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Abstract

We study composition operators between higher orders weighted Bergman spaces. Certain growth conditions for
generalized Nevanlinna counting functions of the inducing map are shown to be necessary and sufficient for such
operators to be bounded or compact. Under a mind condition we show that a composition operators C,, is compact
on the higher order weighted Bergman spaces and Hardy spaces of the open unit ball in C" if and only if

1-|z|?
1-|p(2)|?

-0 as |z7]>1-.

Keywords: Hardy Spaces, Bergman Spaces, composition operators, boundedness, Compactness, Nevanlinna
counting functions.

1. Introduction

Let D be the open unit disk in the complex plane and denote Lebesgue measure on D by dA, normalized so that
A(D) = 1. The Hardy space HP is the space of functions f that are analytic on D and satisfy

P
11z, =t L (e do <o
HP —r-1- 2 o f

and the Bergman space AP consists of those analytic functions such that

IFIIPy = j IfIP dA < oo,
D

Let ¢ : D—D be an analytic self-map of D. It is a well-known consequence of Littlewood’s subordination principle
[1], [2] that ¢ induces through composition a bounded linear operator on the classic hardy and Bergman spaces (see
for example [3], [4], [5] ,[6] or [7]. That is, if we define C by C,(f)="fop, then C,: H*-H" and C,; A*—APare
bounded operators. Such operators are called composition operators.

The open unit ball in n- dimensional complex Euclidean Spaces © " =CxCx---xC

Bn={ze(:jz]<1}.

The space of holomorphic functions in B, will be denoted by H (B,). Let dv be Lebesque volume measure on B, ,
normalized so that v (B,) = 1. For any &> -1 we let dv, (z) = C, (1 - |z]* )“dv (z),where C, is a positive constant

is the set

chosen so that v, (B,) = 1. The Weighted Bergman space A?, , where p> 0, consists of functions f€H (B,) such that
Jy, f@)IPdve(z) < .

The space A2 is a Hilbert space with inner product (f, g) = anf(z)ﬁdva(z). Every holomorphic ¢ : B,—B,
induces a composition operator C,: H (B,) —H (B,) namely, C, f =fo@.When n =1, it is well known that C, is

1-1z12  _
ipeord - 0 - See [8], [9].[10] and

always bounded on A, ; and C, is compact on A%, if and only if lim, 1_{

[11].When n> 1, not every composition operator is bounded on4?, .

Theorem1.1.Suppose p>0and &> -1 . If the composition operator C, is bounded on AZ for some g> 0 and

-1<< a , then C, is compact on A%, if and only if :

e
ey T E .

Theorem1.2. Let 0 <p <q and suppose ¢ is an analytic self-map of D. Then
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a) C,. A’—A% isbounded if and only if N,, , (W) = O ([log (1/|w])]**") (w| = 1);
b) C,: A’—H? isbounded if and only ifN,, ; (w) = O ([log (L/|w])]**") (jw| = 1);
¢) C,: H’ A" is bounded if and only ifN,, , (w) = O ([log (1/jw[)]"") (wl = 1);

Theorem1.3. [R, Theorem 1V.3 and Theorem IV.4].Let 0 <p<q and suppose¢ is an analytic self-map of D. Then C,,
: HP—HY is bounded if and only if
N, 1 (W) = O ([log (L/w)]™),
and moreover C, is compact if and only if
N, 1 (W) = O (log (1/jw)¥")
wherelw| — 1.

Corollaryl.4. Letn> 2 and suppose ¢ is an analytic self-map of D. Then the following are equivalent.
a) There exists p>0 suchthat C,: H*—H™ is bounded;
b) C,: H>—-H™ is bounded for all p > 0;
c) There exists p>0 suchthat C,: AP—H™? is bounded;
d) C,: A’—H™? s bounded for all p> 0.
Moreover, these four statements remain equipment when “bounded” is replaced by “compact”

Corollaryl.5. Letn> 1 and suppose ¢ is an analytic self-map of D. Then the following are equivalent.
a) There exists p>0 such that C,:A"—->H™ is bounded;
b) C,: A"—>A™ is bounded for all p > 0;
c) There exists p>0 such that C,; H—A?™ is bounded;
d) C,: HP>A®™ s bounded for all p> 0.
Moreover, these four statements remain equipment when “bounded” is replaced by “compact™ .

Corollaryl.6. Letn> 1 and suppose¢ is an analytic self-map of D.
If C,: H"-H™ is bounded for some (and hence all) p> 0, then C,,: A>->A™ is bounded for all p>0 . Moreover,
this remains true when “bounded” is replaced by “compact”.

2. Background

Definition2.1 We introduce a family of weighted Bergman type spaces that allows us to handle the classical
Bergman and Hardy spaces in a unified manner. For o> -1 define the measure dA, on D by dA, (w) = [log
(1/|w])]“dA (w). For O<p<eco and &> -1 we define the weighted Bergman space A?, to be those functions f analytic
on D and satisfying.

”f”ip = f [f(w)[PdA, (W) < .
@ D

In this definition, the measure dA,, can be replaced by the measure(1 - |w|)“dA(w), as in [3], [12] and [13] . This result
in the same space of functions and an equivalent norm, since (1 - |w|)*and [log (1/|w])]* are comparable for %2 < |w|
<1, and the singularity of dA, at the origin is integrable.

Definition2.2 LetdA (z) be the area measure on D normalized so that area of D is 1. For each a€ (-1,0) , we

setdA(2)= (a+1) (1 - z])*)*dA(2), zED. Then dA,, is a probability measure on D. For 0 <p<co the weighted Bergman
space A? is defined as

AP =

1/p
feHD):|IfI] » = ( f |f(Z)|”dAa(Z)> < oo}-
a D

Note that ||f||Ap is a true norm only if 1<p<co and in this case A%, is a Branch space.
a
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Definition2.3 For any > 0, the space A consists of Analytic functions f in D such that

[1fla-e = sup{(1 — |z|*)“|f (2)|:z € D} < =
Each A is a non-separable Branch space with the norm defined above and contains all bounded analytic functions
on D. The closure in A™® of the set of polynomials will be denoted by Ag® , which is a separable Banach space and
consists of exactly those functions fin A" with

: _ 2\a —
lim (1= 12]*)"f@)| = 0

For general background on weighted Berman spaces A-and Bergman type spaces, A“and A;% , one may consult [14]
and [15] and the references therein.
Lemma2.4.1f 0<p <wo, then IIfIIZg = |f O + [, If W P2 W) dAgsz(W).
Here the symbol “~” means that the left hand side is bounded above and below by constant multiples of the right

hand side, where the constants are positive and independent of f.
Proposition2.5.  Let ¢ be an analytic self-map of D and let f be analytic on D. Then, for a> -1, ||fo<p||i’p =

If (@@)I” + [, IfIP7If 1*Np as2 dA.
Lemma2.6.Let 0<p<co and e -1. If fe A% and w € D, then | fw)| <CIIfll » (1 — lwl) " /o,

Lemma2.7.Suppose p>0 ande> -1 . Then the following conditions are equivalent for any positive Borel measure u

onB,.

(i) u is a Carleson measure for AP , that is, there exists a constant C > O  such that
an IfIPdu < Can If(2)|Pdv, forall f eAb,

(i)  For some (or each) R > 0 there exists a constant C> 0 (depending on R and « but independent of a) such

thatu (D (a,R)) <Cv,, (D (a,R))For all acB, where D (a,R) is the Bergman metric ball at a with radius R.

Proof.See [14] for example.

Corollary 2.8.Suppose p>0 ,q >0 , anda> -1 . Then C,, is compact on A%, if and only if C, is compact on A%,
We need two more technical lemmas. The first of which is called Schur’s test and concerns the boundedness of
integral operators on L" spaces. Thus we consider a measure space (X ,z) and an integral operator

T () = f H 7)) du(), @)
X

whereH is a nonnegative measurable function on XxX.

Lemma 2.9.Suppose there exist a positive measurable function h on X such thath H(x, y)h(y)du(y) < Ch(x)

for almost all x and fx H(x, y)h(x)du(x) < Ch(y)for almost all y , where C is a positive constant. Then the integral

operator T defined in (2) is bounded on L?(X ,dz). Moreover, the norm of T on L? (X ,d) is less than or equal to the
constant C.
Proof. See [16], [17]and [18].

Lemma 2.10.Suppose > -1 and t > 0. Then there exists a constant C> 0 such that

J‘ | dv,(w) < C

. 1-— (Z, W)|n+1+a+t - (1 — |Z|2)t

forall zeB, .
Proof. See [2].

Theorem 2.11.Suppose p>0, &> -1 and t > 0. Then the composition operator C,, is bounded on A? if and only if
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dv,(2)
Sup(1 —|al? tf Z <o (3
aEBZ( | | ) 5, |1 _ <a,q)(z))|n+1+a+t

Proof. It follows from Lemma2.10 that the boundedness of C, on A? implies condition (3).Next we assume that

condition (3) holds. Then by the change of variables formula there exists a constant C>0 such that

du, (2)
(A= lal? ) fy, rmagmrarars < €, forall a €8y

For any fixed positive radius R we have

iy, o(2)

(A= 1al? )" fy o py gy mrarase < C. forall aeB,.

It is well known that |1 — (a, z)|~1 — |a|?, forzeD (a,R), and it is also well known that
(1 _ |a|2)n+1+a - va(D(a, R));
See [14]. It follows that there exists another positive constant C (independent of a) such that
tya(D(a,R)) < Cv,(D(a,R))for all acB,.
By Lemma 2.7, the measure p,, , is Carleson forA?, and so the composition operator C,, is bounded on A%, .

Theorem 2.12.Suppose p>0, &> -1, and t>0. Then C, is compact 04%n if and only if

dv,(z)

- Y _ 4
R N Y O G @
3. Necessary and Sufficient Conditions for Bounded
In this section we justify Necessary and sufficient conditions for C,, : Afm)z—m‘gﬁﬂ)z to be bounded(see [2]and

[10]).For any holomorphic ¢ : B,—B,, we can define a positive Borel measure yw,(wl)z on B,as follows. Given a
Borel set E in B, , we set

2
Hoan® (E) =V (97 EN=CJ o) A-1@PD dv()

(E)

Obviously, 1) 2 is the pullback measure of dv,)? under the map ¢ . Therefore, we have the following change
of variables formula:

[T @ = 104 e
B, B,

wheref is either nonnegative or belongs to L* (B, dy(,,,(ml)z ).

3.1 A sufficient condition for C,, : A’(’aﬂ)z—)A?ﬂH)zto be bounded.
Theorem3.1.Let 0 < p <q supposeq is an analytic self-map of D satisfying.
2
Ngi1y24, (W) = O ([log (Lw])] 2 *29P) (W] — 1).

Then C,: A7, 1 j2—>A, ;2is bounded .

a

Proof. By the Closed Graph Theorem, it suffices to show that C,(f )€ AZ’B fe A€a+1)2.Let fe AP

+1)? if (a+1)?"

Then, by Proposition 2.5,

Iforllly = IF @O+ [ 1F1721f PNy, dd
D

(a+1)
and itis clear that C, (f ) € A‘gﬁﬂ)z if and only if there is re (0,1) such that

f I 19721f" PN gy 1y245 dA < o0,
D\rD
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By our hypothesis on the growth of N 4, 1)z, there is a constant K<eo and ro€ (0,1) such that

2
N (g124, (W) <K (log (1/w])) @D 2% weD\r,D
Using this and the growth estimate for | f | from Lemma 2.6,

f 1 19721F PN gy 1y2 dA <
D\roD

p—q)(2+(a+1) 2 >

CKIIf 1197 dA((a+1)* +2)q/p(w).

(a+1)2

¢

[ irmrromia - wh
D\roD

We may assume ry>%2, so that log (1/|w]) < 2(1 - |w|). Using this estimate in our upper bound above, we see that

Jowep 12N dA< CIFIGT [l PO WP dA ® (W) < CIIFIIS

(B+1)  +2 (a+1)? (a+1)2

which completes the proof.

Theorem3.2.Let 0 <q<pand suppose¢ is an analytic self-map of D satisfying N 4,1y2,, (W) = O ([log (1/|w])]")
(Jw| — 1),for some

77>((a+1)2+1)%+1

Then C, 1 Ay, 245, 2is bounded.
Proof.Let fe A’(’aﬂ)z. As in the proof of Theorem 3.1, it suffices to show that fC,(f) € A?[Hl)z and for this it

suffices to show there is re (0,1) such that
[ gy, dace
D\rD B+1) +2
By our hypothesis on the growth of N4, )2, ,, there is a constant K<eo and ro€ (0,1) such thatN 4, 4y2,, (W) <K (log
(1/|w]))",  weD\roDwhere
n> ((a+1)2+1)%+1

Now, (a + 1)>+ 1>0andso 7>1.Thus, by Lemma 2.4, it suffices to show that

[ renra-whraam) <o
D\ryD

By Hélder’s inequality, this integral is bounded by

(@+D2q _p

a/p (r-a)/p
(f [If(W)I"(l—IWI)(““)Z"”’]Z’/") (j [(1—lwD)"™* » ]ﬁdA(W))

The first factor is bounded by || f ||Z,, and so is finite, while the second factor is finite because the assumed lower
(a+1)2

bound for 7 is equivalent to the exponent in the integral being strictly greater than -1. Thus the proof is complete.

] . 14 q
3.2 A necessary condition for C,, : A(a+1)2_’A(p+1)2 to be bounded.

Lemma3.3.[5, Corollary 6,7]. Let y be an analytic self-map of D and let 7> 1. If y(0) 0 and 0 <r<| i (0)|, then

1
N,,(0) < r_2f N,,dA.

rD
The next lemma shows how the counting functions transform under composition. The case y= 1 of this lemma can be
found in [5].
Lemma3.4.Let y be an analytic self-map of D let €D and let o, (w) <

a—-w

1-aw

By the Mhius self-map of D that interchanges 0 and a. Then
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(Nl//,7)00-a = NO'aDl//,}/.
Theorem3.5.suppose that ¢ is an analytic self-map of D that induces a bounded composition operator C, :
2
AL o2 Al 1y - ThenN g1z, (W) = O ((log (1/|wl)){ert) 2y (Iw| = 1).

Proof: By Proposition 2.5, there is a constant C, such that
CiICy (ka)l |Zq ZZID |ka(W)|q-2|k,a(W)|2N(ﬂ+1)2+2 (w) dA (w)

(B+1)
252 2 N w)
= DT o (1- af) (0 A, O gAw)
|1—éw|2+2((”’+1) +2)q/p
2 2
_4an)” 42?2 o 2\((at1) * +2)lp-2 Npr12+2W) , 2
==l (- ) R S 0" a(w)|* dAW)

|1—3W|2((a+1) +2)q/p—2

22 2 N (0a(2))
= M aff (1 faf) () [, Ay

|1—éaa(z)|2((a+1) +2)q/p-2

Here o, = o is the Mcbius self-map of D that interchanges 0 and a, as in Lemma 3.4 and the change of variable z =
o, (W) was made in the last line. Now,
1 _ a1 1
|1 -ao,(2)] 1—lal>~ 21—|a|*’

lz| <

N =

and so

42-((@+D?+2)a/D ((441)242)2|a?
p2(1-|a|2)(@+D)?+2)q/p f%n N(ﬂ+1)2+2 (Ua (Z))dA (2).

CilIC, (ka)ll%q
(B+1)2

We now apply first Lemma 3.4, then Lemma 3.3 and then Lemma 3.4 again to see, provided that ¢,0¢ (0) > %, the
integral in the line above is at least

1 1

2 N(pr1)242,0209 0)= VG242 (a).
Since a,0¢ (0) > if |a] is sufficiently close to 1, this provides the estimate that

4((a+1)2+2)q/p—1p2
a (1 - a1+ a)? +2)q/p ()

N < Cl||Co(ka) ||?
w+1)2+2(a) [|Co (ka) ”A?B+1)2 ((a+ 1)2 +2)?|

for all such a. Since ||k,|| 4o Zzl and log (1/ja]) is comparable to (1-|Ja]%) for % < [a] < 1, the assumption that
(a+1)

C, is bounded provides the asserted bound for N, 12, ,and the proof is complete.

As noted at the beginning of this section, the necessary condition in Theorem 3.5 for C,, to be pounded agrees with
the sufficient condition from Theorem 3.1 that holds for g>p, and so the following corollary results.

p
(a+1

q

Corollary3.6. Let 0 <p<q and let ¢ be an analytic self-map of D. ThenC,: A (B+1

if

A )zis bounded if and only

N (pi1y242 (W) = O ((log (L/jw]) ™ 2 2Py (W] — 1).
4. Compatness of Co
A bounded linear operator T from a Branch space X to a Branch space Y is said to be compact provided the
closure of T (B) is a compact subset of Y, where B is the unit ball of X. Equivalently, T is compact if and only if
some subsequence of {T (x,)} converges in Y, whenever {x,} is a bounded sequence in X.Our goal here is to
characterize those analytic functions ¢ : D—D that induce bounded composition operators from one higher order
weighted Bergman to another such spaces (see [2]and [4]).

Theoremd4.1.Let 0 <p<q and letp be an an analytic self-map of D . ThenC,: A’é’aﬂ)z—m?ﬁmzis compact if and

only if
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2
Ngi1y242 (W) = O ((log (L/w)) (2 *29P) (W] — 1).
Proof. We first show that C, is compact, assuming that N g, 2., satisfying the given growth condition. Let

(B+1)?
the f, are uniformly bounded on compact subsets of D, and hence { f, } is a normal family there. Thus there is a
subsequence, which for simplicity we continue to denote by { f, } , that converges uniformly on compact subsets of
D to an analytic function f. Now, for each re (0,1),

-2 12 2 — . -2 12 2 '
Lo F PRS2 dACa+ D2+ 2= Lim - [ 1 P21 f7, [dACa + 1) +23}LlLHwSUPCI|ntIAfa+ <C,

1)2

[ fall 7 JES 1 for n> 1. We must show that {f,o¢} has a subsequence that converges in A7 . By Lemma 2.6,
(a+1)

by Lemma 2.4. It follows that f € Az()a+1)2 ,and so fop € A((I[)’+1)2 by Theorem 3.1.

To complete the proof, it suffices to show ||f,,090 — fog|| 4a , 0 asn—o0.To establish this, note that from
(B+1)

Proposition 2.5 it suffices to show that

| fa (0(0) = f (@ (O +f | fo= FI721f" = 1PN (peny212dA
rD (6)

U PR - FPN Guyeiada
D\rD

can be made arbitrarily small by choosing n large. For any fixed r € (0,1), the uniform convergence of f, to f on
compact subsets of D shows that the first two terms in the display above converge to 0 as n—oo . Thus it suffices to
show that the third term in (6) tends to zero, uniformly of n, as r — 0. To this end, let &> 0, and note that by
hypothesis we can choose re (0,1) so that

I = FI72U"y = FIPNpenyzipdA<e [ 1 o= FIT21F", = fI2dA(arnziaiam

We are now in exactly the same situation that occurred at the end of the proof of Theorem 3.1. Without providing all
the details from that proof, the bound for |f, —f | from Lemma 2.6 leads to the estimate

Ifo = F1*f ", = PN (pry2420A<e Cllf —fll%g < C(IIf I A7, 2 +D)

(B+1)2 (a+1)

Since &> 0 was arbitrary ,C,, is compact and the first part of the proof is complete.

fD\rD

We now finish the proof by assuming that C, is compact and proving that N4, )z, satisfies the stated growth
conditions. For aeD, let K, be as defined in &3,
2
2+ (D) +2)/p
_@ = |a])
ka(w) =

2
- 2((at1) " +2
(1 _ aw) « ) +2)/p
and recall that [|k,]| ,» = 1. Let {a,} cD satisfy | a, | >1 asn—oo. From the definition of k,, it is clear that this
(ot+1)

impliesk, (z) converges uninformly to 0 on compact subsets of D as n—. Hence the zero element ofAf; .. is

the only possible limit point of { kan (z)op } The compactness of C,  therefore yields
thatlalllzll ” Cnp(ka)” A?B+1)2 =0

The required growth condition for Ny, qy2,, is an immediate consequence of this and (5), the bound for
N(p+1)2+that was derived in the proof of theorem 3.5, and the proof is complete.

Theorem4.2. Let 0 <g<p and suppose @ is an analytic self-map of D satisfying the conditions of Theorem 3.3.
ThenC,: Aj

o

+1)2_>A?6+1)2 is compact.
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5. Applications of Compactness on the higher order weighted Bergman spaces and Hardy spaces

we show the conditions that a composition operators C¢ is compact on the higher order weighted Bergman spaces
and Hardy spaces of the open unit ball in C" (see [18] and [19] .
5.1. Applications of Compactness on the higher order weighted Bergman spaces

Theorem5.1. Suppose p>0and (a + 1)? + 1> 0. If C,, is bounded on A? for some g>0and -1 <(B+1)? <

(B+1)?
(a + 1)%, then C,, is compact on Az()a+1)2 if and only if
1— |z|?
lim {————3}=0 ()
S - T TP
Proof. According to Corollary 2.8, we may assume that p=2.The normalized reproducing kernels of A?aﬂ)z are given

by
a- |Z|2)((a+1)2+n+1)/2

k,(w) =

[1—(w,z)| (@t DZ+n+1

Each k, is a unit vector in4? ;2 and itis clear that lim k,(w)=0,weB,
(a+1) 1z 51—

Furthermore, the coverage is uniform when w is restricted to any compact subset of B,. A standard computation
shows that

1— |Z|2 (a+1)%+n+1
ICok, |2dV vz = <7>
L ol Ty 1-lp2)I?

n
2
(a+1

2

So the compactness of C,on A (a1

)2 (which is the same as the compactness of C;on A )2) implies condition (7).

2
(a+1)? 1

for som(B + 1)2%e € (-1,(a + 1)?).An easy computation shows that the operator
*, 12 2

(a+1 (a+1)2

We proceed to show that condition (7) implies the compactness of C,on A

q
A(B+1)2

provided that C,, is bounded on

admits the following integral representation:

. 3 fW)dv gy1y2(W)
Colol (2) = f (0~ (0 @), pw)) @ e,

2
(a+1)?

. feA (8)

(a+1)2

We will actually prove the compactness of C,Cgo0n A
A

which is equivalent to the compactness of C, on

)2 In fact, our arguments will prove the compactness of the following integral operator on L? (Bn,dv(qs1y2):
fW)dv 192 (W)

By (1= {0(2), (w))) @+ +n+1

For any re (0,1) let X,denote the characteristic function of the set {zeC": r< |z| < 1}. Consider the following integral
operator on L? (Bn,dv g4 1y2):

2
(a+1

Tf(2) = ©)

T.f(2) = f Hy (2, W) f (W) g 12 (W), (10)
Bn
where
oy = % (D1, (W)

(1= (@), p(w)))ler*4nt1
is a nonnegative integral kernel. We are going to estimate the norm of T, on L? (Bn,dv(q41)2) in terms of the quantity.

M= s 1-|z?

= u _—
" r<|z|211_ lo(2)]?
We do this with the help of Schur’s test.

Let (a + 1)? = (B + 1)? +o, where o> 0, and consider the functionh(z) = (1 — |z|?)™°, z €B,.We have
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Clatr1)? % (@)%, W)dv g, 1y2(W)
f (@ W)h(W)dv(aH)z W) = C(a+1) 1 - f;+1)2+n+c+1
Bn (B+1)2 /B, (1 - ((p(Z), QD(W)))
< Cla+1)? Ay (z)dv(ﬁﬂ)z (w)

T Crn2 Jp, (1 —(9(2), p(w)))B+D*ntot1

By the boundedness of C,,0n A‘gﬂ +1)2 0 there exists a constant C;> 0, independent of r and z, such that

dU(B+1)2 (W)
B, 11— ((p(z),w)|(ﬁ+1)2+"+"+1

f H,(z, W)h(W)dv g4 1y2(W) < Cy,.(2)

n

We apply Lemma 2.10 to find another positive constant C, , independent of r and z, such that

I o
Jy He (2, W h(W)dv g 1y2 (W) < H:ﬁ: Cox, (2) ( ) h(2)<C,MCh(2)

1-|z|?
1-|p(2)I?

For all z€B,.. By the symmetry of H . (Z W ) , We also have

f H,(z, w)h(z)dv(a+1)z(z) < C,M7h(w)

n

forall w € B,. It follows from Lemma 2.9 that the operator T, is bounded on L? (Bn,dv(q41)2) and the norm of T.on
L2 (Bn,dv(q41y2) does not exceed the constant C, My .
Now fix some re (0,1) and fix a bounded sequence {f,} in Afaﬂ)z that converges to 0 uniformly on every compact
subset of B,. In particular, {f;} converges uniformly to 0 on |z| <r. We use (8) to write
CoCofi(2) = Fi(2) + Gy (2), z € By,

where

F(z) = J‘ fr(w) Av(g1)2(W)
k - ]
wisr (1= (@(2), p(w))) (@D +n+1

and
o (W)fk (W)dv(a+1)2 (w)
Bn 1 —A{p(2), (p(w)))(a+1)2+n+1

Gy (2) =

Since { f,,(w) } converges to 0 uniformly for |w| <r , we have

dim, | @ v ) =0
For any fixed z€B,, the weak convergence of {f} to 0 in L? (Bn,dv(q41)2) implies that Gy(z) — 0 as k—oo . In fact,
by splitting the ball into |z] <6 andd< |z| < 1, it is easy to show that klil)ank(z) = Ouniformly for z in any
compact subset of B,,.It follows from the definition of T, that

[ 16wz < | 16y + [ 10Dy
B. |z|sr B

n n

Since {f} is bounded in L? (Bndv(q41y2), and since the norm of the operator T.on L? (Bn,dv(g41)2) does not

exceed C,M? we can find a constant C3> 0, independent of r and k, such thath |Tr(|fk|)|2dv(a+1)z < C;MZ2° , for

all k. Combining this with m

kliﬁoo |z|<r |Gk|2dv(a+1)2(z) = 0, we obtain

limSupJ 1G|?dvgs1y2 < C3ME°
B

k —o0 »
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This along with the estimates for Fy in the previous paragraph gives

limSup | |C,Cofil?dvgiry2 < C3ME°
k —»o0 Bn

Since r is arbitrary and M,— 0as r — 1- (which is equivalent to the condition in (7)), we conclude that
l]l(ni\w |C(pC(;fk|2 S dv(a+1)2 = 0

2

So C, is compact on A, )2

and the proof of the theorem is complete.
5.2. Applications of Compactness on the Hardy spaces
Theorem5.2. Suppose p >0 . If C, is bounded on H*“ for some g>0, then C, is compacton H * if and only if
i -z o
A ST Te@r?
Proof. According to Corollary 2.8, we may assume that p=2. The normalized reproducing kernels of H 2 are given by

_ (1-|re io |2)(n+1)/2

ko(0) = ,
[1—(re — ,z)|n*1
Eachk, is a unit vector inH 2 and it is clear that
lim kz<rei9> =0, w € Bn
|z]| »>1—
Furthermore, the coverage is uniform when @ is restricted to any compact subset of B,. A standard computation
shows that

: f Cok2do = (17 "
2m Bn' okel ™6 =\ T o
So the compactness of C, on H? (which is the same as the compactness of C,on H?) implies condition (7). We

proceed to show that condition (7) implies the compactness of C,on H? , provided that C,, is bounded on HY . An
easy computation shows that the operator

CpCp:H? > H?
admits the following integral representation:

1 f <re ' ) de

C,Cof(2) = 2—j , ,  fERH? (11)
Ten (1= (p(2), p(re' " H)yr+t

We will actually prove the compactness of C,,C,0n H? , which is equivalent to the compactness of C, on H?. In

fact, our arguments will prove the compactness of the following integral operator on L? (B,,,d6):

i0

f £(re')do )
Bn (1= {p(2), p(re' "))+

For any re (0,1) let X,denote the characteristic function of the set {ze ¢": r< |z| < 1}. Consider the following integral

operator on L? (B,,d#):

1
T@) = 5

Trf(z)=%f Hr<z,rei9)f<rei0>de, (13)
where ”
b (sre'”) = % @1, re'")

io
(1= (@), p(re' )+
is a nonnegative integral kernel. We are going to estimate the norm of T, on L? (B,, d#) in terms of the quantity.
M g 1—|z)?
= u _—
" r<|z|p<1 1-lp2)|?

179


http://www.iiste.org/

Mathematical Theory and Modeling www.iiste.org
ISSN 2222-1905 (Paper) ISSN 2222-2839 (Online) /lL.i.l
Vol.6, No.16, 2014 NS'E

We do this with the help of Schur’s test.Let o> 0, and consider the function h(z) = (1 — |z|?)™°, z€B,.We have

io io XT(Z)Xr (rem)de
f Hr(z,re )h(re >d9SCf -
Bn Bu (1= (p(2), p(re'” )mtort
de
<c f %, (2) .
Bu (1= {p(2), p(re ' ))n+ort

By the boundedness of C,,0n H % | there exists a constant C;> 0, independent of r and z , such that
de

f H, (z,reig)h<rei9>d9 < Gy, (2)
Bn

B |1 — (go(z),rei‘g ) [rro+t

We apply Lemma 2.10 to find another positive constant C, , independent of r and z, such that

1 ; ; C z
Hr(z,re'e)h<re'0>d9< 2, (2)

21, == le@P?
= Cyx,.(2) (1_1|;'fz';2)6 h(2)<C,MZh(z)

For all z€B,. By the symmetry of H (z,re'’), we also haveian H, (z, rem)h(z)de < C,M%h(re'?) for all
re'? €B,. It follows from Lemma 2.9 that the operator T, is bounded on L? (B,, d6) and the norm of T, on L?
(Bn, d6) does not exceed the constant C,M?.
Now fix some re (0,1) and fix a bounded sequence {fi} in H?2 that converges to 0 uniformly on every compact
subset of B,. In particular, {fi} converges uniformly to 0 on |z| <r. We use (11) to write

CoCqfr(2) = Fi(2) + G (2), z € By,

where
Fk(z)=i i fk(rew)(-ie '
216! 11 (1 = (p(2), p(re ¥ 1
and
o[ e
"n (1= (p(2), p(re' )+t

Since { fi (re il9) } converges to 0 uniformly for | e 1o | <1, we have

1
i J— 2 =
l]ini)oo 2r ‘Ln |fk((2)| do 0

For any fixed z€B, , the weak convergence of {f} to 0 in L? (B,,d6) impliesthat Gy (z) — 0 as k— . In fact, by
splitting the ball into |z| <danddé< |z < 1, it is easy to show that

lim Gk(z) =0

k —o0

uniformly for z in any compact subset of B,,. It follows from the definition of T,that

f|6k|2desf |Gk|2de+f 1T, (Ifi])[2d6.
B. |z|sr Bn

n

Since {f,} is bounded in L? (B,,d6), and since the norm of the operator T,on L2 (B,, df) does not exceed C,MZ we
can find a constant Cs> 0, independent of r and k, such that

1 2 20
P Banr(lkal df < C3M;

for all k. Combining this with llim |Gx|?d6 = 0 .we obtain
ﬁ

=/
o0 2T |z|sr
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1
limSup— | |G,|*d8 < C3M?°
k —c0 2T

Bn

This along with the estimates for F, in the previous paragraph gives

1
limSup—f |C,Copfic|?dO < C3MPE°
k —0 2T Bn

Since r is arbitrary and M,— 0 as r— 1- (which is equivalent to the condition in (7)), we conclude that

1

[ — C,C.fi|?d8 = 0
i, 3 ), 165

So C,, is compact onH ?, and the proof of the theorem is complete.
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