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Abstract

This paper presents several types of statistical distributions to describe rainfall distribution in Ibadan metropolis over
a period of 30 years.The exponential, gamma, normal and poisson distributions are compared to identify the optimal
model for daily rainfall amount based on data recorded at rain guage station at Forestry Research Institute of Nigeria,
Jericho, Ibadan (FRIN). The models are evaluated based on chi- square and kolmogorov-smirnov tests. Overall, this
study has shown that the exponential distribution is the best model followed by normal and poisson model that has
the same estimated rainfall amount for describing the daily rainfall in Ibadan metropolis.

Keywords: scale parameter, asymptotically, exponential distribution, gamma distribution, poisson and
kolmogorov-smirnov.

Introduction

Modeling of daily rainfall using various mathematical models has been done throughout the world to give better
understanding about the rainfall pattern and its characteristics which involve the study on the sequence of dry and
wet days and also the rainfall amount on the wet days. Markov chain models have been widely used in modelling the
sequence of dry and wet days, Gabriel and Neumann(1962 ; Roldan and Woolhiser(1982); Stern and Coe(1984);
Jimoh and Webster(1996).

On the otherhand, the gamma with two parameters distribution is often used in fitting rainfall amount because it
represents the large sizes of drop size distribution better than simple exponential, Ison et al(1971); Katz(1977);
Bruishand(1978); Aksoy(2000) and May(2004).

Some other theoretical distributions that have been employed in the analysis of rainfall are the exponential, the
mixed exponential, the weibull and the skew normal. These mathematical models of rainfall have been employed in
various applications. Mostly used in the study of agriculture and crop planning. Sharda and Das(2005) compared the
two and three parameters probability distributions in order to identify the most suitable distributions that best
describe the weekly rainfall data. The results from the model have been used to study the effect of rainfall variability
during the cropping season in India. The same kind of study has also been conducted in Uganda, Rugumayo et
al(2003). The first-order Markov chain, the gamma and Weibull distributions have been selected as the models to
generate the daily data such as the studies done in Argentina,Castellvi et al(2004) and in western Australia,
Mummery and Battaglia(2004).

In addition, these mathematical models of rainfall are also play important role to serve other purpose. For example,
Yoo et al(2005) have used the results from the parameter estimations of the mixed gamma distribution to study the
effect of global warming in Korea. As a result of these, the importance of these mathematical models in rainfall
studies should not be neglected. In the Ibadan metropolis as a case study received less attention. The studies that
have been conducted in Nigeria are more on the general aspects such as pattern, trend and variability of rainfall.
Most of the data are outdated and not analysed comprehensively especially in the area of statistics.

The purpose of this study is to find the most appropriate distribution(s) that best describes the daily rainfall of Ibadan
metropolis and to test for the goodness-of-fit tests of the data using two methods viz: chi-square and
kolmogorov-smirnov
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Materials and Methods

Rainfall data, consisting of rainfall frequency, recorded daily intervals  collected from Agro- meteorological data
for forestry research institute of Nigeria, Jericho Ibadan(FRIN) . The periods of data was 30 year(1979 - 2008). The
data which covered period of 30 years was examined and missing records were removed. The original data were
tabulated in the Appendix A.

Modelling Rainfall Amount: In this study four models were tested. These four models are described below with their
probability mass function (pmf) or probability density function (pdf). In these models, we let X to be a random
variable representing the daily rainfall amount.

Model 1: The exponential distribution, with one parameter =~ which represents the scale parameter determines the
variation of rainfall amount series that is given in the same unit as the random variable X is given by:

Fix) = %ex“p (%C)x VNP 5

The maximum likelihood estimation (mle) for B is given as f =&

Model 2: The gamma distribution with two parameters, a and B denote the shape and scale parameters respectively
defined as

ﬁ—n:xn:—l —x

The shape parameter governs the shape of the rainfall distribution and the scale parameter determines the variation of
rainfall amount unit as the random variable X. For a <I, the rainfall distribution tends to be positively skewed and
the maximum of gamma density is located at Omm/day. For a = 1, the rainfall distribution exhibit an exponential
shape and the probability density function approaches 0 mm/day asymptotically. For o>1, the gamma density
exhibits a single mode at x = B(a-1) and will result in the distribution to be less skewed and the probability density
function will be shifted to the right. The maximum likelihood estimation (m.l.e) for a and P is given as

x—Z
= —5 and § =

=5 . (3)
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Table 1: The behaviours of shape and scale parameter of gamma distribution is shown below.

Fora<1 +vely skewed 0(zero) mm per day

Fora=1 Exponential Approaches 0(zero) per day
asymptotically

For o>1 Less skewed to the right
¥ = fla—1)

Model 3: The Normal distribution.
The probability density function (pdf) of a normal random variable X with mean p and standard deviation

7 is given by
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If X is a normal random variable with mean p and standard deviation &, the

(2*)

P(X=x) = P(Z 5(%)) - f ex“p(%z)dt

= e e (5)

Here, the mean , is the location parameter , and the standard deviation = is the, scale parameter. The
normal distribution is the most commonly used distribution to model univariate data from a population or

from an experiment

Model 4: Poisson Distribution .
Let X denote the number of events in a unit interval of time or in a Poisson random variable with mean

number of events A in a unit interval of time. The probability mass function of a Poisson distribution with

mean A is given by

EL
f(.fc‘,' A= P(X =i A = .fc—'j =012, 0 s e LB

The Poisson distribution can also be developed as a limiting distribution of the binomial, in which

n —+ o and p — 0 so that np remain a constant. In other words, for large n and small p, the binomial

distribution can be approximated by the Poisson distribution with mean A = np.

Goodness -of- Fit Tests:

There are several tests of goodness of — fit tests that exist in determining which distribution is the best model to
describe the daily rainfall. Among them were the Emperical Distribution Function Statistics (EDF) which includes
Kolmogorov — Smirnov, Anderson — Darling and so on.
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In this paper, two goodness — of — fit tests were conducted at & = 5% level of significance. The tests are
as follows:
Test 1: Chi-Squared Test {x?}) : C—S

This test simply compares how well theoretical distribution fits the empirical distribution (PDF). The
statistic is defined as

Where O; = observed frequency for bin i
E; = the expected frequency for bin i
K = the number of classes
and E; = F(X;) — F(X;) where X, and X, are the lower and upper limit for bin i.

If the observed frequencies are close to the corresponding expected frequencies, the Chi-Square value will be small
indicating a good fit otherwise, it is a poor fit. A good fit leads to the acceptance of Ho whereas a poor fit leads to its
rejection.

Test 2: Kolmogorov — Smirnov Test (K-S)
This test statistic is used to decide if a sample comes from a hypothesized continuous PDF. It is a test that is based

on the largest vertical difference between the theoretical and empirical CDF. The test is defined as, for a random

variable X and samples (x1,%2, .. .. .....,x¥n), the empirical CDF of X

F (X} is given by

)= D 10 S8 o (7)
=1

where, I is (condition) = 1 if true and 0, otherwise.

Equation (7) can be simply written as

B (x) = (e e (8]

, if otherwise’

and that,

S-n(x:l =

dilx
2 ;1( }, implies that
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nSn(fo = Z & (x) ~ b[n,F(x)jl, where

5..0x] is an unbiased estimator of F(x) and it is also consistent.

Note that: for given two cumulative probability functions F(x;) and F(x,), the K-S test statistics (Dy, D,
and D,) is given by

D, =sup, [Flxy)—Filxp)/ forHyFlxg)# Flx,)
D = sup, (F(xy) — F(x,)) forHy: Flx,) = Flx,)
Dy = sup, [ Flxg)— Fxy)) for Hy: Flary ) < Flacg)

Results and Discussion

In the first place, we will have a brief discussion on the descriptive statistics for each of the thirty years and then
proceed to comment on the results of fitting distributions that are based on chi-square test and kolmogorov- smirnov
test. Finally, the remarks on the estimated parameters for the best model will be made.

Descriptive Statistics: The descriptive statistics of the daily rainfall amount for each of the thirty (30) years are
summarized in table 1, where the mean , standard deviation, coefficient of variations, skewness, kurtosis number of
wet days and maximum amount of daily rainfall of each year are given. Year 2007 received the highest mean rainfall
amount followed by 2008, 2005,2006 in that order, while year 2001 received the lowest followed by 2000 and so
on. The irregularity of the daily rainfall between years is represented by coefficient of variation (CV) which is
evident in all cases that the 100 percent is clearly less than. Those 25 years have high coefficient of variations which
ranged between 65 percent to 95 percent compared to other 5 years that ranged between 3 percent to 55 percent. In
terms of co-efficient of skewness statistics, the shape of the rainfall distribution for most of the years is strongly
skewed. This may be due to the effect of extreme values of the rainfall amount time series of the maximum amount
of rainfall that were recorded at those years. We also observed that only few years are weakly skewed Finally, we
could summarized that the differences among the years is mostly affected by the climate change in different years

Fitting Distributions Based On Chi-Square test and Kolmogorov —Smirnov test:

The values for chi-Square and Kolmogorov-Smirnov have been calculated and the results are tabulated in table 3. Of
these four models tested, the exponential model is found to be the best fitting distribution for all the years
studied.This is followed closely by the Poisson and normal models that has the same estimated values throughout the
30 years. The least and poor among the four models tested is gamma model. The graph below illustrate better.

COMPARISON OF ESTIMATED CURVES OF THE FITTED MODELS
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The estimated amount of rainfall models were tabulated in the table 2 below

YEAR POISSON NORMAL EXPONENTIAL GAMMA
1979 6.333333333 6.33333333 8.444444444 -1.10E-07
1980 8.083333333 8.083333333 8.818181818 -2.89E-08
1981 7.166666667 7.166666667 9.555555556 -2.41E-07
1982 6.166666667 6.166666667 7.4 -2.38E-08
1983 5.083333333 5.083333333 6.1 -9.19E-07
1984 6.583333333 6.583333333 7.181818182 -1.55E-08
1985 7.916666667 7.916666667 10.55555556 -1.27E-06
1986 6.166666667 6.166666667 7.4 -1.59E-07
1987 8.416666667 8.416666667 9.181818182 -6.04E-06
1988 7.583333333 7.583333333 9.1 -1.47E-07
1989 8.333333333 8.333333333 10 -2.73E-08
1990 8.166666667 8.166666667 8.909090909 -9.05E-08
1991 8.5 8.5 8.5 -1.78E-08
1992 7.666666667 7.666666667 10.22222222 -3.01E-07
1993 8.666666667 8.666666667 9.454545455 -1.46E-08
1994 7.166666667 7.166666667 7.818181818 -4.81E-08
1995 8.583333333 8.583333333 10.3 -1.60E-08
1996 9.25 9.25 12.33333333 -1.57E-08
1997 7.25 7.25 7.909090909 7.46E-11
1998 7.583333333 7.583333333 8.272727273 -1.75E-08
1999 23.83333333 23.83333333 23.83333333 #DIV/0!
2000 6 6 8 -4.51E-07
2001 4.5 4.5 6 -6.36E-07
2002 6.083333333 6.083333333 8.111111111 -1.67E-08
2003 11.83333333 11.83333333 11.83333333 -9.77E-09
2004 15.66666667 15.66666667 15.66666667 1.96E-10
2005 30.58333333 30.58333333 30.58333333 0

2006 17 17 17 5.05E-15
2007 32.75 32.75 32.75 #NUM!
2008 32.17 32.17 32.17 #NUM!

At 0.05 level of significance kolmogorov- smirnov test are significance for normal, poisson and exponential

distribution while the test is not significant in case of chi-square test.
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Table 3: Test of Goodness — Fit- Tests
K-S
YEAR | CHI-SQR NORMAL EXPONENTIAL POISSON
1979 | 2.666666667 0.63596433 1.507781775 1.109581449
1980 1.333333333 0.723520855 0.841889902 1.304618374
1981 3 0.763471818 1.562251334 1.352871236
1982 1.5 0.584788846 1.257252161 0.969003286
1983 1.333333333 0.622670892 1.007821057 0.853823184
1984 3 0.734865106 0.77494637 1.118363843
1985 2.666666667 0.512388569 1.451073693 1.103857754
1986 1.333333333 0.640255558 1.109283577 0.82838039
1987 | 2.666666667 0.867340728 0.88464691 1.621573259
1988 1.5 0.601818324 1.311431876 0.924197256
1989 1 0.78849329 1.338055053 1.287095863
1990 1.5 0.686773418 0.694605771 1.312259016
1991 6 0.734646003 0.819155028 1.148004605
1992 2.666666667 0.506957001 1.515685974 1.026389831
1993 3 0.743070723 0.70145285 1.255796487
1994 1.333333333 0.646817629 0.788430578 1.188832203
1995 1.333333333 0.622902115 1.183312401 1.124598025
1996 2.666666667 0.546613094 1.697085525 0.991566561
1997 3.166666667 0.695324847 0.825424928 1.069749649
1998 3 0.629803505 0.691633438 1.006543426
1999 |2 0.895398497 2.144383242 1.402088279
2000 3 0.685543513 1.52132183 1.228709438
2001 2 0.545125435 1.566626809 0.943045728
2002 3.166666667 0.596932984 1.655749939 0.858125305
2003 3 0.727098727 0.993590259 1.3651883
2004 2.666666667 0.71011351 0.94650584 1.422035504
2005 0.833333333 0.813519857 2.031317425 0.81159942
2006 0.833333333 0.436723814 0.887943508 0.935436714
2007 1.333333333 0.642625082 2.03512699 0.80636485
2008 1.333333333 0.530911014 2.05789052 0.916513217
Conclusion

Basic statistical characteristics of daily rainfall for Ibadan metropolis have been obtained using daily data recorded at
FRIN over a period of 30 years. Four probability distributions namely, Poisson, normal, exponential and gamma
were tested to model the distributions of the daily rainfall and kolmogorov-smirnov and chi-squared goodness-of-fit

tests were used to evaluate the best fit at 0.05 level of significance. Exponential model is found to be the most
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suitable distribution for modelling the daily rainfall amount. Basen on these findings it is recommended as the best

model for describing the daily rainfall in Ibadan metropolis.
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