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Abstract
The aim of this paper is to prove some common fixed point theorems for intuitionistic fuzzy metric space using
E.A property.

Introduction

In 1957, Fuzzy set was defined by Zadeh [15], Kramosil and Michalek [9] introduced fuzzy metric space. In
1986, Jungck [6] introduced the notion of compatible mappings and utilized the same to improve commutativity

conditions in common fixed point theorems . This concept has been frequently employed to prove existence

theorems on common fixed points. However, the study of common fixed points of non-compatible mappings is

also equally interesting which was initiated by Pant [12] . Recently, Aamri and Moutawakil [1] and Liu et al. [11]
respectively, defined the property (E.A) and proved some common fixed point theorems in metric spaces. Imdad

et.al. [5] extended the results of Aamri and Moutawakil [1] to semi metric spaces and Kubiaczyk and Sharma[10]
defined the property (E.A) in PM spaces and used it to prove results on common fixed points wherein authors

claim to prove their results for strict contractions which are merely valid upto contraction. In this paper , we

prove the fixed point theorems for weakly compatible mappings using an implicit relation in intuitionistic fuzzy

metric space satisfying the common property(E.A) .

2 Preliminaries
Definition 2.1 [13]: A binary operation * : [0,1] X [0,1] = [0,1] is continuous t-norm if * is satisfying the
following conditions:

(i) * 15 commutative and associative

(ii) ¥ [5 continuous;

(iii) ax*1=a forall ac[0,1];

(iv) axb =c+dwhenevera = candb = d foralla,b,c,de[0,1].

Definition 2.2 [13]: A binary operation ¢: [0,1] % [0,1] — [0,1] is continuous t-norm if { is satisfying the
following conditions:
(1) { is commutative and associative;

(i) ¥ is continuous;
(i) a®0=a forallae[01];
(ivy alb =c{ dwhenevera = candb = d foralla,b,c,de [0,1]
Definition 2.3 [2]: A 5 — tuple (X, M, N,#,0 }is said to be an intuitionistic fuzzy metric space (shortly IFM-
space) if X is an arbitrary set, * is a continuous t- norm , & is a continuous t-conorm and M, N are fuzzy sets on
X% % (0,00) satisfying the following conditions for all X, ¥,z € X and t,5 > 0,
() M(x,9t)+N(x,y,t) = 1;forallx,yeX and t = 0
(i) M(x,y,0) =0; forallx,veX;
(i) M{x,y,t) =1foralit > 0if and onlyif x = y;
(iv) M(x,y,t) = My, x,t); forall x,yeX andt = 0,
v) M(x,y,t) « M(y,z,5) = M(x,z,t +5) forall x,y,ze X and s,t > 0;
i) M(x,y,.):[0,0) = [0,1] is continuous;
wii)  limesoM{x,y,t)=1forallx,yinX andt > 0;
(vii)  N(x,7,0) =1 forall x, V€ X;
(ix) N(x,y,t) =0 forallx,yeXandt > 0if and onlyif x = y;
(x) N(x,y,t) = N(y,x,t) forallx,ye Xand t > 0;
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(xi) N(x, 9, t) ¢ N(y,z,5) = N(x,z,t + s)forall x,y,ze X and 5,t > 0;

(xii) N(x,y,.):[0,00) = [0,1] is continuous forallx,yeX;

(xiii) 1M N(x,y,t) =0 forallx,ye X and t > 0;
Then (M, N} is called an intuitionistic fuzzy metric space. The functions M (x, ¥, t) and N (x, ¥, t) denote
the degree of nearness and the degree of non-nearness between x and y with respect to t, respectively.
Remark (2.1): Every fuzzy metric space (X, M ,*] is an intuitionistic fuzzy metric space of the form
(X,M,1 — M,*,0) such that t- norm * and t-conorm @ are associated as

x0y=1—-((1-x)*(1—y)) foralix,yeX
Example (2.1): Let (X, d) be a metric space, define t-norm @ * b = Min {a, b} and t-conorm
albh= Max{a,b} and forall x,¥ € Xand t = 0,
t d(x,y)

t +d(x,y) t+ d(x,y)
Then (X, M, N ,%,0 ) is an intuitionistic fuzzy metric space. We call this intuitionistic fuzzy metric (M, N)
induced by the metric d the standard intuitionistic fuzzy metric.
Definition 2.4 [13]: Two self mappings A and B of an intuitionistic fuzzy metric space (X, M, N,#,{ ) is said

M,(x,y,t) = N (xy,t) =

to be non-compatible if there exists at least one sequence £, } such that
lim,_, . Ax, =lim,_, Bx, = z for some z in X but neither
lim,_, M(ABx,, BAx,t}) #1,and lim__, N(ABx,_,BAx_t)#+ 0
Or the limit does not exists.
Definition 2.5 [4]: Let (X, M, N,#,0 ) be an intuitionistic fuzzy metric space. Let A and B be self maps on X.
Then a point X in X is called a coincidence point of A and B iff Ax = Bx.In this case, W = Ax = Bx is
called a point of coincidence of 4 and B.
In 1996, Jungck [6] introduced the notion of weakly compatible maps as follows.
Definition 2.6 [7]: A pair of self mappings (ﬂ, B] of a intuitionistic fuzzy metric space [:X, M, N, =0 jis
said to be weakly compatible if they commute at their coincidence points i.e A% = BEx for some X in X, then
ABx = BAx.
It is easy to see that two compatible maps are weakly compatible but converse is not true.
Definition 2.7: Let (X, M, N,#,0 ) be an intuitionistic fuzzy metric space. Two self-mapping f, g: X — X
are said to be compatible if and only if
(a) Sequence {xy} in X is said to be Cauchy sequence if, for allt = 0 andp = 0,
M{xnw,xm t} = i Iy N{xnw,xn, t} =0 forn—w,
(b) A Sequence {x ,} in X is said to be Convergent to a point XX if for all t = 0,
M(x,xt) =1, N(x,,xt) = 0forn— o,

Definition 2.8: Let (X, M,N =0 :] is an intuitionistic fuzzy metric space. Two self-mappings f,g: X=X
are said to be compatible if and only if M(fgx,,gfx,,t) = Land N(fgx,, gfx,.t) = 0forallt = 0
whenever { xn}inX such that fxn,gxn — Z for some Z € X,
Definition 2.9: Let (X, M,N,=} ] be a intuitionistic fuzzy metric space. Two self-mappings f,g:Xx—= X
are said to satisfy the (E.A) if there exists a sequence { X, } in X such that

lim fx_ = lim gx, =z

1 —*00 F1—* 00
Definition 2.10: Two pairs {f B Q‘} and {p, q} of self-mappings of a intuitionistic fuzzy metric space
(X, M,N,%4 ) are said to satisfy the common property ( E. A) if there exist two sequences { X, } and { ¥, }
in X and some Z in X such that

lim fx, = lim gx,= lim py, = lim gy, = =

1 —oo F1—* oo 11— oo 11— oo
Example 2.2: Let (X, M,N =0 :] be a intuitionistic fuzzy metric space with X = [— 1;1] and
=lx-yI
M(x,v,t]={e t ift>0forallx,yecX
ift=0.
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Define self- mappings f, g, P and gonX as fx = =; gx = —;px = S and gx = —; for all xeX.

. 1 =E
Then with sequences { X, } = = and { ¥, } = . in X such that

lim fx, = lim gx,= lim py, = lim qy, = 0

1 —roa n=ro n—=roa n— oo
This shows that the pairs {f g } and {}J, o } share the common property [E . ﬂj.
Definition 2.11: Two self mappings f and g of a Fuzzy intuitionistic metric space (X, M, N ,#,0 ) sare said to
be weakly compatible if the mappings commute at their coincidence points ie fx = gx for some X € X
implies

fgx=gfx
We shall call W = f X = gXx apoint of coincidence of f and 4.
Definition 2.12: Implicit Relation
Let & be the set of all real continuous functions ¢(R”):[0,1] = R, non-decreasing in the argument
satisfying the following condition:
For all X, ¥ € X and: @: [':',1]? — [0,1] such that ¢(t,1,1,t,t,1,t) =t for all 0 < t < 1,then there
exists a unique common fixed point of P, f, @ and g.
Lemma 2.13 [8]: Let X be a set f and g4 be owc self maps of X. If f and & have a unique point of coincidence,
w = f X = gx then W is the unique common fixed point of f and 4.
3 Main Results
Theorem 3.1: Let (X, M, N ,%,0) be an intuitionistic fuzzy metric space and let p, q, f and g be self -
mappings of X. Let the pairs §p. £} and £g, g} be owc. If there exists W € (0,1) forall x,¥ € Xandt = 0
M(fx, gy, t), M(fx,px,t),M(qy. gy, t), M(px, gy, r):)

M(px, gyv,wt) = ¢
(px, gy, wt) (M{q}afx, t), M(px, qy,t), M(fx,gy,t) * M(px, px, t)

and

N(fx gy.t),N(fx,px,t),N(gy,gv.t), N(px,gv, t],) 1
N(qy.fx,t),N(px,qy.t), N(fx, gy.t) = N(px,px, t) -0
Proof: Let the pairs E‘P; f } and {q, g ]' be owc, so there are points X, ¥ € X such that px = fxandqy = gv.
We claim that X = g¥. If not, by inequality (1)
(M(fx, gy.t), M(fx,px, t),M(qv,gv,.t), M(px, gy, tl)
M(qy.fx,t), M(px,qy.t), M(fx,gy.t) * M(px,px, t)
( M(px,qy,t), M(px,px,t), M(gy.qy. t), M(px, qy, t), )
M(qy.px,t), M(px, qy, t), M(px,qy. t) = M(px, px, t)
( M(px,qy,t), 1,1,M(px, gy, t), )

M(gv,px,t), M(px,qy, t), M(px, qy, t)
> M(px,qy.t)

(N (fx,gy.t), N(fx,px,t), N(qy,gy.t), N(px,gv, t),)

N(gy,fx,t),N(px,qy,t), N(fx, gy,t) * N(px,px, t)
( N(px,qy,t), N(px,px,t), N(gy.qv.t), N(px.qy.t), )

N(gy.px,t),N(px,qy.t), N(px,qy.t) = N(px,px, t)

N(px, gy, wt) < qb(

M(px,qv.wt) = ¢

M (px, gy, wt)

N(px,qy,wt) < &

N(px,qy,wt)

= @(N(px,qy,1),0,0,N (px,qy, t), N(qv,px, 1), N(px,qy, t), N(px,qv. 1))

< N(px,qy,t)
A contradiction, therefore PX = q¥, ie px = f X = gy = g¥. Suppose that there is another point Z Such that
PZ = fZ then by (1). We have pz = fz=qv =gy,sopx =pzZandw = px = fxis the unique point
of coincidence of P and f- Similarly there is a unique point Z € X such that Z = gz = gz,
Thus z is a common fixed point of P, ., f and 4. The uniqueness of the fixed point holds from (1).
Theorem 3.2: Let (X, M, N ,#,0 ) be a complete intuitionistic fuzzy metric space and let P, q, f and g be self-
mappings of X Let the pairs {2, f }and {g, g} be owc. If there exists W € (0,1) forall x,¥ € Xandt = 0
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(M (fx,gy.t) = M(fx,px,t) = M(qyv.gy.t) = M(px, gy, t))
* M(qy.fx,t) = M(px,qy.t) = M(fx,gy.t)

(N(fx,g}n t) = N(fx,px,t) = N(gy, gv.t) = N(px, gy, t])
«N(qy, fx,t) = N(px,qy.t) = N(fx, gy.t)

M(px, qy,wt) =
and

N(px,qy,wt) =
(2
Then there exists a unique common fixed point of 1, &, f and g.
Proof: Let the pairs {P; f ]' and {q, g } be owc, so there are points X, ¥ £ X such that px = f Xand q¥ = gGY¥.
We claim that px = gV. If not, by inequality (2) We have

M(fx,gy.t) = M(fx,px,t) = M(qy,gy.t) * M(px, gy, t)
M(px, qy,wt) = ( : : ; )
= M(qy.fx,t) = M(px,qy, t) * M(fx,gy.t)

_ (M (px, qy. t) = M(px,px, t) * M(qy, qy, t) * M(px,qy, t))
- = M(qy, px, t) = M(px,qv,t) * M(px, qv,t)

= (M(px.qy,t) * 1= 1= M(px, qy.t) * M(qy,px.t) = M(px.qy,t) = M(px,qy,t))
= M(px,qy,t)
N(fx,gy t) = N(fx,px,t) = N(qy, gy, t) = N(px, gy, t)
N(px,qy,wt) < ( : : . )
«N(qy, fx,t) = N(px,qy,t) = N(fx, gy, t)
B (N (px,qy.t) = N(px,px,t) * N(gy,qv.t) = N(px, qy, t])
* N(qy,px,t) * N(px,qy, t) * N(px,qy,t)

= (N(px,qy.t) * 0= 0= N(px,qy, t) * N(gy,px, t) * N(px,qy,t) * N(px,qy,1))
< N(px,qy,t)
Thus we have, PX = gV, iepPx = f X = gy = gV .Suppose that there is another point Z Such that Pz = f z
then by (2) we have pz = fz =gqy¥V =g¥ , soPX = PEZ and W = pPx = fx is the unique point of
coincidence of P and f . Similarly there is a unique point Z € X such that Z = gz = g=. Thus z is a common
fixed point of P, & fandg.
Corollary 3.3 Let {X, M,N =0 :] be a complete fuzzy metric space and let P, &« f and g be self- mappings of X .
Let the pairs {2, '} and £, 8} be owc. If there exists W E (0,1) forallx, v EX andt = 0
M(fx,gy,t) = M(fx,px,t) * M(qy.gy,t) * M(px, gy, t)
M(px, qy,wt) = ( : . : )
* M(qy. fx,2t) * M(px,qy,t) * M(fx, gy.t)

N(fx,gy.t) = N(fx,px,t) = N(gyv.gy.t) * N(px.gy. t))
* N(gqy,fx,2t) = N(px, qy,t) = N(fx, gy, t)

and

N(px,qy.wt) < (
(3

Then there exists a unique common fixed point of 2, f and 4.
Proof: We have
M(fx,gy,t) = M(fx,px,t) = M(qy,gy,t) = M(px, gy, t)
M(px, qy,wt) = ( : . . )
« M(qy, fx,2t) * M(px,qy, t) * M(fx, gy,t)
M(fx,gy.t) = M(fx.px,t) = M(gy, gy.t) = M(px,gy.t)
M(px,qy,wt) = ( _ . . . )
«M(fx,gy.t) = M(gy.qy.t) = M(px,qy.t) = M(fx, gy, t)
2 (M{fx,g}n t) = M(fx,px,t) = M(qy,gy.t) = M(px, gy, t])
+ M(px,qy,t) = M(fx,gy, t)
(M (px.qv.t) = M(px,px,t) * M(gy.qy.t) * M(px,qy,t) )
+ M(qy,px, t) * M(px,qy,t) = M(px,qy, t)
_ (M{px, gy,t) *1=1 = M(px,qy,t) = M(qy, px, t))
- = M(px,qy,t) = M(px, qy,t)
> M(px, qy,t)
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N(fx,gy.t) = N(fx,px,t) * N(gy.gy.t) = N(px, gy, r])
* N(gy.fx, 2t) = N(px,qy.t) * N(fx,gy.t)
N(fx, gy, t) = N(fx,px,t) * N(qgy,gy.t) * N(px, gy, t)
N(px, qy,wt) < ( _ . . . )
«N(fx,gy.t) = N(gy.qy.t) = N(px,qy.t) = N(fx,gv.t)
(N (px,qy,t) = N(px,px,t) = N(qy,qy,t) = N(px,qy,t) )
* N(px,qv,t) = N(px,qy, t)
(N (px,qy,t) = N(px,px,t) = N(qy,qy,t) = N(px,qy,t) )
* N(qy,px,t) * N(px, qv,t) * N(px,qy, t)
B (N{px, gy,t) =0 = 0= N(px,qy,t) = N(gy,px, t])
B = N(px, qv,t) * N(px,qy,t)
< N(px,qy,t)
And therefore from theorem 3.2, P, ., f and & have a common fixed point.
Corollary 3.4: Let (X, M, N ,#,0 ) be a complete fuzzy metric space and let P, g, f and g be self -mappings of
X Let the pairs 12, f Jand {4, g} be owe. If there exists W £ (0,1) forallx, v E X andt = 0
M(px,qy,wt) = M(fx, gy, t)

N(px,qy,wt) < (

=

and

N(px,qy,wt) < N(fx, gy, t) (4

Then there exists a unique common fixed point of 2, f and 4.

The proof follows from Corollary 3.3.

Theorem 3.5: Let (X, M, N ,#,0 ) be a complete fuzzy metric space. Then continuous self- mappings f and g of

X have a common fixed point in X if and only if there exists a self mappings  of X such that the following
conditions are satisfied

() p(X) € g(X) N F(X)
(i1) The pairs {p,f} and {p, g} are weakly compatible,
(i)  There exists a point W € {0,1) such that forall X, V E X and £ = 0

M(px, py, wt) = M(fx, gy, t) « M(fx,px,t) « M(py, gv, t) = M{px, gy.t) « M{py, fx,t)
and
N(px,py,wt) = N(fx,gv.t) » N(fx,px, t) = N(py,gv. t) » N(px, gy, t) « N{py, fx, t)
(5

Then B, f and g have a unique common fixed point.

Proof: Since compatible implies owc, the result follows from Theorem 3.2.

Theorem 3.6: Let (X, M, N ,#,0 ) be a complete fuzzy metric space and let P and g be self- mappings of X . Let
P and g are owc. If there exists W € (0,1) forallx, v € X andt = 0

M(fx, fy,wt) = a M(px,py,t) +

B min{M (px,py, t), M(fx,px, t), M(fy.py, t), M(fx,py, t)}

and

N(fx.fy,wt) < a N(px,py,t) +

B min{N(px,py.t), N(fx,px, t), N(fy,py, t), N(fx,py, t)}

..(8)
Forall X,¥ € X where &, f§ = 0, + 5 = 1. Then 2 and f have a unique common fixed point.
Proof: Let the pairs {P, f ]' be owc, so there are points X € X such that px = f X. Suppose that there exist
another point ¥ € Xfor which py = f ¥. We claim that f x = f V. By inequality (8)
M(fx,fy.wt) = a M(px,py, t)
+ Bmin {M(px,py.t), M(fx,px, t), M(fy.py, t), M(fx,py. t)}

= EIM(fx,f}F, tj a1 JG min{M (fxrf}rrt]rM{fxrfxrtj:M{fFrfFr ter(fxrf}F: tj}
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= (a +BIM(fx,fy,t)
N(fx,fy,wt) < a N(px,py,t) + f min{N(px, py, t), N(fx,px, t), N(fy,py, t), N(fx,py, t) }
(a + BIN(fx.fy.t)
A contradiction, since (¢ + [§) > 1. Therefore fx = f¥. Therefore px = PV and PX is unique.
From lemma 2.13 ,  and f have a unique fixed point.

References

1. Aamri, M. El and Moutawakil, D “ Some new common fixed point theorems under strict contractive
conditions”. Journal of Mathematical Analysis and Applications. 270(1), 181-188(2002).

2. Alaca, C., Turkoglu, D. and Yildiz, C., “Fixed points in intuitionistic fuzzy metric spaces”, Chaos,
Solitons & Fractals, 29(5) ,1073—1078(2006).

3. Balasubramanium, P., Murlisankar, S , Pant R.P, “Common fixed points of four mappings in a fuzzy
metric spaces”, J. fuzzy Math.10(2), 379-384(2002).

4. George, A. and Veeramani, P. , “On some results in fuzzy metric spaces”, Fuzzy sets and systems 64 ,
395-399(1994).

5. Imdad, M., Ali, J., Khan, L. “Coincidence and fixed points in symmetric spaces under strict contractions”.
Journal of Mathematical Analysis and Applications. 320(1), 352-360(2006).

6. Jungck, G, “Compatible mappings and common fixed points
(2)”, International J. Math. Sci., 285-288(1988).

7. Jungck , G. and Rhoades, B.E., “Fixed point for set valued functions without continuity”, Indian J. Pure
and Appl. Math., 29(3), 227-238(1998).

8. Jungck, G. and Rhoades, B.E.”Fixed point Theorems for occasionally weakly compatible mappings”,
Fixed Point Theory, 7(2), 287-296(2006).

9. Kramosil, O. and Michalek. j,” Fuzzy metric and statistical metric spaces” Kybernetika,11,326-
334(1975).

10. Kubiaczyk, I., Sharma, S.”Some common fixed point theorems in Menger space under strict contractive
conditions”. Southeast Asian Bulletin of Mathematics, 32(1), 117-124(2008).

11. Liu, Y. Wu, Li, Z.”Common fixed points of single-valued and multivalued maps”. International journal of
Mathematics and Mathematical Sciences.(19), 3045-3055 (2005).

12. Pant, R.P. “Common fixed points of non commuting mappings”. Journal of Mathematical Analysis and
Applications, 188(2), 436-440 (1994).

13. Schweizer, B. and Sklar, A.” Statistical metric spaces”, Pacific J. Math.10, 313-334 (1960).

14. Turkoglu, D., Alaca, C., Cho, Y. J. and Yildiz, C. “Common fixed point theorems in intuitionistic fuzzy
metric spaces”, J. Appl. Math. & Computing, 22 ,411-424 (2006).

15. Zadeh, L. A., Fuzzy sets, Inform and Control 8(1965), 338-353.



