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Abstract : the purpose of this paper is to obtain fixed point theorems with hemi contractive mapping in Banach
space.
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1. Introduction: the class of pseudo contractive maps with fixed points is a subclass of the hemi contraction. By
using G-iteration process which is introduced by Das and Debata [3], we are studying convergence of common
fixed point for continuous hemi contractive mapping in Banach space.

2. Preliminaries:
Definition 2.1 [2] (i) A mapping T with domain D(T) and range R(T) in a Banach space is called

pseudocontrative mapping, if for all X, ¥ € D(T), there exists j(x — ¥) € J(x — ¥) such that

{ Tx—Ty {x—y) b= lr—alf

(i1) [4] A mapping T with domain D(T) and range R(T) in E is called a hemicontrative mapping if
F(T)#= @ and forall x € D(T) x™ € F (T) such that,

ITx —2x* 12 < fle — x* [12+llx — Tx* ||2

Theorem 2.2: Dhage [1] has proved a fixed point theorem satisfying the inequality:

ITx—Ty |l < allx— Tx || + ly —Ty ll+ (1 — 2a) max{[lx— y I
lx =Ty iy =Ty L llx=Tx I+ lly = Ty Il lx = Ty Il + lly — T |l

Definition 2.3: Let X be a normed space and T: X — X is a self mapping then T is said to satisfy a Lipschitz
condition with constant g if ITx =Ty [l < qllx— ¥ |l for all x, ¥ € X.if g < 1 then T is called a

contraction mapping.
Our main theorem is related to the concept of quasi-contraction, initiated by Ljubomir ciric [5] in .We define

hemi )] -contraction in following manner:
Let X be a normed space then a self mapping T of X is called hemi & -contraction contractive mapping if

ITx — Ty II? < 0 max{llx— y 1%, llx — T %, lly — Ty 1%, llx — Tyl lly — Tx 117} for anl x,
y € X, where 0 < <1.

extened the definition of hemi & -contraction for a pair of mapping. we defining hemi ¢ -contraction pair of
mapping as follows:

Definition 2.4: Let X be a normed space then Ty and T3 be two self mappings of X are called hemi @ -
contractive pair of mapping If :
ITyx — Ty II* < @ max{llx— y I, llx — Tyx 1%,y — Ty 1% llx — Toyll%, ly—Tyx I} for
allx,y € X, where 0 <@ <1.

3. MAIN RESULTS:
Theorem 3.1: Let X be a closed subset of normed linear space N and let T: X — X be a hemi & - mapping and

{X, } be the sequence of G-iterates associated with T then G-iteration process is defined in the following
manner:

Let Xg, X4 € X and

Xpsz = ["Ln—‘ln — 5y Ty :]xn+1 St [:"1:*: +Sn i+ Iﬂ:-z,ij:*:+1 12 [:1_ |‘Ln—":|'n 42 kn o bn :]Txn
+ [";l'?‘! T k?‘! - b?‘!jx?‘!

Where { By, },{ 45 }.{ Ky }.{5,},{ @, }and { by } satisfying

(i) uo=Ag =ky =1
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()0<d,<1,0<k,<1,0<5,<1,0<a, <1,0<b, <1 forn>0

(i) Uy 24y 1y 2k 25, pp>a, u,>b, forn>0

av) lim,_, A, =1lim . s, =1lim, Kk, =lim _,._a, =& where&>0

wlim, . p, =1

wI). lim_,...b, =0

If lim,,_,.. x, =z € X then z is the fixed point of T
Proof: If {X, } conversesonz € X

ie lim,_ . x, =z

We shall show that z is the fixed point of T

Consider,

lz—=TzIP = llz—2%psz +%Xnsz — Tz II?

lz—TzF = lz—xus 1P+ lxgmaTz )P

5 |IZ = xn+2 |I2 + |I|:1-'Ln—‘;|’n _Sn _ﬂ’n ]xﬂ.-]-l +(“1n +E?‘.| + ﬂ’anxn+1 +
(1—p, A, +k, +b, )Tx, +(4, —k, — b, )x, — Tz |

= ”z — X4 |I2
+lhgade-ss-ag Wi Tz -t g -Fag agllBrgy - Tz II* +
(Li=pptst by, WPy T + (A,-k,-b)llx,-Tz |I?
= |IZ — Xp+o ”2 + (Hﬂ—“ln TS5y j"xn-?l il |I2 ok {‘A’n +S?: + a’n]

wmax{llx, ., -z 1% x4 — Txpp 15Nz — Tz I3, x4, — Tzll%llz—
Ti iy f—p_—A_+k t+b Hrx. <r= =+
(kB =T |

(3.1.1)
We observed by the definition of G-iteration that

”xn-}i “E Xy IIZ

: (kb —1) :
= i £ B Z
_{Aﬂ +En +E1ﬂ ]”xﬂ.].j_ Xpgo ” +-|:41ﬂ +5-'n +I51n )llxn+1 Xy |I +
bt e B ] z
e s ol
{‘H’n +S‘?‘! +an ] " "
And

llz- i R ”2 = |Iz_xﬂ+1 |I2+|Ixn+1 B |I2

2 1 2 fuy—1) 2
= |IZ— Xps1 |I 5 (A 45 +ag }llx-n+1 TXn+2 " i (A #3q +n }"x-n+1 B Txn |I
(A, —tey —B) e wib T
poaa |y, —Tx, |1’

(A +sptay 2 ™
Now putting above values in (3.1.1) then we have
le—=Fz B = lz—agm 1P 4dbpdy—sgoay Mg —T= (I3

1
: |
+ (4, +s, +a,)w max A s Fa)
(un — 1)

i (A ts 4 as ]"xﬂ'ﬂ Tl }
+(1-p,—4,+k, +b, MITx, —Tz I+ (1,-k,-b)llx,-Tz |
Letting Tt —* OO then we have
lz—Tz P = (1-3£+3twllz—Tz |
=|lz— Tz ||2 =0 Since 0 <aw <1 and §>0
Hence z =Tz is a fixed point of T

| EAOEE P | ?

Theorem 3.2: Let X be a closed convex subset of normed linear space N and let T; and T, be hemi & -
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contractive pair of self mapping of X and {x» } be the sequence of G-iterates associated with T and T> then G-
iteration process is defined in the following manner:
Let x0, x1 € X and
Xint+z = {“'?:—‘;"n ST ay ]x2n+1 + [:‘;Ln +Sn ok f’:"'?:]I-[|1:x:2n+1
+ [1 - ]J'n—“;l'n i kn & bn :]TZxZH + [:“;Ln P kn | bn:]xﬂn
And
Xopsez = [I‘Lﬂ—‘;l’n T STy ]x2n+2 + [‘A'n +S:—: - an]T2x2n+2
+ [1 - ]J'n—‘;"n 13 kn i bn :]Tlxz:*:-]-l o (":L?: - kn - bﬂ]xz:*:-]-l
Where { by },{ An }. Ky }.{Sn ). @ }and { by } satisfying

(i) Bp= 4, =k, =1 if n=0

() 0<d,<1,0<k,<1,0<s,<1,0<a, <1,0<h, <1 forn>0

(ii)) B >4y LMy 2Ky By >5, Wy >a, | Hy>b, forn >0

v) lim, A, =lim, =5, =lim _ k, =1lim, , a, =& whereé>0

(v) li"rn;‘g—m..: W, = 1

(vi) limy, o by =0

If lim,,_,..x,, =z € X then z is the common fixed point of T} and T>
Proof: if {X,, } convergesonz € X

ie. lim,_, x, ==z
We shall show that z is the fixed point of T.
Consider,

”Z == le |I2 = |IZ — Xant3 |I2 |ngn+3_TZ "2

= ”z L ”2 g H {J'J'n—j'n TS5y Ty jx:n-}i £ (An 4 n o5 aan2x2n+1 L5
B s - (1 " “’n—‘;{n+ k?‘! =+ bn jT1x2ﬂ+1 ,,+ {“;Ln " kﬂ- P bﬂjx2n+1 &
= e It Qe g Wiwsmm-Tz 8+ tsptay)

|z — g |‘:|| Xan+z ~T1Z ”2}

1~ pplpe et he ]||T1x2n+1 X, — Tz I* + {lﬂ ol bn] |Ix2n+1 -T,z 112

T,z

© max{1xzne; =2 12, Wgnaz ~ Ty Xpmaz 12Nz = Tyz 1%

(3.2.1)
We observe by the definition of G-iteration that

z 1 2 (up—1) z
Ixonsz ~ ToXonsz I° = Hae ) IXons2 —Xzn4s 15+ T +;.~1 P | X2ni2 ~TiXonsy |

(Ap —kpn —byp) 2
(A, +5, +ay) Il %zn41 —-Tixznss

Now putting the values in (3.2.1) then we have

lz— Tz I = llz— %545 I+ (By—Ag—5,—ay Hxpney — Tz |I°
+ (4, +s, +a,)w max
( ||x:n+2 —Z |I2’(..:Ln n s, 7l ﬂlﬂ:'] |Ix2n+2 “Xan+3 ||2 i (An{iﬂsn_ ijanj || Tomez ~ T1x2n+1 ”2
[E’n; i: __]_biﬁ [odempy= T Tz —Ez 15— 12 i -]-51 o gy sy = Xgpes |12
\ 5 (lﬂ(ins,,_ :—jan] I %apsz = TaXopss 1% + {:jjn_;iz t:}:jj | X241 —T1%X2041 1%, b s =Ts & /

+(1 . _“;I’n stz kﬂ- 2 bn ]||T1x2n+1 Xn — le ”2 it {";I'ﬂ
Letting 11— 0 then we have

lz—T,zIF < (1-3E+43twllz— T,z |

=l|lz — T,z ||2 = 0 Since 0 <tw» <1 and §>0

Hence z = T4 Z is a fixed point of T5.

Similarly we can show that

lz—T,z I = (1-384+3twllz—T,z|I?

=l|lz — T,z 2 = 0 Since 0<w < 1 and § >0
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Hence z = T Z is a fixed point of T5.

Finally we can say that z is a common fixed point of Tyand T.
This completes the proof.
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