBD for drawing the BMD
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To eliminate the constants of integration ; and £5 we apply boundary conditions. From the beam, it is evident

that the maximum slope will occur at the ends A and B and slope will be zero at mid-point. Similarly, deflection
will be zero at the ends A and B and maximum deflection will occur at mid-point.
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2.2 DETERMINING SLOPE AND DEFLECTION USING MOMENT-AREA METHOD
For this beam, the equation of EM will be the same when x is measured from either Foint A or Foint E and is

given below. In the instance when they are not the same, it is important to generate equations of BM with x
measured from the right hand support.

- . L
Mix) = Tq.r' + q?r

To determine the slope and deflection of the beam, consider the deflection of the loaded beam as shown in the
diagram below.
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Figure 8: Deflection curve of the loaded beam

Analysis of Slope:

If C is the mid-point of the beam, we know from theory, that maximum slope along the length of the beam will
be given by:

Max Slope = 8, = B¢ (albeit with dif ferent signs!)

However, let us derive a general equation to determine the slope at any point along the length of the beam with
respect to the position of “null — slape”.

From theory, Bor :EJ. Mdx
P
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Thus, the slope of any point on the beam with respect to the slope at mid-span is given by:

g
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(The negative sign indicates slope from Point € to 4 is measured closkwise)
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These results compare well with those obtained by Macaulay’s Method of beam deflection and as such, it is
evident that in addition to the already mentioned advantage, this method is quicker when determining the slope
(and as we shall see later, the deflection) between two arbitrary points on a beam.

For instance, one can quickly determine the slope between two arbitrary points, say the slope of Foint £

with respect to Foint A shown in the diagram below as follows:
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Figure 9:Determining slope between point E and point A
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Slope of Point E with respect to Point B can be given by:

Alternatively, Beq = B + 80y =

L
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It is evident in the results that,|8z,| # |8z5] hence,we can conclude that:
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We can determine the nature of variation of Slope along the length of the beam as:
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This means that the slope varies quadratically along the length of the beam and Maximum Slope with
respect to the Slope at Point C occurs whenx = Dand x =L,

C

Boy = o = Oac oF oy = B = 8y (which agrees with our earlier analysis)

Analysis of Deflection:

Again, if C is the mid-point of the beam, it is important to note that maximum deflection of the beam will be
given by:

Max Deflection (Ypay) = Yoz = Acx

However, let us derive a general equation to determine the Vertical Intercept at any point along the length of
the beam.
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Thus, the Vertical Intercept of a Point x on the beam with respect to Point C (mid-span) is given by:
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Similarly, the Vertical Intercept of a Point x on the beam with respect to Point B (Right-Hand Support) is
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Thus, considering the points A. DL E and E along the beam shown on the deflection curve in the previous

analysis, we determine their Vertical Intercept and Deflection with respect to Point B as follows:

Deflection of Point D with respect to Point B
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Figure 10:Schematic for determining deflection at point D
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Figure 11: Schematic for determining deflection at point E
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Thus, keeping in mind that we are analyzing the beam from the Point B, the equations of deflection can be
summarized as follows:

A =L{—gx4+g.ﬂx;]x
x=TEIl 8 6 1,

L
Yem =Qym + Ay WX E [UJE]

Yeg'—

—gx? qu:]x
{ 6 T3 I

L
Yz =0z —lye VX E {5 -l] A= xl8,.] :%

&=
5

¥Yyg is the Daflection at any Point x wrt to Point B
Where: A,z is the Vertical Intercept of any Point x wrt Paint B
Ay is the Modified Vertical Intercept of any Point x wrt Point C

Deflection of Point A with respect to Point B
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We can further generalize the equation of Deflection further as follows:
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3. WHEN THE TURNING POINT ON THE DEFLECTION CURVE COINCIDES WITH THE

BREAKPOINT IN THE BMD
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Figure 12: Beam with Turning Point in deflection curve coinciding with Breakpoint in BMD

3.1 DETERMINING SLOPE AND DEFLECTION USING MACAULAY’S METHOD
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Figure 13: FBD for drawing the BMD
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Figure 14: FBD for drawing the BMD
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Therefore, the total bending moment equation can be written as:
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The separation indicates the division between the two parts of the beam that have different equations for

bending moment.
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The constants of integration are obtained by applying the boundary conditions similar to those in section 2.1.
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Therefore, the equations for slope and deflection reduce to:
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3.2 DETERMINING SLOPE AND DEFLECTION USING MOMENT-AREA METHOD
For this beam, the equation of BEM with x is measured from Paint E is given by:
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To determine the slope and deflection of the beam, consider the deflection of the loaded beam as shown in
the diagram below.
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Figure 15: Deflection curve of the loaded beam

Analysis of Slope:

From previous analysis, know the slope will be zero at Point C (mid-span) when the load, P, is applied at C.
Therefore, the equation for maximum slope along the length of the beam with respect to Point C is given as:
Max Slope = 0, = Oy (albeit with dif ferent signs!)

As in the previous example, we attempt to derive a general equation to determine the slope at any point
along the length of the beam with respect to position of “null — slope” on the beam.

From previous theory, Boe = E'J’j Mdx
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Considering the variation of slope when x € [0, 0.5L], we can determine the nature of variation of Slope
along the length of the beam as:
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This means that the slope varies linzarly along the length of the beam and Maximum Slope with respect
to the Slope at Foint U occurs when x = 0.

Bnagx = Bpe = Oz, (which agrees with our earlier analysis)

Alternatively, we can arrive at the same conclusion by considering the variation of slope when x € [o.5L . L]
as follows:
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d yieids
Thus,if d—{l?xc}:f] —+x=1L
X

Hence, Bppy = B = By (which agrees with our earlier analysis)
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Figure 16: Variation of Slope

Analysis of Deflection:

We have already established that the slope varies linearly with the distance x measured from Point B. With
this information, we attempt to derive a general equation to determine the Vertical Intercept at a Point x
along the length of the beam with respect to the right-hand support (Point B).

g
1 1
From previous theory, dop = EJ. xdA= EJ. Mx dx
F F

Vertical Intercept and Deflection of Point x with respect to Point B when x € [0 ,0.5L]
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Thus, the Vertical Intercept of a Point x on the beam with respect to the Right-Hand Support (i.e. Point B) is
given by:

= x measured

L{Px“ from points 1 {P;H]x
]

6 |, El

Bz ) = — 6

EI

Thus, considering the points A, I E and E along the beam shown on the deflection curve in the previous

analysis, we determine their Vertical Intercept and Deflection with respect to Point E as follows:
Deflection of Point E with respect to Point B
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Figure 17: Schematic for determining deflection at point E
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Vertical Intercept and Deflection of Point x with respect to Point B when x € [0.5L , L]
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Thus, the Vertical Intercept of a Point x on the beam with respect to the Right-Hand Support (i.e. Point B) is
given by:

= x measured
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Thus, considering the points A, I, E and E along the beam shown on the deflection curve in the previous

analysis, we determine their Vertical Intercept and Deflection with respect to Paint E as follows:
Deflection of Point D with respect to Point B
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Dpg = Apg — fApe

Note that in our previous example, even though the tangent to the deflection curve changes when x = 0L5L,
the slope is still determined by the same equation of bending moment. In this example however, the slope is
defined by a different equation of bending moment when x = 0L3L and when x = 0.5L. Since the Point C
is common to both equations of bending moment, the actual Vertical Intercept of a Point at a
distance x = 0L.3L can be calculated as shown below.

L

4 (PE] (2??.? n) (P.r}) 19P 13
~\agEr ) \3sarr /) \48EI]  384E!

o / \ /

8 1 [—-Px¥ PLx?
5 76 &

s . . . .
We shall denote the term (E) as Correcting Factor, since it is used to adjust the value of Vertical

Intercept obtained.
3L

g B oo AR o B —Px® PLx]4 3L (ISPL:J (3911)
s grtesat = g el oy el 2 bl i 64 /|16

rales

3L (3?;1) opL?
DET 4Er\ 64 /T 256E]
_19PL*  9PL®  38PL*—27PL* 11PI°
T 384E] 256EI T68E] "~ 768EI
Deflection of Point A with respect to Point B

Hence, ¥pg

Yag = Qg5 — Ay

f —Px* PL" [ PL? )_ PL? u) PL? )_ 3PL: PL?
= L (435:_ = (125: R (435: T 48El ~ 16EI

sl e i s —Px® PLx]" L [{PL (EPE' _L(PI.:
Ll U TR _51(4 B lﬁ)_ﬂ 16)

L
P
Thus, A= ToEl
. PI? PI?
ence.  Yam = 1ggr 16EI

Deflection of Point C with respect to Point B
We have already determined the deflection of Point C when x = (L3L, However, we stated that this point is

common to both equations of bending moment. Hence, the deflection of the same point when x = 0.3L can
be given as:
Yoz =@ — A

L
o L[ PLE PE] (P.i:?l n] (PL:‘ PL
==Fr| 6 ' & | ~ \agEr) “\2aEr ")~ 4BEIJ_4BEJ
Corrscting
Factor
[EF)

CF = max Vertical Intercept of preceding equation of BM wrt Point B
PL? 4 PL?
48EI  ~ 48EI

In summary, we can modify our general equation of deflection by incorporating the Correcting Factor (CF)
as shown below.

Thus if Ape= 0 then vz = (which agrees with our previous analysis)
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1 (Px _ _P__rg_

, baa= g1 (T] CF = Axn= GET

Yeg =Dz + A5y, vxe[0,x,] ] BT P
Ay, = x]BxJ:nJ ] —L‘

All distances measured from RHS

1 {—Px® PLx*
| ﬂxa=ﬁ( 6 T 4 }
Ve =Byp — By, —CF V€l L] | x |-PG*—x3)  PL(x —x,)
] | rE— 2

All distances mensured from RHS

4. WHEN THE TURNING POINT ON THE DEFLECTION CURVE DOES NOT COINCIDE
WITH THE BREAKPOINT IN THE BMD

i
Al D C £ | B
A
ue L4 , U |
Ra [* A A " Re

-
d

Ll
Figure 18: Beam where Turning Point in deflection curve does not coincide with Breakpoint in BMD

4.1 DETERMINING SLOPE AND DEFLECTION USING MACAULAY’S METHOD

y'6) =[x =2 (1 - 1) - LG — ']
Slope and Deflection P
; =—] i . L —a)?
() = ﬁm'“ b(L* — p*)x| — L{x —a)?]
—Pb . ,,]E
mex = 93 LEI

Max Deflection and Position 2

3

af Xmoy =

Value and Location of Maximum Deflection:

-PE il —FP 7Lt —F LA (7L
Vingr — ,_—{L' —F)E = AR | S ew ] (N | e
93 LEI 1243 Er\ 16 12v3EIN 16 16

-P (?L!)(LﬁJ —TWTPL?
Ymax = 1oVBEIN1G J\ 4 ) 768V3EI

|L: — B |’E l_

Vipgx OCCUTS Ot Xpppo = | 3 = \]E =1L |— = 0.3819L (between Points D and )

raua
3l

Slope of Selected Points with Respect to position of “null-slope”

Slope of Point A
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e -u 3L '?L:) 2 I 2153) —21PL*
Y= el 12 ( 16 /|~ 2LEr|”  \192 J| T 384EI
(—ve sign indicates its meaured clockwise from "null — slope" i e. horizontal)

Slope of Point D

) P [3L Ll) '21;9) P [/3L® '215!) P [9I%—21L* —12PL7
Yo = 5rEr| 2 \16 _(192 T ALEL (54J_(192 T 2LEI 192 T 3B4EI
. —PL?

T
Slope of Point C
P [BLI*\ [21L? I\ P O[3L3\ (2113 (L
L ﬁ{?(@)_ (,1%2 )_ L (EJ ] = ﬁ[(ﬁ)_ ( 192 J_ (E)]
3PL®  PL?
¥e = 3g4E1 ~ 128EI

(+ve sign indicates its meaured counterclockwise from "null — slope” i.e. horizontal)
Slope of Point E
. P [3L {oL* 211° A% ' 27LH 2117 L2
¥ =E{T(HJ_ (192 )_ : (EJ ] B 2LEI[( 64 J_ ( 192 )_ (?J]
 1PEE PL?
e T 384Er ~ 3281
Slope of Point B

. P 3L - 2112 EIAS P 3L 2112 ‘ar? 15PL*
¥a = E{T{H_ (192 ]_ L(TJ ] i ﬁ{(T]_ ( 192 )_ (E)] = 384E]
Deflection of Selected Points with Respect to the Supports
Deflection of Point A

P Pb

3P
e 3 _ 2. 2 s B SR - POy T i vt He
Ya GLEIbe B(L? — b )x] STH [x? — (L% — b* a] T [o-o0l=0

(—ve sign indicates deflection is meaured downwards from the supports)
Deflection of Point D

I R TR 7L\L] _ P (-3L%\ -3PL®

W =gmx —W-rhl=oy I(EJ_(EJE]_E( 32 )_ 256E]
Deflection of Point C

P [3L/L®\ 3L /7L*\L L? P [/3L3 2112 K —11P1*®
yﬂ:ﬁ{?(ﬁj_T(ﬁ)E_L(aﬂ:EI(Ej_(lza)_(ﬁ)]: 768El
Deflection of Point E

P [3L 2713\ 3L (7L*\3L L? P [/81L3 63L%y /L2
Ve :E{T( 52 ]‘T(EJT‘L(E)] :E{(ESE;)_(ESG )‘(E)]

—14PL* —7PL?

Y2 T 1536EI  768El
Deflection of Point B

2 3L (717 27L° P [{313\ 213\ f21?
vy = ——|— (1) -— —JL—L =—|l— - - =0
6LEI| 4 2116 64 6EI |\ 4 64 64

4.2 DETERMINING SLOPE AND DEFLECTION USING MOMENT-AREA METHOD

Analyzing the beam from the RHS, we generate the equations of BM as:
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Pa P
Agx=—x=—x xel0,8]

Mix) = L 4
Rﬂx—P{x—b}=F;—ﬁ(L—x]=¥(L—x}. ve ]

From these equations we draw super-imposed diagrams of Bending Moment and Slope as shown below.

L}

Moment
Curve

Deflection

Cu y

1
1
1
1
J
1
<

v
>

Point Point Point Point Point
A D C E B

v

.
r

Figure 19: Deflection curve and Moment curve

In a slight deviation from previous analysis, the turning point of the Slope Curve and Moment Curve do not
coincide i. 8. xy << xp,. Before we can determine how this affects equations of Slope and Vertical Intercept
we do some general derivations as shown below.

When x e [0,x,,]

. J.le.r]ri 1 J-E'de 1 [Px*]?
°® = El TEL T TH| 8,
1 1 [epx? 1 [Px?7?
Bgp= EJ. xM(x) n’x—ﬁ Tu’x=5[§]}:
When x € [xp . L]
1 (¢ 1 pe3p 3p (@ 3P [2Lx —x2]°
) :—J.M_]d:—J‘—L— d=—J.— L)dx = —|———
Ca e e e R e |
1 1 (e3P Lx® 3022 — 2277
a:—J. M(x) dx = — —L—:d—————
G MM d 4“‘ R ] = 3El 6 L
Applying these general equatlons to our specific beam:
1 [Px- 1 Px;x
el0.xul A[EET 0% 5 52 ]
i ¥ gl e | . xel0.xnl {73 L
i 1[3PCLx—xDT | ° 1 [P(3Lx* — 2297
x € [xyy L), o[22 220 x € lrgy 1], R =2

From these derived equations, we determine the expression for Vertical Intercept of Point A wrt Point B as
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follows:

.P P‘ 91- P 2?1.! P 2?{.3
Byp=~R8gp +Aps=——[3Lx* — -xg]:u, +—Ix g]" __L-a_ ]+ ( )

8ET 12ET 8ET 32 12ET \ 64

. ' 5PLE ) E?PL:*) 2'LPL5‘
= (25551 *\ 76881 ) = 3834E1
Similarly, the expression of Slope of Point A wrt Point B can be determined as:

P iE g: EPL: 9pL®  3PL7
Biz = Bip + Ooz :@IELI—I']‘&_},{- {.1"'] =
3

8EI J.2SEI 128E] _ 32EI

s |

—

"

Figure 20: Schematic for calculating slope

From the diagram above, A4z = L iB_,l Jr“]
ﬁ.ﬂ_a 21,17
¥ ]B.-lx,-,l == ~ 3g4E]
But we know, 8ys = 8y, — Osx, = Oz, + x5 = |8, | + 1852, |
) IPLE ZIPIZ  15PLF
ess, | = 55er ~ 35amr = 3mam
To determine the location of Maximum Deflection, we utilize two principles. Firstly, we know maximum
deflection will occur at the point of “null-slope” i.e. Point Xy and secondly, this point of “null-slope” will

occur before Point D i.e. xy <2 x,,. We can now determine the value of x as:

ij el Px?]" _ —Px} yietds o J_ng_ 15P 12
Bx T Er| 8 © 8E! Exl T gE] T 384E]
. 120 12 yislds 3 |12[] =5 &
et =ill [=== the Point

xp 354 — X 384 from the Poin

(We discard the negative root as it is out of our region of interest)

Having determined the value of ¥y where the maximum deflection occurs, we now determine the value of
maximum deflection itself as:

P Pxd PLE 120 120

[x3]% = b |_

Ymax = ¥xos = gz + ‘lj'l"}-"n =g = 12E1 — °° T 12El i 12E] 38“1' 4 384

PI? 10 [5 10V5PI® SySPI?
7 = [—r= =
Ymax = Fr * 384 J16 ~ 1536 EI ~ 768 EI

Slope of Selected Points with Respect to position of “null-slope”

44



Innovative Systems Design and Engineering
ISSN 2222-1727 (Paper) ISSN 2222-2871 (Online)
Vol.15, No.1, 2025

Www.iiste.org

Slope of Point D
L

L[Pxfr P iL  p for® ] gpPL: P

5 (x3)

B == =— ]t z=—m | —— | = — —  — —
Dxy = By 581 1 = 8E1| 16 ~ *°| = 1z8Er ~BEI

*n

But we already determined the value of x, as L\I 284 thwefure

. 9PL: P 1205) opPL*  15PL* 12PL* PIL®
Dx T 12gE]  BEI\ 384 | 128EI 384EI 384El  32El

{+ve sign indicates the slope at Point D is measured clockwise wrt the slope at Point x, )

15PL* i
3g4Er = F%

However , we already determined that =8, 5 therefore:

1 [Px- 3L
Bpxy = GirE iﬂﬂ.xn] where x = %

Thus, the general equation for Slope when x € [0, x4, is given by:

1 [Px*
B E[T] — |Bay, | vx £ [0.24]
Slope of Point C
1 [Px® P [L* 15PL* —3PL°
A o =E{T ~[6as,| them 6, = @{?] T 3B4EI  3B4E]
—PL*
IE|:.':(|1 = M

{—ve sign indicates the slope at Point C is measured counterclockwise wrt the slope at Point x,)

Slope of Point E

Smitant i 8 1 [Px2 T — P [I2] 15PL® PI®
tmilarly, if Bex, = gyl =g |~ 1%xl them Brxy = grr| 76|~ 33aEr  128ET
y _PL®

E¥o T 33E]

Slope of Point B

o _ 1 [Px? P 15PL* —15PL®
Similarly. if 6ex, =775~ — 185, | then Bz, :@[“]_3345: o
Slope of Point A

3P{2Lx —x*F)
e W | T e . B ZJL 2

fax, = EI[ ] = o IELx 715 = EFE'J’I{L Y= (ELlxy—x3)]
But we know that 8, = tin + B,

slope of point A Slops of Point D
WrT [o point D Wrt point X,
3P 3P [[6L%Y [oL®
B.p =——[2Lx — x*}* =—[2x -] ——|| —]|-|—
ko = ggp 21T ]xm=% BEII x> - o (4 ) (15 )]
- 3P — 45PL7
T e T T

1 [Px* oFL®
Bpx, = E[T] = if’axnl = 12881 Iﬂaxni
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3irP ) 45PL*  OPL*
" ey = gy =27V e b 1|
3P 5 36PL”
Byx, = SEI]_Lx —x°] - ;Em:n |- 128E1 where x € [xp, , L]

Correc rl'i'_'g Factor
For slope CFyinpe

36PL . . . .
s T2ez; 18 known as the correcting factor for slope and is calculated using the two equations

The constant term

of bending moment at Point D as follows:
o3 _ 1 [3PQLx — x%) 1 [Px*® _ 3P fog 2 P [?]
slope. = gy 3 CElE | s T gm

ap o - 3P 4" o 3L
CFippe = 2lx—x—— 2lx —— ) whers in this case,x = x; = 5

8EI 3/ 8El 3
) 3P /6L 36L° OpPL*
o in our case, CRpy, = @(T_ EJ =398
Therefore, we can write a general equation of calculating slope when x = x4, as:
3P - 2 3P 4x”
Bexy = gpyL2Lx — x°1 = |85, | — CFijope Where CFyppe = @(21..1: - T) vx € [xg, . L]
Thus, using our equation in the example, we obtain the slope of Point A with respect to the Point of “null-
slope” as:
3PL* 15PL® 9PL® 144PL®— 15PL* —108PL* 21PL°
baxo = BET " 384EI  32EI 384E] ~ 384E1

Summary of Slope Analysis:
The equations of slope for the entire length of the beam can be summarized as shown below:

P
@{x:] = iﬂ‘ﬁxu] wx e [0, x;,]
3P ;
B, (%) = agy 2L = 21— |8py, | = CRigpe  Vx € Loy 1 L]

ir 4ax* B dxg,
Where CF o, = 3l 2Lx S = aEl 2I..rm_—T

For verification, we apply the results of this derivation to the previous example of a simply supported beam
with Concentrated Load at mid-span (Example 2):

1 (—Px: Pl.x] Px* —2Px® PLx P Q@ 2

E\ 2 T 2 t2E T G

CFiope = o
slope 4E] 4E] 2EI  2EI

P {I% 12 PI2
If x =xp= x5 = 031, then EEBFD;IE:E > ~%)8E

While if. iBﬁx"I theref ore Equations of Slope become

~ 16EI
Pxt
25— x| vx e [0,05L]
) 1 f—Px* PLx .
Brx, (x} = g\ & +T]—1aﬂx“]—ca;m wx e [05L L]

P - P ..
Where CFopps = SEI (Lx —x*} = 35 (Lx,—x3)

We check the results of Slope at two sample points, which we already know to have the same value of Slope.
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It

(LJ L* —EPI.:
4 64E 16EI  G4El

3L OPL* 3PL* PL*¥ PL® 15PI% PI? -PI? "3PF°
-5 o

T 16EI 8EI  64EI  16EI B8EI  G4El

Brx, ( Jl hence, the derivation is valid

Deflection of Selected Points with Respect to the Supports
Deflection of Point B
Using the results of our previous derivations:

If yyg = Apm + ":"Jlux“ vxel0 -xm.]- then ypz = Agz + ":":?rx“= Mgz + xjﬂaxn]

“ ¥sr =0

Deflection of Point E

From previous derivations,we have shown that:y,; = Az + ;ZI._',M.J‘,nl vxel0.x;]L

Y Vg =g +xi|9xx"] wxe [0 xg]

In the analysis of slope,we showed: 8,, = 2} — 1'5'3:,,| vr e [0.x,]

BE]

P
R, e b o B (=*) _]BEIHJ

12ET SEI

yir

: P pLy* L] P gly™ 15PL?
If iﬁﬁxnl 384E] then deflection of Point E is:yzz = E(E] +E @(1] - 384-5!1
PL* L|PL* 15PL*| PL* L|-PL*| PL® PL®E  7PL?
Yez = Jggrr T 4 |128E1 ~ 384EI| 768EI *4|3281| ~ 7681 T 12867 ~ 76BEI
Deflection of Point C:
Similarly.if vog =——— 13E] (x¥) +x E[r = iﬁﬂ.xn] then deflection of Point C is:
_ P N LI P g\ 1SPL?|  PI? L|PL* 15PI*| PL® L|-PL*
Yom _ﬁ(EJ +§1@ (E) 3 3345:! = 06l T 23281 ~ 3345:! = 96Er T 2|128E1
PL* PL* BPL*4+3PL* 11PL?
Yez =gegy T 256E1  768EI  768EI

Deflection of Point D:
When analyzing the deflection of this point, we bear in mind that it occurs ahead of the point of maximum

deflection “null-slope” {xy; = x4} This condition modifies the slope equation. Further, we are still using

the same equation of bending moment as in points B, E and C and hence, we do not to apply the need a
“Correcting Factor for Vertical Intercept”. Our equation of deflection therefore becomes:

Yea = Ays — B, VxE [xg.xgl

S _xiaxxn] v x e [x;,xp,]

Equation of Slope remains constant as: fy, = E{x:] = ]E‘Exn] vre [0,x,]
P
o 2y (x2) —
e 1251{ )= [gpr &) —l6ss, |
Hence, the deflection of Point D is determined as:
B (EL) aL| P (3!.] 15P 12 " 27PLE 3L | OPL®*  15PL°
Yos “12Er\a) T 4 |BEI\ 3 384EI|~ 768EI 4 |128El 384EI
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e 27PL* 3L ] PI* I _ opi? 3p1? _ OPL? — 6PL* B 3PL?

Y05 T7ggEr ~ 4 |32E1|  256EI  128EI  256EI  256EI

It is important to keep our equations of deflection simple. Therefore, for purposes of simplifying our
equations, we can re-write them using the fact that 8, is— vewhen x < x; and + ve when x = xg as
follows:

LT "j'.rﬂ = "j'.lu‘n = JI:"J:I:T - I(BJ.'I"} VxE IU 'IDL]-
We can verify this by re-calculating the deflection of Points on either side of where maximum deflection
occurs with this equation; say Points C and D as follows:
sy L{E‘ - PL* 1 —PE.:J_ PEE PLE 4 11PL?

Yes = Bcn = 5\Bex ) = gy — 2(L235: = 06EI T 256E1 _ 76BEI
A 3L (s }_ETPL’ aL { PLE ]_ opL? 3pL? _ 3PL?

D8 T 4 WP/ T 96gE] T 4 \32E1 ) 256EI 12BEI  256El
Thus, our simplified equation of deflection holds.

Deflection of Point A:
From previous analysis, the deflection of Point A is given by the equation:

Yom

— ! - (]
Vg = dug _4':"_1-_1:“ — CF vertical V3 E lxg; ]
Intercept

We analyze the “Correction Factor of Vertical Intercept” in a similar way as the “Correction Factor of

Slope”. Hence, we obtain the value of CF verricai as:

fi‘!fE‘ﬂ'-Ef.lf
P P P /3Lx* 2x? ¥ P /3Lxt AP
C.F" : I.:_EL :_2 !-'J__ i :_( i B B T :_(___
P s aey BLa -2 - o G =l = 8 12) EI\ 8 3
CF il (OLx® — 827) wh i =
fli.'!izir’lrr:r:r == 2451 X — a2k where in our case,x = 4

— P /817 216.{.!) P 1[]8.’..!] opL?
&, for our analysis ;ﬂi;:-lcf:‘c:r - 24-5]'( i6 64 T 2‘1-51( o4 T 128E]

The equation of deflection therefore becomes:

gPL?
Yeg = dym — x{Bxxn} ~ 12881 vxelx, . L]

Therefore, the deflection of Point A wrt to Point B is:
opL? 8 = 21PL* opr®* PpPL* 21PL* opL?

i = Bus — UBun,) ~ g = a9~ (T - = T 2
t 128EI 8EI 3B84EI 128El 8EI 384E! 12BEI

48Pi? — 21P1* - 27P1F i
Vo= 384Kl =
Note that the Point D exists on both equations of bending moment and as such, we can use this equation to

verify the deflection of Point D calculated earlier as:
3L S P (2?L’ 54L3J SL(PL! ) opL?

=hpe ——B,, Jmo——=— = =
Yoz = "oz 4{“"} 128EI ~ SET\ 16 54 4 \32E1/ 12BEI

_27PI? 3PL* 9P  3PL
Y08 = 326EI T 128EI  128EI  256EI

Summary of Deflection Analysis:
The equations of deflection for the entire length of the beam can be summarized as shown below:

which egrees with our earlier analysis
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":"xﬁ_":".rrx;,_la)EI(«xg] {x.n} vxe D xg]
= Az — N, — CF vertical P{EL 2_2x¥)-xlg,, )-CF vx e [xg .L]
Yoz (%) = *Xo o T O xo L St
Where CF - —(OLx*—8x% = : (9LxZ — Bx2)
T T RS T L

For verification purposes, we apply these equations to our previous analysis (Section 3.2) as shown below:

CF versi __1(—Px’ PLJ::'J L(ng]_ 1(‘sz1 Px!]_ P aix® — ax®)
ol S ol 6 | 3 ) E\& ) EHA3 %) TR B

- P i 422) P (‘3L3 45“) P L’J PL?
o CF pertcat = oy Gl —4x) = orr | 57— 3 _1251(4 ~ 18EI

We then use the formula to calculate the value of deflection at two Points on either side of the Point x that
we know to have the same value of deflection as follows:

(LJ 1 le) L(—SPF] PL? 3PLE  11PL?
Yes \3) = Er\384) "2\ 64EI )~ 38aEI T 256EI _ 768EI

(35: L(m] 2?PLJJ 31(3?13] PL} 27PL® opL* pPL®  11PI®
Yog ) . T = =

4/ TEI\ 6% 384 ) 4 \64EI/ 48EI 384El 256EI 48EI  768EI
11PL?

Yor =¥ = 768El
From our analysis of Section 3.2 and Section 4.2, we do not expect our equations to change when
the Point x; precedes the Point xy ie when xy =< x,. We can therefore summarize the equations of

Slope (wrt to pint of “null-slope”) and Deflection (wrt RHS support) at different Points on Simply
Supported Beams as shown below.

which agrees with our analysis in section 3.2

F
@[1 ]Bﬂx“! vx € [0, xg]
3F
Bz, () = @{ Lx —x*] - ]Bﬂl'n] — CFappe (xp1) Vx € [xpy L]

. P (N _3P( +x§,L]
W 3"”-“_851(‘ ¥ _EEJ(_‘ Lo

All distances measured from RHS Support

ﬂ'.‘t’ﬂ _I{EJ.'IP} 3o L"__{x!} x{axx } Vx E iﬂ xDL]
-|':"_1,B {Exx"} CF vertical = igL'L" — 2x }— 'C{H_-U_“} CF vertical ':.xI}L:] Yx E 1.1'91_ L]
Ve (%) = meercept  BET Intercept
4 s — A 2 _ - o P R 2 3
Where CF}frglrﬁr:r e (OLx Bx*) — {QLxDL 8x3.)
All distances measured from RHS Support

5. WHEN THERE EXIST MULTIPLE BREAKPOINTS IN THE BMD

So far, we have looked at analysis of Slope and Deflection when the BMD has only one Break-Point.
However, when multiple loads are applied on the beam, the BMD is bound to have multiple break-points.
For this analysis, we make the three assumptions: Firstly, the beam bears multiple break-points in the BMD
(say two break-points); Secondly, the first break-point (that which is closest to the RHS support) is denoted

as "xy,"; Finally, if the furthest Point on the beam (towards the right) from the point of
“null — slope" i.e. xy is denoted as “B”, then the Slope at this Point (wrt the horizontal) can be denoted
as &z 5, . Thus, if the length of the beam is “L”, the equations of Slope and Deflection can be obtained as
follows:

Analysis of Slope in Presence of Multiple Break-Points:
The equations of Slope when there are only two break-points in the BMD are:
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i x
1 ; >
E[mu} dx — |65, | vx € [0, xq,]
x : 1
1 : ;
By () = 4 5[ M(x) dx — |65, | - Z stope kor) W € Lgyux0o]
L7 E
E[ M(x) dx— |85, | — Z CFppe (o) Wx € [xg, L]
o =1
Alternatively, we may simplify the equations as shown below:
r x
E'I M(x) dx + 65, vxe [0,x;,]

1
1 ;

Ex_rnfx] =y EJ. M(x) dx + 93.1.-,. o= Z cﬁinpa{xni} VX E {xnl_ --'r[:a:]

_1.

Mix) dx + Bz x, Z Cﬁ,nue{xm] wr g [xg. . L]

o i=1

El

(1

@

Thus in the presence of a finite number of break-points (say “n"} in the BMD, we need {"n + 1"} equations

of Slope. This is shown below:

- x
il M) dx + Bax, vx e [0,x,]

o
X

El M{x) dx + B34, — ZCF_;,WPUD' vx € [xgy xg]
0

1 % ; .
EJ‘ M{x) dx + Bz, — Z CFypope xg} W € Lags i205]
=
B xp () =4
1 x n-2
EJ‘ M{x) dx + Bax, — Z CESI-D_EIF(IDI'-J vx € lxppon i Kool
] =L

x n-1
1 .
EJ‘M&J dx + Opy, — Z EF:sfoppL’:m':' vx € [xpny . xgal

%l J‘ M(x) dx + 85, — Z CFyope(xoi) ¥x € [x5, L]

©)

If 3 "n" number of break-points on the BMD such that ¥g; is the break point nearest to the RHS-Support

and xg, is the break-point furthest from the RHS-support, then the slope at the left-hand support

{when x = x5, = L) wrt to the right-hand support {when x = xy, = 0) is given by:

1845 ] = 1800, | + 1855, |
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)

Analysis of Deflection in Presence of Multiple Break-Points:

When Deflection is wrt to the furthest Point to right from the point of “null-slope”

or (xrgg = 1) then:

i.e. Point B

Considering the equations of Deflection when there are only two break-points in the BMD:

P

_
1 :
E[ xM{x) dx—x(8,,, )
E.

Yez (¥} = 4= I
o
=

e «M(x) dx — x(8 nl}
0

aM(x) dx — .r{ﬁ‘un} Z CF verricai (xp)  wx € [rgy oxp0]

vre [0, x,]

Intercept

CF vertical (xg} ¥x € [xy L]

IMCErcEpPr

)

Thus in the presence of a finite number of break-points {say “n"} in the BMD, we need {"n + 1")

equations of Deflection. This is shown

below:

X

aM(x) dx — x{ﬁ'“n}

f

EI
o
x

EI
o
x

= M {x) dx —
]

Vg (x) = 4

%Ix}w{x] dx—x xr|} Z

L

L
xM{x) dx — xfﬁm - Z

xx"} ZCFLPrnrm Lr[:q

CF vertical ':I ]

Intercept
.L x 1
—[ xM () dx —x{ﬂ'up )— Z CF verical (xg;) vx e lxgueiXinl
EID <~ Intercept

x
1
E! xMCx) dx — x(8,,, ) -

wx e [0,x,]

CF Vartical {nrm':'

Intercept

Vx E i.fn‘-_ ..'r[:.:]

Vx E i.rn: .ng]
Ii"r?i’repl.’

vx € [xynoz o]

vertical Lr[;fj Yx E T—rg.ﬂ L]

Intercept

n
ZCF
i=L

5. CONCLUSION

(6)

A mathematical form of Moment-Area method of beam analysis has been derived. This mathematical Moment-
Area method has been applied on a beam with only a turning point in the deflection curve; in beams where the
turning point on the deflection curve and the breakpoint in the BMD coincide and in beams where the turning

point in the deflection curve and breakpoint in the BMD do not coincide. The results obtained using the

mathematical Moment-Area method were shown to agree with those obtained on the same beams while using
Macaulay’s method, thus the novel Moment-Area method was validated.

With knowledge obtained from these three scenarios, a case for beams with only one turning point in the
deflection curve but with two breakpoints in the BMD was advanced. Finally, a generic case with one turning
point in the deflection curve and multiple (more than two) breakpoints in the BMD was advanced to replace the

conventional Moment-Area technique.
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