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Abstract

Temperature distribution in a straight fin with idole thermal conductivity and a convecting tip veamlyzed
using regular perturbation method. Approximate wiwdl solution was obtained and used to investigae
effects of Biot number, varying thermal conductyittonvective and insulated tips on the temperature
distribution and heat transfer in a straight finthe limit of small parameter, the approximate sotu was
obtained for a straight fin with variable thermahductivity having a convecting tip. The resultsA#fiz and
Hug were fully recovered when the thermal conduistiat the tip was set to zero. From the resutts,af high
value of fin parameter, it is shown that the firthvconvecting tip convecting tip has an enhanced®beat
conducting capacity than the fin with an assumedlated.
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Nomenclature

A Cross sectional area of the fins m
Bi. Biot number

h Heat transfer coefficient, Wtk™

K Thermal conductivity of the fin Witk
L Length of the fin, m

M Dimensionless fin parameter

m? fin parameter

P perimeter of the fin, m

T Temperature, K

T.,Ambient temperature, K

X axial distance, m

X dimensionless fin length

Q dimensionless heat transfer

n Efficiency of the fin

Greek Symbals

& Thickness of the fin, m

¢ Small parameter that depends on the thermalumdivity
0 Dimensionless temperature

o Stefan-Boltzmann constant

JpFin thickness at its base.

1.0 Introduction

The expanding demand for high-performance heatsfeancomponents with progressively smaller weights,
volume, costs or accommodating shapes have grigatigased the use of extended surfaces to enharate h
dissipation from hot primary surfaces. In the desigd construction of various types of heat-transfgiipment,
such extended surfaces are used to implement dlae df heat between a source and a sink due to tte w
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varieties of applications of the extended surfagesgineering devices.

In the literature, there are numerous studiesraf fiith constant thermal conductivity, but fewardé¢s exist
variable thermal conductivity with temperature. $oofi these studies include the work of Aziz andrimiaHuq
(1973) who considered a pure convection fin witlgerature dependent thermal conductivity and deesia
three term regular perturbation expansion in teofimthe thermal conductivity parameterHe (1976) extended
the previous analysis to include a uniform interneht generation in the fin. In some years lateslahturk
(2005) adopted the Adomian Decomposition Method K¥ADo obtain the temperature distribution in a pure
convection fin with thermal conductivity varyinghéarly with temperature. The same problem was dobye
Ganji (2006) with the aid of the homotopy pertuitbatmethod originally proposed by He (1996, 199%)2). In
the following year, Coskumt al. (2008) utilised variational iteration method fibre analysis of convective
straight and radial fins with temperature-dependestmal conductivity. Chowdhumst al.( 2009) investigated a
rectangular fin with power law surface heat fluxianade a comparative assessment of HAM, HPM, antAD
while Khani and Aziz (2010) considered a trapezidfihawith both the thermal conductivity and thensection
heat transfer coefficient varying as functionsesfiperature and reported an analytic solution géeeiasing the
homotopy analysis method (HAM). To the best of dunowledge, previous studies were based on the
assumption of insulated tip and therefore, thectsfeonvecting tip and the Biot number on the tamupee
distribution and the performance of the extendatasas were not carried out. Therefore, this pgpesents a
regular perturbation solution for a straight fintlwitemperature-dependent thermal conductivity tgavin
convecting tip, where the small parameter is a oreasf the ratio of variation of thermal condudijvio the tip
thermal conductivity value. In the limit of smakhrameter, the approximate solution was obtained &traight
fin with variable thermal conductivity having a es@tting tip. The results of Aziz and Enamul-Huq evéully
recovered when the thermal conductivity at thevigs set to zero. The solution was used to investize
effects Biot number, the variable thermal condugtivconvective and insulated tips on the tempesatu
distribution in the straight fin. From the resulist a high value of fin parameter, it is showntttiee fin with
convecting tip convecting tip has an enhanced 28e%# conducting capacity than the assumed insufatesf
Aziz and Enamul-Hug.

2.0 Problem Formulation

Consider a straight fin of length L and thicknesexpressed on both faces to a convective environ@ment
temperaturel _ and with heat transfer co-efficient shown in Figalssuming that the heat flow in the fin and its
temperatures remain constant with time, the coimebieat transfer coefficient on the faces of thad constant
and uniform over the entire surface of the fin, tin@perature of the medium surrounding the finngaum, the

fin base temperature is uniform., there is no adntasistance where the base of the fin joins tiragsurface,
there are no heat sources within the fin itsel, fih thickness is small compared with its heightl &&ngth, so
that temperature gradients acrossthe fin thickaedsheat transfer from the edges of the fin mapdggected,
the governing differential equation of the fin isgn by equation (1) below.

ho T,

L . §
Convectng tip

KT). A

A

h

5
-
_*:L—L?'d

Figure 1
d dT) 2h
— | k(M — |-—(T-T_)=0 (1)
Hms)-2a-r)
The boundary conditions are given as:
x=0, T =Pt 1y x=L T=T, )
ox Kk,

Where k is assumed to vary linearly with temperature angiven by
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k() =k, (L+B(T-T,)) 3

The developed equation and the boundary conditweer® rendered dimensionless by defining the foltmwi
parameters

_X _T-T, 2 _ 212 _ mZ:E:Ah (4)
X—L B—Tb__l_m, M*=m°L =M =mL, A ko
The governing differential equation now becomes
2 2
(1+£0) d 62' +g(d‘9) -M?6=0 (5)
daX daX
Where £= I(b _km - ﬂ(Tb _Tw) (6)

k

o

kb andk_ are the thermal conductivity at the fin base tredtip respectively.

3.0 Solution method
In solving equation (5), we expand the temperatgre

6=0,+¢0,+£%0,+°0, +... 7)
Substituting equation (7) into equation (5), ugitst order approximate, we have

2 2 2
e g g w0

d%,
dx?

8
Leading order and first order equations with thprapriate boundary conditions are given as:
Leading equation:

2
L VEP R ©)
dx?
Subject to:
2
x=0 GB_NE_g,
dx k
= 6 =1
e (10)
First order equations:
2 2 2
d %—Mzelz-(dgoj - %% (11)
dXx dX dXx
Subject
2
x=0, L%_g (12)
dx
x=1 =0

It can be easily shown from (9) and (11) with tleeresponding boundary conditions of equations €®) (11)
that the:
Leading order solution fdi, is

_ M coshMx + Bi, sinhMx (13)

°  McoshM + Bi,sinhM
While the first order solutiof; is

0 _;{ (M 24 Bi:)coshZM + 2Bi_M sinh2M - 4Bi_M sinhM
'3 coshM (M coshM + Bi_sinhM )*

(M + Bi,?)coshamix + 28iM sinhZMx} }

oshMx

4Bi M sinhMx B
(M coshM + Bi_sinhM)?

(M coshM + Bi_sinhM

(14)
Substituting equation 13 and 14 into equation Tougne first order (i.e. neglecting the higher egjewe arrived
at
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_ M coshMx + Bi, sinhMx
M coshM + Bi,sinhM
e (? + Bi.?Jcosh2m + 2Bi,M sinh2M - 4Bi,M sinhM
3 coshM (M coshM + Bi,sinhM )’

}costh

4B MsinhMx [ (M2 + Bi.?)cosh2Mx + 2Bi,M sinh2Mx
(M coshM + Bi,sinhM )2 (M coshM + Bi_sinhM )?
(15)
It is easy to see that the solution of Aziz and lueasily recovered from equation (15) by setBng= 0
(Fin with assumed insulated tip), to give

6 = sedM coshMx + .sse?()hM [(1+ tanif M )cosH\/Ix—semM coshZMx] (16)

4.0 Resultsand Discussion

Fig.2 shows the effect of Biot number on a straifiintwith convective tip. From the results, it isuihd that the
temperature of the straight fin is not significgrdlffected by the variation in the Biot number atcamparably high
value of the fin parameter, M. However, a significaariation in the results was obtained when thetip was

assumed insulated as depicted in Fig. 3. Fromrhé/sis of the results, it was found that the fithveonvecting tip
has an enhanced 20 % of heat conducting capaeityttie fin with an assumed insulated tip. Actuahg enhanced
performance by the fin with convecting tip is exiggicbut the quantitative analysis was carried wtiis work.
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Fig.2.Temperature distribution in a straight firttwtonvecting tip, M=10
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Fig. 3. Temperature distribution in a straightwiith insulated tip, M=10

Fig. 4 and Fig. 5 show the effects of Biot numberaostraight fin with convective tip at fin paraewt of 0.5
and 1.0 respectively while. Fig.6 and Fig. 7 deptbe effects of the small parametefas defined in this work),
on a straight fin with an assumed insulated tifiraparameters of 0.5 and 1.0 respectively. Froenrfsults, it
was established that at a comparably low valueheffin parameter, the temperature of at the sttdighis
significantly affected by the variation in the Biotmber and the small parameter,However, as the fin
parameter increases, the effects of these parasnséem on the heat conducting capacity of the ditoine
insignificant.
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Fig 4. Temperature distribution in a straifjh with convecting tip, M=0.5

1

——s =00 T T T 1

D N PR NS
ADQS 4B, =003 T T T T T T
g —O B =004| | | | | | |
£ 09 o—Bi=005|T T T I TIT T TR T T
H —— |
& [ B D N .S |
£ [ e B [
2 [ T A [
Y ER R R (R B A R
° [ T [
3
g [ [
EOT5- —+ —+ —+— - it el el il S|
< | | I | | | | |
=

L S I
o7 [ R R

[ T E B

065 T T T T

0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

X (dimensionless fin lenght)

Fig..5 Temperature distribution in a straight filhwconvecting tip, M=1.0

=02 ; ; ; ; ; o
099f —+— =04 — — — — _ - ==
eos| 0 T
ol H e B B i v ey
Boortb - L4l _1l__1_1 , L
g | | | | | | |
Eogel — L — 4 o - e A K L
= | | | i | | | |
‘g 095 — + — - -+ — A=A
g 4 | | [Pl | |
9&94**#*ﬂ**\;{;}?€5§** i Bt il ity
@
g | Lo | | [ | |
5'3'93***;%***\**\** e e Bt il ey
2 i | | | [ | |
e e e B e e e e I
P I U B A SR B A N
| | | | [ | |
1 1 1 1 1 1 1 1
0.6 X

0 0.1 0.2 0.3 0.4 X 0.7
X (dimensionless fin lenght)

Fig. 6. Temperature distribution in a straight firtwinsulated tip, M=0.5
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Fig.7. Temperature distribution in a straight fiittwinsulated tip, M=1.0

The effect of fin tip end condition on the ratehefat loss from the fin tip is shown Fig. 8 and Si/Fig. 10-13
show the effects Biot number and the small parameten the efficiency of the fin. Since, the fin teenature
drops along the fin length, the fin efficiency desses with increase in fin parameter. Thereforgrattice
required fin length should be properly determinedduse the fin length that causes the fin effigicdincdrop
below 60% cannot be justified economically and $thdwe avoided.
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M (dimensionless fin parameter)

Fig. 11. Efficiency of a straight fin with insulatéip, ¢
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Fig.12. Rate of heat loss from a straight fin witineecting tip£=0.6
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Fig. 13 Rate of heat from a straight fin with insethtip,e=0.6

4.0 Conclusion and Future Work

In this work, the approximate analytical solutiar ffemperature distribution in a straight fin hayiwariable
thermal conductivity with convecting tip was ob&ihusing regular perturbation solution. The apprate
solution methods used obtain the effects Biot numberying thermal conductivity, convective and uleed
tips on the temperature distribution in the straighiom the results, it shown that the variatiorthia thermal
conductivity of the fin has pronounced effects dm ttemperature distribution especially when a large
temperature difference exists between the primiasairand the environment. From the results, ibisdl that
the Biot number has great influence on the tempezaistribution and consequently on the perforreawfcthe
straight fin. Also, for a high value of fin parametthe fin with convecting tip is enhanced by 20h&at
conducting capacity than the assumed insulatedffiziz and Hug.
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