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Abstract

In order to achieve any design study on a gear tooth or to carry out any type of analysis on a complete gear drive, the
first step is the representation of the actual form of this tooth under consideration. In this work, a mathematical
simulation of generation process for the symmetric involute gear teeth shapes based on the principle of the gear
shaping process with a rack-shaped cutter has been developed to take into account the effect of asymmetric tooth
profiles and the use of profile correction on each side of tooth with different design parameters for each side of tooth.
As a result of this work, a computer program based on this mathematical simulation has been built to represent
graphically step-by-step the actual form of symmetric and asymmetric gear teeth shapes with and without profile
correction for different gear design parameters.

Keywords: Involute Gear Teeth, Symmetric, Asymmetric, Profile Correction, Mathematical Simulation, Generation
Process.

1. Introduction

In this work, the principle of gear shaping process with a rack-shaped cutter which is one of the gear generation
methods [1], has been adopted to simulate mathematically the generation process of involute gear teeth shapes. By
this process the tooth profile obtained is composed of two well defined parts, the involute part and root fillet part.
The involute part is generated by the straight sides of the rack cutter, whereas the root fillet part is formed by the
cutter nose. In this mathematical simulation, two cases have been considered, the first case is for the generation of
symmetric tooth shape and the second case has been developed to generate asymmetric involute gear teeth shapes
with and without profile correction (profile shift) for different design parameters of module and number of teeth on
gear, as well as pressure angles, root fillet radii, top edged radii and correction factors for loaded and unloaded tooth
sides.

2. Generation of Symmetric Tooth

In the generation process of symmetric tooth shape, the generating rack cutter and gear blank roll in contact in timed
relation to each other simultaneously, they are also given a feed relative to each other to remove the metal from the
blank. In this process, the cutting tool (rack cutter) which shown in (Figure 1) is given a shape conjugate with the
form of the tooth to be cut. Therefore; the geometrical representation of the rack cutter with its rolling simulation are
imperative.

2.1 Geometrical Representation of Rack Cutter

The basic rack cutter which is shown in (Figure 1) has been adopted as a cutting tool for this generation process [2].
Fifteen points are used to define the outer shape of this rack cutter. The Cartesian coordinates of these points are
measured with respect to a reference point F(0,0) which is located on the pitch line TT.

Referring to (Figure 1), it can be that:
from & C,CD: €0 = —L% (1)

Co5 &
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also, from & @50 5 D=1, tang

and D= e

Co5 &

now, QIB = Cl.S'l = CID_S]_D

By substituting equation (1) and equation (2) into equation (4), yields:

Q8= L (1-sing)

co5 ¢

Therefore; Hy = — [% + Ry tan¢+c—;% (1—sin qu]

Ky =—hy+1m

In the same way, it can be proved that:

H4=:%“ +hdtanqb+—rﬂ— (1—sing)

Ccos @
Ky=—hatm

Qub = T

o5 @

and  QuN= —L— (1-sin¢)

cas @

Also, from the same figure, it can be shown that:

Tl

from A CafK: K= cos

also, from A Q353K 53K = 1 tan ¢

Tt
co5 ¢

and QK =

now, ng = 6353 = CgK_ .5'3!{
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By substituting equation (12) and equation (13) into equation (15), yields:

Tit
o5 ¢

Q. = (1—sing)

Therefore; Hy = ]%': — h, tan ¢ — C;”‘p (1—sing)

Ey= hy — 1y

In the same way, it can be proved that:

Hy=— %_hﬂmn@_c:s—mqb (1—Siﬂ¢)]

Kzz ha—‘!’m

_ Tiu
QeF = o5 &
and Q.G = czzuqb (1—sing)

(16)

amn

(18)

(19)

(20)

(2]

(22)

Now, by referring to (Figure 1) again, the Cartesian coordinates of the geometrical points for the rack cutter can be

found as shown below:

Pe

XA: — ? R 1/:4 = _hd

XB :Hl S YB = _hd

AB = | X5 — X, , CD =1, tang
= Tfw _

Xp=H;+ cos & , Yo=Ky

Xe=Xp—CDsing , Y. =V, - CDcosg
— g, _

A = H; cos @ , Ve =K,

ED= [(Xg — Xp)*+ (¥ — ¥p)° ) EF = 1, tan ¢
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Xp=Xg+EFsing , V=¥ +EFcos¢
X.=H, ., ¥V.=h,
Xy=0 , Yy=h, , GH= |X;—X;|
A=ty , v = hy
HE = |X; — Xyl .  Kf=mtand
Ky =Hyt —2 L Ye=Ky
co5 ¢
Xy =Xy —Kfsing , ¥i=¥+Efcosg
Ky =Hy— C_:‘_% > B=8
KL= [J(X,— X )P +{Y, — ¥)? , LM = 1, tan ¢
Xy =X, +LM sin ¢ , Vy=¥ —ILMcosg
Xy = H, . ¥y= —hy
Xo= . ¥y=—h; and NO = |X,— Xyl

Where ¢ is the pressure angle of symmetric tooth, it’s the same for loaded and unloaded tooth sides,
T & Ty are the root fillet and top edged radii of loaded tooth side,

¥ & Ty are the root fillet and top edged radii of unloaded tooth side,

h, & hy: are the addendum and dedendum heights of tooth,

P : is the circular pitch, p, = Tnht, and mg is the module.

2.2 Rolling Simulation of Rack Cutter

For the tooth profiles generation, the essential requirement is that the pitch line TT which is shown in (Figure 1)
rolls on the pitch circle of blank without slipping. In (Figure 2), the pitch circle with a center &y has been kept
stationary while the pitch line TT rolls on it on either side of pitch point F. Also, in order to achieve the tooth
profile correction, the pitch line TT must be withdrawn from the pitch circle by amount “x.m,” where x
represents the correction factor [3]. According to this profile correction, new addendum and dedendum heights will
be obtained, therefore:

Ralnaw (afcer rolling Ralow {hafora rolling) +xm, (23)
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Ra)new (after rolling) Ralow (bafora roiling) X Mg 24)

The generation process is carried out by the rolling of a whole rack cutter to the right and left directions from the
initial position without slipping by incremental angles (8°s) until a whole tooth shape is generated, then from (Figure
2), it can be shown that:

Firstly, according to the principle of involute construction, [4]:

L= R, © 25)
and  inv¢= tang — ¢ (26)
Also, from the same figure, L,= f sz—i— le (27)
and Ly= J L2+ sz — 2 Ry, Ly cos(inv ¢) (28)

g E
where Ry represents the radius of pitch circle, R, = % and z: represents the number of teeth on a gear.

Therefore; the rolling simulation of a rack cutter can be achieved in the following procedure.
2.2.1 Rolling Simulation of A Whole Rack Cutter to Right Direction

Referring to Fig.(3.5), it can be found the Cartesian coordinates of rack points for the right direction
A, B, O, DL ELE, G HL, UKL, M, N, and Q) are as follows:

Xyp =(La+h,) sind Yy =(Ly+h,) co58
X=Xy —GH cosd , Yor=Vy +GH . 5in 8

KXo =Xy —(GH+GQ,).cos 8 Yo =Yg +(GH+6Q;) sinb

Xpr =Ko+ — Q€ .5in(6 +¢) , Ypr =Yo 1 — QzE . cos(8 +¢)

Xp=Xg 1 — (Q2F — EF).5in(8 + ¢) , Ypr =¥ — (Q:F— EF).cos(8 +¢)
H.=Xq — Ty 5in0 Ki=Vg —1, cosB

Xpt = Ko — (Q:E+ ED).5in(6 + ¢) , Yp =¥ —(QE+ED] cos(0 +¢)

Xor = Xo = (Q:F +ED + DC). sin(6 + @) , Yo =Yoo — (QF + ED + DC).cos(8 + ¢)
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Xg+ =X+ — (Q:E +ED + DQy).sin(6 + ¢) : Yor=VYgor—(Q:E+ED+DQ).cos(B8+¢)

Xy =Xg+—Q1B.cos8 Yg =Yg +4B .5In 8

>

Ky = Kg,r — (@18 + AB) . cos8 , Yy =Yor+(Q1B+AB) 5ind

Hi=Xg +715, .5In8 | Ki=Yg +1, .c058

Xp =Xy +HI cosB , ¥p=¥y —HlLsino

Xg =Xy +(HI+1{Q;).cos 8 , Yo, =¥g — (HI+[Q5).5(n 8

Kyt = Kg,» — Q2K .5in(6 — @) , Yyt =Yg — Q2K cos(8— @)

Xy =Ko +(QaK — KJ). sin(6 — &) , Vy =Yoo — QoK — KJ).cos(6 — ¢)

Hi =Xy — 1, 5inG , Ki=Vp —1,c088

Xy =Xpr — (@K +KL).sin(6 — ¢) , Yy =¥ r—(Q:K+KL).cos(6 — @)

Kot =Ko — QK+ KL+ LM).sin(6 — ¢) , Yoo =Yoo — QK+ KL+ LM) cos(6 — ¢)
Xoo =X — (Q:K + KL +L0,).sin(6 — ¢) , Yo =Yg — (0264 KL+L0Q,).cos(8 — ¢)

Ky =Ko+ Q4N coso Yy =¥g - QN . sind

>

Xo' = Xq+ +(QuN +NO) . cos8 Yo =Yg, — (QuN + NO) sin 6

Hi=Xyp +15.5n8 ,

Ki=Vyp +1,.co58

2.2.2 Rolling Simulation of A Whole Rack Cutter to Left Direction

In order to find the coordinates of rack points for the left direction
(A7, BT, C", D" BT, FU, G, HT, I T KT, LT, MY, N, and 07), the same previous procedure of rolling
simulation for the right direction can be done but with replacing the angle (8] by (—&).

3. Generation of Asymmetric Tooth

In this case, there are different profiles on each side of tooth, therefore; there are two different pressure angles for
both sides of tooth, the first is for loaded side “¢r;” and the other is for unloaded side “¢,”. In this case, the
generation process for the symmetric tooth must be developed to take into account this asymmetry of the tooth
profiles. Therefore; the generation process of tooth must be carried out into two stages, the first for loaded side part

58



Innovative Systems Design and Engineering Www.iiste.org
ISSN 2222-1727 (Paper) ISSN 2222-2871 (Online) v :si-'
Vol 3, No 6, 2012 IS'E

and the other for unloaded side part.

3.1 Generation Process for Loaded Side Part of Tooth

By this stage, the rolling simulation of a half rack cutter (right half) to the right and left directions from the initial
position without slipping by incremental angles (8°s) is carried out until a half tooth shape (loaded side part of the
tooth) would be generated. Also, to achieve the tooth profile correction of this side, the pitch line TT must be
withdrawn from the pitch circle by amount “x;.m,” where x; represents the correction factor for loaded side of
tooth as shown in (Figure 3). Therefore; the new addendum and dedendum heights for the loaded side of tooth are:

hﬂj‘“m"’ (after rolling) = hajﬂm (before rolling) +x. 1M, (29)

hd)“‘?w (after rolling) = hd)ﬂld (before rolling) *1- Mg (30)

Now, from the principle of involute construction for unloaded side part of tooth, it can be shown that:

L= R, 8 31)

inv g, = tang, — ¢ (32)
L= | R+ L (33)
and L= J L2+ sz — 2 Ry, Ly cos(inv ¢y) (34)

where ¢: represents the pressure angle of loaded side of tooth.

Then, the rolling simulation of the loaded side part of tooth can be achieved in the following procedure.
3.1.1 Rolling Simulation of Right Half Rack to Right Direction

Referring to (Figure 3), it can be found that:

Xy =(La+h,) sind , ¥y = (La+h,) . co586

Xp =Xy +HIl . cosB , ¥p=¥y —HlLsino

X, =Xy +(HI+10;).c058 , Yo, =V¥g —(HI+13;).5in8

Kyt = Ky — Q2K sin(8 — ) > Yy =YQE’—Q3K-COS(9_¢'1)

Xp = Koo +(QaK — KJ). sin(6 — ¢,) . Yy =Yoo (QuK —Kf).cos(8 — )

Hi =Xy — 1, 5inG , Ky=V¥y —1ncos 8

Xy = Koo — (QuK +KL). sin(6 — ¢) . ¥y =Yg~ (Q.K+KL).cos(0— )

Xyt =X — (02K + KL+ LM).sin(6 — ¢;) Vgt = Yoo — (02K + KL + LM). cos(8 — @,)
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Xoo =g —(QK+KEL+LQ).sin(6—¢) Yoo = Yo — (Q2K+ KL+ LQy).cos(6 — @)
Kyt = Ko + Q4N cosd , Yy =¥g - QN . sind

Kot = Xg,r +(QuN +NO) . cos8 , Yo =¥q, —(QuN+ NO) 5in 6

Hi=Xyp +1,.5n8 , Ki=Yy +15 0050

3.1.2 Rolling Simulation of Right Half Rack to Left Direction

Also, by referring to (Figure 3), it can be found that:

Xy = —(Lg+h,) sind , Yy =(La+hy) . cos 8
Xy =Ky +HI cos8 ¥iw=¥y» +HlLsine

Xqr = Xy + (HI +1Q3).cos 8 , Yg,r = Y + (HI +1Q3).5in 8

Kgn =Ko v + QK sin(6 +¢;) | Ygr =¥o v — Q3K . cos(8 +¢y)

Ky = Ko v +(QoK — KJ).sin(6 + ¢,) , Yo =Yg v —(QaK — Kf).cos(6 + ¢y)

Hy = Xp 41, 5ind , Ky =¥mw—r1,0056

Xy = Ko v +(QaK + KL) sin(6 + @) , Yy =Yg r—(Q:K+KL).cos(B+¢,)

X = X v + (G K+ KL+ EM). sin(8 + ) , Yygr = Vg, — (G K+ KL+ LM) . cos(8 + ;)
Koo =Xor +(QK+KL+LQ,) sin(6+¢) | Voo = ¥or — (K + KL+ LQ,).cos(8 + ¢y)

Ky = Ko + QN . cos8 , Yyr =¥q v+ Q4N . sin 8

Xor = Xg,r +(Q4lN +NO) . cos8 . Ygr =Yg u+(QuN+NO) sind

Hi =Xpr — 15 .58 , Ki=Vy+15.c0508

3.2 Generation Process for Unloaded Side Part of Tooth

By this stage, the rolling simulations of the second half rack cutter (left half of rack cutter) to the right and left
directions from the initial position without slipping by incremental angles (8°s) until the another half tooth shape
(loaded side part of the tooth) is generated and to achieve the tooth addendum modification of this side, the pitch line
TT must be withdrawn from the pitch circle by amount “x,.m,” where x,; represents the correction factor for
unloaded side of tooth as shown in (Figure 4). Therefore; the new addendum and dedendum heights for unloaded
side of tooth are:
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Ranaw (after rolling) Ralow (hefore rolling) T Xy My (33)

hd)“‘?w (after rolling) = hd)ﬂld (before rolling) Fy Mg (36)

Also, from the principle of involute construction of the unloaded side part of tooth, it can be shown that:

L= R, ¥® G37)
v ¢, = tan ¢, — ¢y, (38)

L= | R+ Ly° (39)
and L= J L+ R, — 2 R, Lg cos(inv ¢,) (40)

where ¢, represents the pressure angle of unloaded side of tooth.
Then, the rolling simulation of the unloaded side part of tooth can be achieved in the following procedure.

3.2.1 Rolling Simulation of Left Half Rack to Right Direction

Referring to (Figure 4), it can be found that:

Xyp=(Lg +h,).sind Yy = (Lg+hy) .cos 8

>

X=Xy — GH . cos6 , Yor =¥y +GH .5in 8

Xgy =Xy — (GH+GQ,).cos8 | Yo =Yy +(GH +GQ,) 5in 6

Xpr =Ko — Q:E . 5in(8 + ¢y , Ypr = Yo — QzF cos(6 +¢y)

Xpo = Koo — (Q2F — EF).sin(6 + ¢,) . Y =Yg —(Q,F— BF).cos(0+¢,)

H.=Xq — Ty 5in0 Ki=Vg —1, cosB

s

Xpt = Ko — (Q:E+ ED).sin(0 + ¢y , Yp =¥ —(Q2E+ ED] cos(B + ¢y)

Kot =Ko —(QE+ED+DC) sin(8 + ¢, , Yor =Yg —(Q:E+ ED+DC)cos(B +¢y)
X=X —(QE+ED+DQ) (6 +¢,) . Yor=Yo:— (QE+ED+DQ,;).cos(B+,)
Ky =Xgr—Q1B.cos8 , Vg =Yg + 3,8 . sind
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Ky =Ko, — (@18 + AB) . cos8 , Yy =VYor+(Q1B+AE) 5ind

Hi=Xg +15 5ind , Ki=VYg +1,.c058

3.2.2 Rolling Simulation of Left Half Rack to Left Direction

Also, by referring to (Figure 4), it can be found that:

Xyr = —(Lg+h,) sinod ,  ¥yr=(Lg+h,) cos®

Xogrw=Xyr» —GH . cos8 , Vor =Vyr —GH 5in 6

Xo» = Xgr — (GH+GQ;).co58 , Yo r="VYgr— (GH+GG;). 5ind

Kgr = Ko r + Q2B 5in(6 — ¢y, ) . Ypr=Vo e —QE cos(B —dy)

Kpr =Ko v +(Q2F — EF).sin(0 — ¢,,) . Y =Yoo —(QFE— EF).cos(6 — ¢,

HE = Xgv+ 1y, SIRG , Kl =Vgov—m1, cosd

Ko =Ko v +(Q,F +ED).sin(8 — ¢, . Yo=Y n—[(Q:E+ED) cos(6— )

Xer =Ko v +(QF +ED + DC).5in(8 — ¢,] . Yor =¥ —(QE+ED+DC).cos(6 - ¢,,)
Kouw=ZXow+(QE+ED+DQ).sin(B—¢,) , Vou=Yow—(QE+ED+DQ;).cos(6— ]

s

Kgr =Xgr— Q1B cosB Ygr =¥or — Q1B .5In 8

K =Ko — (@18 +AB) cos8 , Yyr =¥g v — (Q1B+AB) sin 8

Hi =Xgv — 1, .58 K =Ygr+1, cos8

Finally, in order to represent the final shape of asymmetric tooth, the two generated parts of loaded and unloaded
sides of tooth are joined together with taking into account the vertical shift difference between these two generated
parts with amount (L5 — Lg), (i.e. the Y-coordinate of each point on the generated unloaded side must be shifted
downward by this amount when ¢, = ¢»; and upward when ¢, <= ¢;.

4. Results

A computer program based on the above mathematical simulation using has been built using Microsoft
Quick-BASIC (ver. 4.5) to represent graphically the symmetric and asymmetric gear teeth shapes with and without
profile correction for different gear design parameters of module and number of teeth on gear, addendum and
dedendum heights as well as pressure angles, root fillet radii, top edged radii and correction factors for loaded and
unloaded tooth sides. (Figure 5) and (Figure 6) shows selective samples for symmetric and asymmetric involute gear
teeth shapes respectively, which are generated by this program.
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5. Conclusions

In this work, a developed mathematical simulation of generation process for asymmetric involute gear teeth shapes
with and without profile correction for different gear design parameters of loaded and unloaded tooth sides has been
presented. Also, a computer program based on this mathematical simulation has been built to represent graphically
step-by-step the actual form of these gear teeth shapes.
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h) rpu=¢[=20“,?}u=?}[=ﬂ.3mp, i = = and oy =mp =l

Figure 5. Samples of symmetric involute geat teeth shapes generation form, = 10 mm, z = 14 teeth
hy = my and iy = 1,157 m,. These samples are magnified by scale (2 5:1).
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Figure 6. Bamples of asymmetric involute gear teeth shapes generation for s, = 10 mm, z = 1< teeth,
h, =m, and by = 1.25 m,. These samples are magnified by scale (2.5:17.
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