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Abstract

In this paper we obtain some fixed point results in random fuzzy metric space of two mappings.
Keywords: Fixed point, Random Fuzzy metric space.

Mathematical Subject Classification: 45H10, 54H25.

Introduction and Preliminaries

The concept of fuzzy metric space or a fuzzy set is introduced by Zadeh in 1965, Some times for the measurement
of an ordinary length, it proves the concept of a fuzzy metric space. The author divides the results in two groups,
in which a set X maps on fuzzy metric space defines the totality of all fuzzy points of a set and also the distance
between objects is fuzzy and the objects together may or may not be fuzzy. By this the fuzzy objects has a
numerical distances. Later then the concept of fuzzy metric space is introduced by Kramosil and Michalek it proves
the the contraction principles.

Definition 1.1.An algebraic structure (X, M,*) is called a fuzzy metric space if a non-empty set X, * is a
continuous t-norm and M is a fuzzy set on X 2 x (0, ), satisfying the following conditions for each X, Y,Z €
X and eachtand s > 0,

(1) M(x,y,t) >0,

) M(x,y,t) =1lif andonlyif x =y,

@) M(x,y,t) = M(y, x, 1),

4 M(x,y,t)* M(y,z,s) < M(x,z,t +s)

(5) M(x,y,.):(0,0) = [0,1]is continuous.

Let (X, M, *) be a fuzzy metric space. fort > 0 and the open ball B(x, 1, t) with center x € X
radius 0 < r < 1is defined as

Bx,rt)={yeX:M(x,y,t)>1—-r}
Asubset A C X is called open If for eachx € A , there existt > 0 and 0 < r < 1suchthat B(x,1,t) C
A. Let T denotes the family of all open subsets of X. Then is called the topology on X induced by the fuzzy
metric M. This topology is Hausdorff and first countable. A subset A of X is said to be F-bounded if there exist
t >0and0 < r < 1suchthat M(x,y,t) >1—rforallx,y € A.

Lemma 1.2: Let (X, M, *) be a fuzzy metric space. Then for all X,y € A. we have a non decreasing function
M(x,y,t) with respect t.

Definition 1.3: Abinary operation *: [0,1] X [0,1] — [0,1] is a continuous t- norm if it satisfies the following
conditions

(1) = is associative and commutative ,
(2) * is continuous,
3) ax1 =aforalla € [0,1],
4) a*b <c*dwhenevera<candb <d, foreacha,b,c,d € [0,1],
Two typical examples of continuous t-norm are a * b = ab and a * b = min{a, b}.
Definition 1.4: Let (X, M, *) be a fuzzy metric space. M is said to be continuous on X 2 x (0,00) If

lim M(x,, yp, t,) = M(x,y,t)
n—o0o0

Whenever a sequence { (X, Y, tn)} in X2 X (0, 00) converges to a point (x, y,t) € X2 X (0, ),
ie.

lim M(x,,x,t) = lim M(y,,y,t) =1and lim M(x,y,t,) = M(x,y,t)
n-oo n—oo n—oo
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Lemma 1.5: Let (X, M, *) be a fuzzy metric space. Then M is continuous function on X % (0, 00).

Definition 1.6:Let f and g be self —mappings on a fuzzy metric space (X, d). Then the mappings are said to be
weakly compatible if they commute at their coincidence point, that is, fX = gx implies that f gx = gfx.

Definition 1.7: A sequence{X, } in a fuzzy metric space (X, M, *) is said to be convergent to a point X €
X if lim M(x,,x,t) = 1. The space (X, M, *) is said to be complete If every Cauchy sequence in X is
n—-oo

convergent in X.

Definition 1.8: A fuzzy metric space (X, M, *) is said to be precompact if for each 0 < 7 < 1 and each t >
Othere is a finite subset AE X suchthat X = Ugeq B(a, 1, t). A fuzzy metric space (X, M, *) is called compact
if (X, T) is a compact topological space. Also it is clear that every compact set is closed F-bounded.

Definition 1.9: Throughout this paper (€, X) denotes a measurable space. & : Q — X is a measurable selector. X
is any non empty set. * is continuous t-norm, M is a fuzzy set in X? X [0,00) .A binary operation
+[0,1]x[0,1]—[0,1] is called a continuous t-norm if ([0,1],+) is an abelian Topological monodies with unit 1 such
that a « b > ¢ » d whenever

a>candb>d , Foralla,b,c,d, € [0, 1]

Example of t-norm area=b=ab and a b =min {a, b}

Definition1.9 (a): The 3-tuple (X, M, ) is called a Random fuzzy metric

space, if X is an arbitrary set,* is a continuous t-norm and M is a fuzzy set in X?x [0,00)

satisfying the following conditions: for all

Ex, &y, Eze Xands, t>0,
(RFM —1): M (£x,£,0)=0

(RFM =2): M (¢éx,Ep,t) =LVE-0,x=y

(RFM =3): M (§x,6.t) = M(§y,6x.0)

(RFM —4): M (¢Ex,&z,t+5) 2 M (Ex,Ey, 1) M (E2,Ey, 5)

(RFM =5):M (&x,&y,Ea):[0,1) = [0,1])is left continuous

In what follows, (X, M, € ,*) will denote a random fuzzy metric space. Note that M (f X, f y, t) can be thought

of as the degree of nearness between f x and f y with respect to t. We identify f X = f y with M (f X, f y, t) =

1 forallt>0and M (f X, ‘f y, t) = 0 with oo.In the following example, we know that every metric induces a fuzzy

metric.
Example Let (X, d) be a metric space.
Define a b =a b, or ab =min {a, b}) and for all x, y, € X and t> 0,

t
M{ex.s3:1) = e

Then (X, M, € *) is a fuzzy metric space. We call this random fuzzy metric M induced by the metric d the

standard fuzzy metric.
Definition1.9 (b): Let (X, M, Q , ) is a random fuzzy metric space.

(1)A sequence { f Xqn} in X is said to be convergent to a point f x e X,
limM(&x,,Ex,t)=1
n—oo0
(i1) A sequence { f Xn} in X is called a Cauchy sequence if
limM(Sx,, ,,¢x,,t)=1,Vt=0and p -0
n—o

(iii) A random fuzzy metric space in which every Cauchy sequence is convergent is said to be
Complete.
Let (X.M,*) is a fuzzy metric space with the following condition.
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(RFM-6) limM (Ex,Ey,0)=1,V¢éx,Ey e X
t—o0
. Definition1.9 (c¢): A function M is continuous in fuzzy metric space iff whenever
§x, > ¢x.6y, > gy=>lmM(x,.5y,,0)>M(5x,5y,1)
Definition1.9 (d): Two mappings A and S on fuzzy metric space X are weakly commuting iff
M(ASEu, SAEu, )>M (A&u, SEu, 1)

Main Results
Theorem 2.1: Let R and S be self-maps of on a F-bounded Random fuzzy metric space (X, , N,*) satisfying

(1) RX) € S(X), S(X) is complete. If (R,S) is a weakly compatible pair.

(ii) N(RSx, RSy, u)

(- N(SEx,SEy,u), N(SEx, REx, w), N(SEy, REy, ), N(SEx REy ) ]
N(SEy, REx, ), N(Séx, Réx,u) + N(S&y, REy,u) Li
)]

14+ N(S¢éx,S&y,u)
l N(Séx,Réx,u) + N(Séx, Réy,u), N(S&y,Réx,u) + N(S&y, Réy,u)
14+ N(S¢x,Réy,u), N(S&y,Réx,u) + N(S&x,S¢y, u)N(S&y, Réx, u)

|
thimin
|

Véx,éy € X and V u > 0,where ¢ : [0,1] - [0,1] is continuous and monotonically

increasing such that (t) > t,vt € [0,1).
Then R and S have a unique common random fixed point in X.
Proof: Let £f, € X from R(X) € S(X), there exist a sequence {{f,,} in X such that
RE&f, = S&fy1 = EE,for some n
Case (i) Suppose ¢E,, 1 = EE, for some n, Then Réz = S&z, where £z = &f, 44
Denotes K = Réz = Séz
Since (R,S) is a weakly compatible pair, we have R, = Sy,
Therefore from (ii) we have
N(Rki fk, fu) = N(ERk! fRz! u)

[ ( N(Esk' ESZ,U),N(ES,(, ERk 'u)'N(ESZ' ERZ !u)' N(EsklfRz' u) \ ]
- I ' N(ESZ, ka’ u)’ N(ésk' éRk i u) + N(ESZ' 5 RZ' u) ) I
= ¢|min 1+ NSy, €S, u) |

| L N(Esk' ka,u) + N(Eskﬁ fRz' u)' N(fsp ka,u) + N(ESZ, fRZﬁu)J |

1+ NGSy, &Ry ), N(ES,, ERpe 1) + N(ESp, €S, N (ES,, Ry ) |
= (p[mln{N(ka ’ fk; u)}]
> {NRy , &k, W)}, iF {N(ERy , Sk, w)} <1
Hence ER, = &k Thus &S, = éRy, = &k
If v is another common fixed point of Rand S, Then N (¢k, év,u) = N(ERy ,éR,, u)
= @[min{N(¢k,év,u), 1,1, IN(Ek, év,u), N(¢ék, év,u), 1,1}
= @[N(¢k,$v, u)]
> [N(¢ék, v, w)]ifN (k,v,u) < 1
Hence & k = &v.Thus &k is the unique common fixed point of S and R.
Case (ii) Assume thaté E,,,; # (E, Vn €N,
let £B,(u) = inf{N(EEi,EE]-, u);i >n,j> n}

YV u > 0.Then {¢B,,(u)}is a monotonically increasing sequence of real number
betweeen 0 and 1 for all u > 0.
Hence 1111_r)r010 EB,(w) = éB,(u) for some 0 < &6, (u) < 1 for any n€ N and integer

i=>n,

Jj = n, we have
N(¢E;, €Ej,u) = N(R&x;, Réx;, u)
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I L N(EE;_1,€E;,u) + N(EE;_y, €Ej,u), N(EE;_1,EE;,u) + N(EE;_y, €E;,u) J
| 1+ N(€E;_1,¢Ej,u), N(EEj_y,¢E;,u) + N(¢E;_1,€E;_1,u)N(E;_4, EE;,u)
> p[éBn-1(W)], since @ is monotonic increasing

Hence¢ B, (W) = @[§fn-1 (W]
Let éB,(w) = @[éB,_1(w)] then atn — oo we get

§Pn(w) = pEBn (W) > EB, (W), if $Bn(u) <1
Hence éB,,(u) = 1 so that h_)rg EBr(u) =1
Thus for given for given € n> 0,3ny € Nsuchthat £8,(u) >1—€,V n> n,.
Therefore n > ny.m € N we have
M(EEn' éEn+m'u)> 1-e€
Hence {¢E, } is a Cauchy sequence in X. Since S(X) is Complete, it follows that éE,, — &z for some z € S(X).
Hence there exists w € X such that z = SwNow,
N(&Sy, §Sxy,u), N(§Sy, §Ry , u), N(§Sxp, ERxp , u), N(§Sy, §Rxp, u)
NSy, §Ry ,u) + N(§Sxn, §Rxp , 1)
NS R ), 1+ N(ES,, E5x,,10) ‘
N(Esk' ka' u) + N(ésk' ERZ' u)' N(ESZ' ERk' u) + Né(szr fRzr u)
1+ N(§Sw, §Rxn, w), N(§Sxn, § Ryyu) + N(§Sy, §Sxp, N (§Sxp, SRy, 1)
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!— I( N(EEi—ll EEj—llu)' N(EEi—ll EEL ’ u)' N(EEj—li EE]',U), N(EEi—li EE]! u) \I -!
N(EE;_4,E; ,u) + N(EE;_y, EEju
| ' N(EE]'_l,fEi,u), (E -1 E i ) (f ‘j—1 E j )’ |
> ¢|min 1+ N(§E;—1,¢Ej_4,u) I
|

N(ERWI ERxn; u) = QP min

Let 1111_r)r010 we get
(éR,,¢éz,u) = @[min{1,N(z,¢éR,, ,u),1,1,N(¢éz,¢éR,, ,u), 1,1}]
= o(N(z,¢Ry, ,u)
> N(éz,¢éR,, ,u)ifN(éz,R,, ,u) <1
Hence ¢ R, = &z ThuséS,,=¢éR,=¢z.
Corollary 2.2: Let R be a self -map on a F- bounded Complete random fuzzy metric space (X, 2 ,N,*) satisfying
[ /N(fx, ny U.), N({x, fo: U.), N(fy, Rny u), N(fo Rny u)\ ]
N(§x,REx,u)+N(§y,REy,u)
(i) N(Réx,REy,u)= ¢ Imin Ny, Réx,u), 1+N(x,y,u) ’ |
I l N (§x,REx,W)+N (§x,REy,w),N (§y,R§x,u) + N (§y,REy,u) J |
|_ 1+N(&x,REy,u),N(&y,RExu)+N(Ex,Ey,u)N(Ey,Réx,u) J
vV éx, &y € X and V u > 0,where ¢ : [0,1] - [0,1] is continuous and monotonically
increasing such that @(t) > t,vt € [0,1).
Then R has a unique common fixed point in X.
Now we proves the following theorem in compact fuzzy metric spaces by using the methodology of Shih and Yeh
Theorem 2.3: Let (X, {2, N,*) be a compact random fuzzy metric space S, R : X — X be satisfying:
6] R is continuous, SR = RS and
(i1) N(R¢x, REy, u) > min{N (§x1, §y1,u); §x1,€y1 € Q(x) U Q(0)}
For alléx, &y € X withé x # éy,Vu > 0 where Q(éx) = {géx : g¢ € T}, T being the semi
group of self maps on X generated by {S, R, I}, (I is the Identity map on X). Then S and R have a
unique common fixed point z€ X.
Proof: We know that R™X is Compact and R"**'X € R"X forn=1,2,3,-----
Let Xy = Np=1 R™X , X, is a non empty compact subset of X, RX, = X, and SX, € X,.
Since N is continuous on X,* X (0, o0) and X, is compact it follows that for each u > 0, N(.,., u) has a minimum
value. Hence 3¢ v, ¢ v, € X, such that
N(&vy, vy, u) = inf{N(éx, &y, u); éx, &y € Xy} For each u > 0.
since TXy, =Xo3¢y1,€y, € X, such that R¢y, = &v, and R&y, = &v, ,suppose &y, +
vy, Then from (ii) we have
N(Evl' EVZl u) = N(Rfyll RE.VZ! u)
> min{N(§x, §y, u); §x,§y € Q(§y1) U Q(€y2)}
= N(Evl' EVZl u)
It is a contradiction. Henceéy; = &y, and &vy = &v,.
Hence X, is a singleton set, say {v} Thus v is a common fixed point of S and R.
Corollary 2.4: Let R be a continuous self map on a compact random fuzzy metric space (X, £ N,*) satisfying
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N(&x,REx,u)+N (§y,REy,u)

N(Réx, REy,u)= ¢ minj Ny, R¢x,u), 1+N(x,y,u)

L N(&x,REx,u)+N(Ex,REy,u).N(Ey,REx,u)+N (£y,REy,u) J
1+N(§x,REy,u),N(§y,REx,u)+N (§x,§y,u)N (§y,REx,u)

’

V& x,&y € X with&x # &y and for allu > 0.
Then R has a unique common fixed point in X.
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